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PREFACE TO THE FIRST EDITION 

My aim baa been to write a. book on the general theory of chemical 
equilibrium, including ita statistical d~velopment, and displa.ying 
its numerous pra.ctica.l applioa.tions, in the laboratory and industry, 
by means of problems. It is hoped that the book may be equa.lly 
useful to students in their final years of either a chemistry or 
a. chemica.l engineering degree. 

Thermodynamics is a subject which needs to be studied not once. 
but several times over at advancing levels. In the first round, usually 
taken in the first or second year of the degree, a. good deal of attention 
is given to calorimetry, before going forward to the second la.w. In 
the second or third roun~ch as I a.m concerned with in this book 
-it is assumed that the student is a.lready very familiar with the 
concepts of temperature and heat, but it is useful once again to go 
over the basis of the first and second laws, this time in a more logioa.l 
sequence. 

The student's confidence, and his ability to apply thermodynamics 
in novel situations, oa.n be greatly developed if he works a. consider
able number of problems which are both theoretioa.l and numerical 
in character. Thermodynamics is a quantitative subject and it can be 
mastered, not by the memorizing of proofs, but only by detailed and 
quantitative applioa.tion to specific problems. The student is therefore 
advised not to a.iin at committing anything to memory. The three or 
four basic equations which embody the 'laws', together with a. few 
defining relations, soon become familiar, and all the remainder can 
be obtained from these as required. 

The problems at the end of each chapter have been graded from 
the very easy to those to which the student may need to return 
several times before the method of solution occurs to him. At the 
end of the book some notes are given on the more difficult problems, 
together with numerioa.l answers. 

Questions marked C.U.C.E. are from the qualifying and final 
examinations for the Cambridge University Chemioa.l Engineering 
degree, and publioa.tion is by permission. The symbols which occur 
in these questions are not always quite the same as in the text, but 
their meaning is made clear. 

In order to keep the size of the book within bounds, the thermo
dynamics of interfaces has not been included. The disOUB8ion of gal
vanic cells and the activity coefficients of electrolytes is a.Iso rather 
brief. 



iv Preface 

Part I conta.ins the ba.sis of thermodynamics developed on tradi
tional lines, involving the Ca.mot cycle. Pa.rt II conta.ins the ma.in 
development in the field of chemica.! equilibria., and the methods 
a.dopted here have been much influenced by Guggenheim's books, to 
which I am greatly indebted. Pa.rt III contains a. short introduction 
to sta.tistica.l mechanics along the lines of the Gibbs ensemble and 
the methods used by R. C. Tolman in his Principle8 of StatiBtical 
M ec.1uJnic8. 

It is a. great plea.sure to acknowledge my gratitude to a. number of 
friends. In particular, my best thanks are due to Dr Peter Gray, 
Professor N. R. Amundson, Dr J. F. Davidson and Dr R. G. H. Watson, 
for helpful criticism and suggestions, and to Professor T. R. C. Fox, 
for stimulating and friendly discussions on thermodynamics over 
several years. Finally I wish to express my appreciation of the good 
work of the Cambridge University Press, and my thanks to Messrs 
Jonathan and Philip Denbigh, for help with the proof correcting, and 
to my wife for help in many other ways. 

CAMBRIDGE 

Ocloba- 1954 

K.G.D. 

PREFACE TO THE FOURTH EDITION 

My work for this edition has been mainly a. revising of the text in the 
light of recent contributions to the literature. Many new references 
have been added, and there are also certain changes of emphasis. 

The difficulties in the way of establishing chemical thermo
dynamics in a fully rigorous manner have been described afresh by 
:Munster in his GlassicoJ, Tkerrrwdynamic8 (1970). As he has said, the 1 
'laws' do not constitute a complete set of axioms, especially in the 
case of systems having variable composition. 

As regards entropy, one way of dealing with these difficulties is 
simply to postulate its existence, rather than seeking to prove it. 
However this method seems to me not sufficiently satisfying for the 
student. Far better, in my view, to put forward the classica.l 
arguments as well a.s they can be put, and to develop simultaneously 
the statistica.l interpretation of the second law, so a.s to create a 
linkage of thermodynamics with the rest of physics and chemistry. 

This leaves my previous scheme for Chapter 1 essentially 
unchanged. But I have become better aware than previously, 
especially from Popper, that there is a certain hazard in using the 
statistical argument, even at the elementary level of the present 
volume. If the argument is put forward in terms of 'lack of informa
tion' about micro-states, this may well create the impression, 
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although quite unwarrantably, that thermodynamics contains very 
subjective elements. Some of my re-writing has been intended to 
correct that impression. 

Although 'the information theory approach' is very helpful, 
especially in an heuristic sense, I believe it has also somewhat 
obscured the central issue, relating to the second law, of how 
irreversible phenomena can ever occur. The fact that thermodynamic 
systems are incompletely specified is only part of the story, although 
an important part. One has also to ask questions about de facto 
initial conditions, and how they can arise. These questions can only be 
answered, in my view, by referring to the pervasive irreversibility 
within the total environment. 

Apart from these points concerning Chapters 1 and 11, various 
footnotes have been added and improvements have been made to 
Chapter 14, and to the section in Chapter 6 which deals with lambda 
transitions. 

In earlier editions I expressed my indebtedness to Professors 
Guggenheim, Peter Gray and John Row Iinson for suggesting various 
improvements to the text. I should now like to express my gratitude 
to Professors J. A. Campbell, T. W. Weber and N. Agmon for 
providing me with substantial lists of errors and misprints. Many 
other correspondents have sent very helpful remarks, and to these 
also I offer my best thanks. 

Aprill980 K. G. D. 
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VALUES OF PHYSICAL CONSTANTS 
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THE SI UNITS 

The basic SI units are the metre (m), kilogramme (kg), second (s), 
kelvin (K; not °K), mole (mol), ampere (A) and candela. (cd). The mole 
is the unit of 'amount of substance' and is defined as that amount of 
substance which contains as many elementary entities as there are atoms 
in 0.012 kg of ca.rbon-12. It is thus precisely the same amount of sub
stance as, in the c.g.s. system, had been called the 'gramme-molecule'. 
Some of the SI derived units which are important in the present volume, 
together with their symbols, are as follows: 

for energy ... the joule (J); kg m•s-1 
for force ... the newton (N); kg m s-1 = J m-1 
for pressure ... the pascal (Pa.); kg m-1 s-• = N m-• 
for electric charge ... the coulomb (C); A s 
for electric potential difference ... the volt (V); 

kgm•s-aA-1 = J A-1s-1 

In terms of SI units two 'old-style' units which are also used in this 
book are: 

the thermochemical calorie (cal) = 4. 184 J 
the atmosphere (a.tm) = 101.325 kPa. = 101 325 N m- 1 



PART I 

THE PRINCIPLES OF 
THERMODYNAMICS 



CHAPTER 1 

FIRST AND SECOND LAWS 

1·1. Introduction 

One reason why the study of thermodynamics is so valuable to 
students of chemistry and chemical engineering is that it is a theory 
which can be developed in its entirety, without gaps in the argument, 
on the basis of only a moderate knowledge of mathematics. It is 
therefore a self-contained logical structure, and much benefit--and 
incidentally much pleasure-may be obtained from its study. Another 
reason is that it is one of the few branches of physics or chemistry 
which is largely independent of any assumptions concerning the 
nature of the fundamental particles. It does not depend on 'mech
anisms', such as are used in theories of molecular structure and 
kinetics, and therefore it can often be used as a check on such 
theories. 

Thermodynamics is also a subject of immense practical value. The 
kind of results which may be obtained may perhaps be summarized 
very briefly as follows: 

(a) On the basis of the first law, relations may be establisherl 
between quantities of heat and work, and these relations are not 
restricted to systems at equilibrium. 

(b) On the basis of the first and second laws together, predictions 
may be made concerning the effect of changes of pressure, tem
perature and composition on a great variety of physico-chemical 
systems. These applications are limited to systems at equilibrium. 
Let X be a quantity charactertstic of an equilibrium, such as the 
vapour pressure of a liquid, the solubility of a solid, or the equilibrium 
constant of a reaction. Then some of the most useful results of thermo
dynamics are of the form 

(o In x) = (A characteristic energy) 
oT p RT2 • 

(olnx) =(A characteristic volume) 
op t RT . 

The present volume is mainly concerned with the type of results 
of (b) above. However, in any actual problem of chemistry, or the 
chemical industry, it must always be decided, in the first place, 
whether the essential features of the problem a,.re concerned with 
equilibria or with rates. This point may be illustrated by reference to 
two well-known chemical reactions. 
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In the synthesis of ammonia, under industrial conditions, the 
reaction normally comes sufficiently close to equilibrium for the 
applications of thermodynamics to prove of immense value. t Thus 
it will predict the influence of changes of pressure, temperature and 
composition on the maximum attainable yield. By contrast in the 
catalytic oxidation of ammonia the yield of nitric oxide is determined, 
not by the opposition of forward and backward reactions, as in 
ammonia synthesis, but by the relative speeds of two independent 
processes which compete with each other for the available ammonia. 
These are the reactions producing nitric oxide and nitrogen respec
tively, the latter being an undesired and wasteful product. The useful 
yield of nitric oxide is thus determined by the relative speeds of these 
two reactions on the surface of the catalyst. It is therefore a problem 
of rates and not of equilibria. 

The theory of equilibria, based on thermodynamics, is much 
simpler, and also more precise, than any theory of rates which has yet 
been devised. For example, the equilibrium constant of a reaction 
in a perfect gas can be calculated exactly from a knowledge only of 
certain macroscopic properties of the pure reactants and products. 
The rate cannot be so predicted with any degree of accuracy for it 
depends on the details of molecular structure and can only be cal
culated, in any precise sense, by the immensely laborious process of 
solving the Schrodinger wave equation. Thermodynamics, on the 
other hand, is independent of the fine structure of matter,t and its 
peculiar simplicity arises from a certain condition which must be 
satisfied in any state of equilibrium, according to the second law. 

The foundations of thermodynamics are three facts of ordinary 
experience. These may be expressed very roughly as follows: 

(I) bodies are at equilibrium with each other only when they have 
the same degree of 'hotness'; 

(2) the impossibility of perpetual motion; 
(3) the impossibility of reversing any natural process in its entirety. 
In the present chapter we shall be concerned with expressing these 

facts more precisely, both in words and in the language of mathe
matics. It will be shown that (l), (2) and (3) above each gives rise to 
the definition of a certain function, namely, temperature, internal 
energy and entropy respectively. These have the property 'of being 
entirely determined by the state of a body and therefore they form 
exact differentials. This leads to the following equations which contain 
the whole of the fundamental theory: 

t The en·or in using thermodynamic predictions, as a function of the extent 
to which the particular process falls short of equilibrium, is discussed by 
Rastogi and Denbigh, Chem. Eng. Science, 7 (1958), 261. 

t In making this statement we are regarding thermodynamics as having 
its own secure empirical basis. On the other hand, the laws of thermodynamics 
may themselves be interpreted in terms of the fine structure of matter, by the 
methods of statistical mechanics (Part III). 
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dU=dq+dw, 

dS=dqfT, for a reversible change, 

d8 ~ 0, for a change in an isolated system, 

dU=Td8-pdV+IfL1dn1 for each homogeneous part 
of a system. 

Subsequent chapters of Parts I and II will be concerned with the 
elaboration and application of these results. The student is advised 
that there is no need to commit any equations to memory; the four 
above, together with a few definitions of auxiliary quantities such as 
free energy, soon become familiar, and almost any problem can be 
solved by using them. 

In conclusion to this introduction it may be remarked that a new 
branch of thermodynamics has developed during the past few 
decades which is not limited in its applications· to systems at equi
librium. This is based on the use of the principle of microscopic 
reversibility as an auxiliary to the information contained in the laws 
of classical thermodynamics. It gives useful and interesting results 
when applied to non-equilibrium systems in which there are coupled 
transport processes, as in the thermo-electric effect and in thermal 
diffusion. It does not have significant applications in the study of 
chemical reaction or phase change and for this reason is not included 
in the present volume. t 

1·2. Thermodynamic systems 

These may be classified as follows: 
Isolated system~~ are those which are entirely uninfluenced by 

changes in their environment. In particular, there is no possibility of 
the transfer either of energy or of matter across the boundaries of 
the system. 

Closed system~~ are those in which there is the possibility of energy 
exchange with the environment, but there is no transfer of matter 
across the boundaries. This does not exclude the possibility of a. 
change of internal composition due to chemical reaction. 

Open system~~ are those which can exchange both energy and matter 
with their environment. An open system is thus not defined in terms 

t For an elementary Bl'count of the theory see the author's Thermodynamics 
of the Steady State (London, Methuen, 1951). Also Prigogine's Introduction to 
the Thermodynamics of Irreversible Processes (Wiley, 1962), Callens' Thermo
dynamics (Wiley, 1960), Fitt's Non-Equilibrium Thermodynamics (McGraw-Hill, 
1962), van Rysselberghe's Thermodynamics of lrreversible.Processes (Hermann, 
1963) a.nd de Groot and Mazur's Non-Equilibrium Thermodynamics (North 
Holland Publishing Co., 1962). For criticism see Truesdell's Rational Thermo· 
dynamics (McGraw-Hill, 1969). 
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of a. given piece of material but rather as a. region of space with 
geometrically defined boundaries across which there is the possibility 
of transfer of energy and matter. 

Where the word body is used below it refers either to the isolated 
or the closed system. The preliminary theorems of thermodynamics 
all refer to bodies, and many of the results which are valid for them 
are not directly applicable to open systems. 

The application of thermodynamics is simplest when the system 
under discussion consists of one or more parts, each of which is 
spatially uniform in its properties and is called a. phase. For example, 
a system composed of a liquid and its vapour consists almost entirely 
of two homogeneous phases. It is true that between the liquid and 
the vapour there is a. layer, two or three molecules thick, in which 
there is a. gradation of density, and other properties, in the direction 
normal to the interface. However, the effect of this layer on the ther
modynamic properties of the overall system can usually be neglected. . 
This is because the work involved in changes of interfacial area, of 
the magnitudes which occur in practice, is small compared to the 
work of volume change of the bulk phases. On the other hand, if it 
were desired to make a. thermodynamic analysis of the phenomena. 
of surface tension it would be necessary to concentrate attention on 
the properties of this layer. 

Thermodynamic discussion of real systems usually involves cer
tain approximations which are made for the sake of convenience 
and are not always stated explicitly. For example, in dealing with 
vapour-liquid equilibrium, in addition to neglecting the interfacial 
layer, it is customary to assume that each phase is uniform throughout 
its depth, despite the incipient separation of the components due to 
the gravitational field. However, the latter effect can itself be treated 
thermodynamically, whenever it is of interest. 

Approximations such as the above are to be distinguished from 
certain idealizations which affect the validity of the fundamental 
theory. The notion of isolation is an idealization, since it is never 
possible to separate a. system completely from its environment. All 
insulating materials have a. non-zero thermal conductivity and allow 
also the passage of cosmic rays and the influence of external fields. 
If a. system were completely isolated it would be unobservable. 

1•3. Thermodynamic variables 

Thermodynamics is concerned only with the macroscopic properties 
of a body and not with its atomic properties, such as the distance 
between the atoms in a. particular crystal. These macroscopic pro
perties form a large class and include the volume, pressure, surface 
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tension, viscosity, etc., and also the 'hotness'. They may be divided 
into two groups as follows: 

The extemive properties, such as volume and mass, are those which 
are additive, in the sense that the value of the property for the whole 
of a body is the sum of the values for all of its constituent parts. 

The intemive properties, such as pressure, density, etc., are those 
whose values can be specified at each point in a. system and which 
may vary from point to point, when there is an absence of equi
librium. Such properties are not additive and do not require any 
specification of the quantity of the sample to which they refer. 

Consider the latter class and let it be supposed that the system 
under discussion is closed and consists of a single phase which is in 
a state of equilibrium, and is not significantly affected by external 
fields. For such a system it is usually found that the specification of 
any two of the intensive variables will determine the values of the 
rest. For example, if I 1, I 2, ••• , I 1, ••• ,I,., are the intensive properties 
then the fixing of, say, I 1 and I 1 will give the values of all the others. 
Thust 

(1·1) 

For exall)ple, if the viscosity of a sample of water is chosen as 0. 506 
X 10-3 N s m -z and its refractive index as 1.328 9, then its density 
is 0.9881 g cm-8 , its' hotness' is 50 °C, etc. In the next section, 
instead of choosing viscosity and refractive index, we shall take as 
our reference variables the pressure and density, which are a more 
convenient choice. On this basis we shall discuss what is meant by 
'hotness' or 'temperature' (which it is part of the business of 
thermodynamics to define), and thereafter we shall take pressure 
and temperature as the independent intensive variables, as is always 
done in practice. 

What has just been said, to the effect that two intensive properties 
of a phase usually determine the values of the rest, applies to mixtures 
as well as to pure substances. Thus a given mixture of alcohol and 
water has definite properties at a chosen pressure and density. On 
the other hand, in order to specify which particular mixture is under 
discussion it is necessary to choose an extra set of variables, namely, 
those describing the chemical composition of the system. These vari
ables depend on the notion of the pure substance, namely, a substance 
which cannot be separated into fractions of different properties by 
means of the same processes as those to which we intend to apply_ our 

t The equation means that I 1, I,, etc., are all functions of I 1 and I 1• Thus 
I 1 =/(I1,I1) might stand for I 1=Ifi:, I1=IJ.q, etc. A simple relation of this 
kind is T=constant pfp for the temperature of a gas as a function of its pres· 
sure and density. However, for most subst~mces and properties the precise 
form of tha functional relationship is unknown. 
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thermodynamic discussion; for example, the simple physical processes 
such as vaporization, passage through a semi-permeable membrane, 
etc. If there are q pure substances present, the composition may be 
expressed by means of q - 1 of the mole fractions, denoted x1, x2, ••• , 

x1 _ 1. Thus in place of the previous relation we have 

11=f(II> l 2,xi>x2, ••• ,:r1 _ 1). (1·2) 

These considerations apply to each phase of the system. 
Turning now to the extensive properties it is evident that the choice 

of only two of these is insufficient to determine the state of a system, 
even if it is a pure substance. Thus if we fix both the volume and mass 
of a quantity of hydrogen, it is still possible to make simultaneous 
changes of pressure and of' hotness'. An extensive property of a pure 
phase is usually determined by the choice of three of its properties, 
one of which may be conveniently chosen as the mass (thereby deter
mining the quantity of the pure phase in question) and the other two 
as intensive properties. For example, if E1, E 2, ••• , Er are extensive 
properties, then any one of them will usually be determined by the 
same two intensive variables, / 1 and / 2, as chosen previously, together 
with the total mass rn. Thus 

(1·3) 

This equation expresses also that E, is proportional to rn, since E, is 
additive. It 'Yill be recognized that the quotient E 1/ rn, of which specific 
volume is an example, is a member of the group of intensive variables. 
Such quotients are calledBpecificpropertiu. In the case of a phase which 
is a mixture it is also necessary, of course, to specify the composition: 

E,=m xf(/1,/2,x1,x2, ••• ,:r1 _ 1). (1·4) 

It may be remarked that thermodynamics provides no criterion 
with regard to the minimum number of variables required to fix the 
state of a system. There are a number of instances in which the 
remarks above with regard to two intensive variables fixing the 
remainder are inapplicable. For example, we can find pairs of states 
of liquid water, one member of each pair being on one side of the point 
of maximum density and the other member on the other side, each of 
which have the same density and the same pressure (chosen as greater 
than the vapour pressure) and yet do not have identical values of 
other properties, such as viscosity. This is because the density does 
not vary monotonically with the othe.- variables, but passes through 
a maximum. 

In other instances it is necessary to introduce an extra variable of 
state. For example, in the case of a. magnetic substance it will be 
necessary to specify, say, the field intensity together with pressure 
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and 'hotness'. !Similarly, in the case of colloids, emulsions and fine 
powders the properties are greatly affected both by the total inter
facial area and by the distribution of the particles over the size range. 

The minimum number of variables of state, whose values determine 
the magnitudes of all other macroscopic variables, is thus an em
pirical fact to be determined by experience. In any particular applica
tion, if it is found that the system does not appear to obey the laws of 
thermodynamics, it may be suspected that an insufficient number of 
variables of state have been included in the equations. 

1·4. Temperature and the zeroth lawt 

In the last section only passing reference was made to the property 
of 'hotness'. It is part of thermodynamics to define what is meant 
by this, whereas the mechanical and geometrical concepts, such as 
pressure and volume, are taken as being understood. 

Now it is a fact of experience that a set of bodies can be arranged in 
a unique series according to their hotness, as judged by the sense of 
touch. That is to say, if A is hotter than B, and B is hotter than 0, 
then A is also hotter than 0. The same property is shown also by the 
real numbers; thus if n 11 , nb and nc are three numbers such that n .. > ~ 
and ~ > nc, then we have also n 11 > nc. This suggests that the various 
bodies arranged in their order of hotness, can each be assigned 
a number ~uch that larger numbers correspond to greater degrees 
of hotness. The number assigned to a body may then be called its 
temperature, but there are obviously an infinite variety of ways in 
which this numbering can be carried out. 

The notion of temperature must clearly be placed on a more exact 
basis than is provided by the sense of touch. Furthermore, in order to 
avoid any circularity in the argument, this must be done without any 
appeal to the notion of heat, which follows logically at a later stage. 

The definition of temperature now to be obtained depends on what 
happens when two bodies are placed in contact· under conditions 
where their pressures and volumes can be varied independently. 
For this purpose each body must be enclosed by an impermeable wall 
which can be moved inwards or outwards. 

It is useful to think of two kinds of impermeable wall. The first, 
which will be called diathermal or non-adiabatic, is such that two 
bodies separated by a wall of this kind are nevertheless capable. of 
exerting an influence on each other's thermodynamic state through 
the wall. The existence of diathermal materials is, of course, a matter 
of common experience and shortly they will be identified as materials 

t The discussion of temperature and the first law is be.sed on that of Bom, 
Phya. Z. 22 (1921), 218, 249, 282; also his Natural Philo-sophy of Gauss ana 
Chanu (Oxford, 1949). 
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capable of transmitting wh&t will then be ca.lled ktoJ,. The second 
type of wall will be called adiabatic. A body cor.npletely surrounded by 
a wall of this kind cannot beinfiuenced (apart from thepOBBibleeffects 
of force fields) from outside, except by compressing or expanding the 
wall, or otherwise causing internal motion. · 

As remarked by Pippardt the adiabatic wall may be thought of 
as the end stage of a process of extrapolation. A metal wall is clearly 
diathermal in the above sense; on the other. hand the type of 
double, and internally highly evacuated, wall used in a vacuum flask 
is almost completely adiabatic. The concept of the ideal adiabatic 
wall is thus a legitimate extrapolation from the conditions existing 
in the vacuum flask. 

The definition which has been made does not depend on any previous 
knowledge of heat. Similarly, we-sha.ll speak of any change taking 
place inside an adiabatic wall as being an adiabatic process. Bodies 
will also be said to be m thermal contact when they are either in direct 
conia.ct (e.g. two pieces of copper) or in contact through a non
adiabatic wall (e.g. two samples of gas). 'Their final state, when all 
observable change has come to an end, is called t1aennal equilibrium. 

Now it is a fact of experience that if bodies A and B are each in 
thermal equilibrium: with a third body, they are also in thermal 
equilibrium with each other. This result is so familar that it is regarded 
a.lmost as a truism. However, there is no self-apparent reason why it 
should be so, and it must be regarded as an empirical fact of nature 
and has become known as the zeroth law of tkermotl1fMmics. It is the 
basis of the scientific concept of temperature, which may now be 
outlined as follows. 

We consider two bodies, each of them a homogeneous phase in a 
state of internal equilibrium, which are in contact through a non
adiabatic wa.ll. The thermodynamic state of each body may be com
pletely specified by means of two variables only, and these may con
veniently be chosen as the volume per unit mass and the pressure. 
These variables will determine the property ca.lled 'hotness', together 
with all other properties. Let the variables be p and v for the one body 
and P and V for the other. When they are brought into contact in this 
way, at initially different degrees of hotness, there is a slow change in 
the values of the pressures and volumes until the state of thermal 

t l'ippard. Elttne11111 of ClnBRicfll Thermodynamics. Cambridge. 1961. 
: It has been pointed out by I. P. Bazarov (TltemJOdyl&fUniu, p. 4, 

Pergamon, 1964) that the fact that isolated systems do reach a state of 
equilibrium, and. do not depart from it spontaneously, is -ntially a basic 
postulate of thermodynamics. Hateopoulos and Keenan (Principles of Gmeml 
Thermodynomiu, Wiley, 1965) have further explored the meaning of the 
equilibrium concept, and have put forward a lnw of stabk equilibrium from 
which the first and second laws may be derived. 
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equilibrium is attained. Let p', v', P' and V' be the values of the 
variables at the state of equilibrium. If the first body is momentarily 
removed it will be found that its pressure and volume can be adjusted 
to a second pair of values, p" and v", which will again give rise to a 
state of equilibrium with the other body, which is still at P' and V'. 
In fact, there are a whole sequence of states (p', v'), (p", v"), (p•, v•), 
etc., of the first body, all of which are in equilibrium with the state 
(P', V') of the other. 

We can thus draw a curve (Fig. 1 a), with co-ordinates p and v, 
which is the locus of all points which represent states of the first 
body which are in equilibrium with the state (P', V') of the second. 
According to the zeroth law all states along such a curve are also in 
equilibrium with each other; that is to say, two replicas of the first 
body would be in equilibrium with each other if their preSBures and 
volumes correspond to any two points along this curve. 

A similar curve (Fig. 1 b) can be drawn for the second body in its 
own P, V co-ordinates-that is, there is a curve which is the locus of 
all states which are in equilibrium with a given state of the first body, 
and therefore in equilibrium with each other. There are thus two 

p 
p 

v v 
(a) (b) 

Fig. 1. The curves are not drawn to the equation P" =constant 
because the disoUSBion is not limited to perfect g&BeB. 

curves, one for each body, and every state on the one curve can be 
put into equilibrium with every other state on this curve, and also 
with every state on the other curve. Such states thus have a property 
in common and this will be called their temperature. It is consistent 
with our more intuitive ideas that such states are found also to have 
the same degree of hotness, as judged by the sense of touch. How
ever, from the present point of view, this may now be regarded as 
being of physiological rather than of thermodynamic interest. 

The existence of the common property along the two curves
which may now be called i8othernuds-oan be seen more clearly as 
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follows. The equation to a curve concerning the variables p and " 
e&n be expressed in the formt 

f(p, v) = 8, 
where 8 is a constant for all points along the curve of Fig. la. Similarly 
for the other body we have F(P, V) =constant, along the curve of 
Fig. 1 b. By inclusion of a suitable pure number in one or other of 
these functions the two constants can be made numerically equal. 
Therefore f(p,t1)=F(P, V) = 8. (1·5) 
There is thus a certain function, 8, of the pressure and volume of a 
phase which has the same value for all states of the phase which are 
in thermal equilibrium with each other and it is equal also to a func
tion (not necessarily of the same form) of the pressure and volume of 
a second phase which is in thermal equilibrium with the first. It is 
this function which is called the temperature. 

For example, if the first phase is a. perfect gas the equation to the 
curve of Fig. I a is simply pv =constant, and if the second phase is a 
gas which departs slightly from perfection, the curve of Fig. I b e&n 

be represented by the equation P(V- b) =COnstant, where b is also 
a constant. Thus (I·5) may be expressed 

'P" = P(V- b) = 8. 
constant constant 

and such equations are called equations of state. 
Returning to the earlier discussion, there are, of course, states of 

the first phase which are not in therma.l equilibrium with the second 
one in its state (P', V'). Let equation (I·5) be rewritten 

/(p1, "1) =F(P,, l;,) = 81, 

then there are a. whole sequence of new states (p~, t1~), (p;, t1;), etc., 
each of which gives rise to a state of therma.l eqll;ilibrium with the 
second body in the states (P~, V~). (J»;, v;), etc. These states define 
two new curves, one for each body, which satisfy the relationl 

/('P1,v1)=F(P11, V1)= 88, 

and thus define a different value of the temperature 81• § In fact, there 
is an infinite family of isotherma.ls, some of which are shown in Fig. 2, 
such that allllt&tes on corresponding curves are in equilibrium with 
each other and thus define a particular temperature. 

t For example, the equation to a straight line is g-az=eonatant; the 
equation to a circle whose oentN is at the origin is zl + g1 = eonatant. 

t It is tacitly 888Dmed that the form of the funotionf(p, tl) is the same at the 
two temperatures 61 and 61• (The same is assumed of F(P, V).) Fortunately 
there exist substances-perfect or near perfect gases-for which this is true 
and one of these, such as nitrogen may be taken as the thermometric reference 
substance. · 

t J<P•·"•) is not n808111181'ily quite the same function of p~ uil "• as 
J(p1,t~1 ) is of p 1 and t11• The functional relationship may change over the 
temperature interval, and similarly with regard to F(P, V). However this does 
not affect the argument. 
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It follows that if we choose a suitable substance, e.g. a sample of 
gaseous nitrogen, as a reference phase we can define an empirical 
temperature scale by means of its appropriate function, F(P, V), 
together with some convention for the numbering of its isothermals. 
The reference phase is called a thermometer. 

The temperature is therefore any function of the pressure and 
volume of the reference phase which remains constant when the 

::? phase passes through a sequence ofstates at equilibrium with each 
other. For example, if we choose I g of nitrogen as defining our 
standard thermometer it would be permissible to take the value of 
any of the following functions as being the numerical value of the 
temperature, since all of them are constant along a given isothermal 
(provided that the thermometer is operated at a fairly low pressure): 
(a) P V, (b) PVjconstant, (c) IfPV, (d) (PV)l, (e) -PV, and so on. 
It is a matter of convention which of these we adopt, and also the 
way in which the isothermals are numbered. It may be noted that 
temperatures defined on scale (c) would correspond to decreasing 

Fig. 2. Isotbenns of two bodies. 

values of 0 with increasing values of the 'hotness', whilst the scale 
(e) would give values of 0 which are negative. There is no objection 
to such scales, except as a matter of convenience. On the other hand, 
a function such as sine (PV) must be rejected, since it does not in
crease monotonically with increase in hotness. 

This question need not be pursued any further because we shall 
shortly obtain a definition of a thermodynamic temperature having the 
important properties: (a) it is independent of any particular substance 
(b) the temperatures are always positive numbers and increase with 
increasing degrees of hotness. This scale may be shown to be identical 
with the scale (b) above. 

One further point may be made at this stage. The relation 
0 = F(P, V) can be rewritten as 

V = F'(P, 0) 
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(where F and F' are different functions). Thus as soon as the value of 
the temperature has been defined by means of the reference phase, we 
can start to use the temperature as a. variable of state. For practical 
purposes it is customary to regard pressure and temperature as being 
the independent variables, rather than pressure and volume. 

1·5. Work 
The notion of work is not regarded as being in need of definition in 

thermodynamics, since it is a. concept which is alrea.dy defined by the 
primary science of mechanics. 

An infinitesima.l amount of work, dw, can either be done by the 
system of interest on ita environment, or by the environment on the 
system. The 1970 I.U.P.A.C . .recommenda.tiont is to take dw as 
being positive in the latter case and negative in the former, that is, 
positive work is done on the system. Provided the cha.nges take 
place slowly and without friction, work can usually be expressed 
in the form 

dw=ydx, 
or as a. sum of such terms dw = l: '!hdx1, 

f 
(1·6) 

where the y, and z, are generalized forces and displacements 
respectively. 

·For exa.mple, the work done on a body in an infinitesimal increase 
of its volume, dV, against an opposing pressure, p, is -pdV. 
Similarly the work done on a. homogeneous phase when it increases 
its surface area by dA is +yd.A, where y is the surface tension 
against the particular environment. If a system such as a galvanic 
cell causes dQ coulombs of electricity to flow into a condenser 
between whose plates the potential difference is E volts, the work 
done on the galvanic cell is -EdQ joules. (Simultaneously, the 
atmosphere does an amount of work -pdV on the cell, where dV 
is the change in volume of the cell during the chemica.l process in 
question.) Similar expressions may be obtained for the stretching 
of wires, the work of magnetization, etc.~ 

It may be noted that all forms of work are interchangeable by the 
use of simple mechanical devices such as frictionless pulleys, electric 
motors, etc. When the term 'wot:k' is correctly used, whatever form 
of work is under discussion may always be converted (because of 
this interchangeability) to the raising of a weight. In most kinds of 
c~~~ca.l system, apart from the galvanic cell, the work of volume 

t The adoption of this recommendation in the third edition implies that 
all work terms are changed in sign as compared to earlier editiollB. 

l A very clear account of work terms is given by Zema.nsky, Btm and 
Themaodynomics (New York), McGraw-Hill, 1968, and by Pippard, loc. cil. 
It is very important to remember in what follows that all differential changes 
dV, dA, dU, etc., are positive quantities when they are increments, and are 
negative quantities when they are decrements. This is the normal convention 
of t.he calculus. 
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change is the only form of work which is of appreciable magnitude. 
However, the possibility that other forms may be significant must 
always be borne in mind in approaching a new problem. In such 
cases it may be necessary to introduce additional variables of state, 
e.g. the surface area of the system or the magnetic field strength. 

In using expressions of the form dw=ydx it is usually necessary to 
specify that the process in question is a slow one, as otherwise there 
may be ambiguity about the. value of the force 'V· For ~xample, when 
a. gas rapidly expands or contracts, its internal pressure is not equal 
to the external force per unit area, and in fact the pressure varies 
from one region of the gas to another. Acceleration occurs, and work 
is done in creating kinetic energy. This difficulty disappears when the 
changes are very slow and when friction is absent, since the opposing 
forces then approach equality. This point will be discussed more fully 
in a later section. 

1·6. Internal energy and the first law 
It will be remembered that an adiabatic wall was defined as one 

which prevents an enclosed body being influenced from beyond, 
except by the effect of motion. (We are not concerned here with 
force fields.) Experience shows that when there i8 motion of the 
wall, or parts of it, the state of the adiabatically enclosed body can 
be changed; for example by compressing or expanding the enclosing 
wall, or by shaking the body inside. The first law of thermodynamics 
is based on a consideration of such processes which involve the 
performance of work. . 

The first law is·based mainly on the series of experiments carried 
out by Joule between 1843 and 1848. The most familiar of these 
experiments is the one in which"he raised the temperature of a. quan
tity of water, almost completely surrounded by an adiabatic wall, • by 
means of a paddle which was operated by a falling weight. The result 
of this experiment was to show an almost exact proportionality 
between the amount of work expended on the water and the rise in 
its temperature. This result, considered on its own, is not very 
significant; the really important feature of Joule's work was that the 
paddle-wheel experiments gave the same proportionality as was 
obtained in several other quite different methods of transforming 
work into the temperature rise of a quantity of water. These were 
as follows: 

(a) the paddle-wheel experiments;t 
(b) experiments in which mechanical work was expended on an 
• For each of the experimental systems now to be described, the student 

should ask himself, What exactly is the system which is regarded as being 
enclosed by adiabatic and moving walls? This is perhaps least obvious in 
experiment (b). t Phu. Mag. 31 (1847), 173; 35 (1849), 533. 
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electrical machine, the resultant electric current being passed 
through a coil immersed in the water;t 

(c) experiments in which mechanical work was expended in the com
pression of a gas in a cylinder, the latter being immersed in the water;§ 

(d) experjments in which the mechanical work was expended on 
two pieces of iron which rubbed against each other beneath the 
sqrface of the water.ll 

The scheme of Joule's experiments was thus as follows: 

[
Turbulent motion of water -+ Temperature 

rise of water (773) 

KElectric current -+ Temperature rise of 
Mechanical work water (838) LCompression of gas -+ Temperature rise of 

water (795) 

Friction of iron blocks -+ Temperature rise 
of water (775) 

The figures in brackets show the number of foot-pounds of work 
needed to raise the temperature of 1lb. of water by 1 °F. The result 
of the most accurate series of experiments, those with the paddles, 
is equivalent to 4.16joulesfcal .(15 °C), which iS close to the pre
sent a.ccep~ value of 4.184. However, the significant conclusion 
is that each of the four different methodS of transforming work into 
a. temperature rise gives essentially the same result-at any rate 
to within the accuracy which could be attained in these early 
experiments. t 

Now in each of the experiments the water was enclosed by an 
approximately adiabatic w:a.II (as previously defined.), apart from 
certain openings necessary for the introduction of the paddle shaft, etc. 
By including not only the water but also certain other items in the 
total thermodynamic system under discussion, each of Joule's experi
mental arrangements may be regarded as consisting of an adiabatic 
enclosure together with an external source of work; the adiabatic wall 
is set into motion and creates a. change of state within the enclosure. 
Therefore, the conclusion to be drawn is that the performance of a. 
given amount of work, on a quantity of adiabatically enclosed water, 
causes the same temperature rise (i.e. the same change of state), by 
whatever method the process is carried out. 

~ Ibid. 23 (1843), 435. § Ibid. 26 (1845), 369. II Ibid. 35 (1849), 533. 
t The student should consider carefully why it is that the work expended on 

the water in Joule's experiments is not equal to t~e integral of pdV, where 
p is the pressure exerted by the atmosphere on the water and d Vis the change 
in volume of the water accompanying its rise in temperature. The answer is 
implicit in the last paragraph of§ 1·5. 
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This important empirical result has, of course, been confirmed by 
many later workers and using several substances other than water. 
Without discussing the great mass of evidence, we shall therefore make 
a preliminary formulation of the .first law oftkermodynn,mics as follows: 
the change of a body inside an adiabatic enclosure from a given initial 
state to a given final state involves the same amount of work by 
whatever means the process is carried out. t 

It will be recognized that statements similar to this are met with 
in other branches of physics. Thus the work required to lift a weight 
between two points in a gravitational field, or to move a charge 
between two points in an electric field, is the same whatever is the 
path. In both of these examples it is possible to define a potential 
function, rp, such that the work done on a body in taking it from an 
initial state A to a final state B is equal to ¢B-¢A, where ¢Band ¢A 
depend only on the states A and B-i.e. they are independent of the 
path. 

In taking the work as equal to the change in potential energy it is 
tacitly assumed, of course,.that the body does not undergo any change 
of its internal state; the potential energy is simply that part of the 
energy of a body which is due to its position. But the essential result 
of Joule's experiments is that it now allows an application of the 
same kind of idea to the field of thermal phenomena, involving changes 
of temperature and pressure. For this purpose we construct a new 
function U, the internal energy, which depends only on the internal 
state of a body, as determined by its temperature, pressure and com
position (and in certain cases additional variables such as surface 
area). Thus consider the change of a body within an adiabatic en
closure from a state A to a state B, its kinetic and potential energies 
remaining constant.t Then the first law, as stated above, allows us 
to write w = (U B- U A), (1•7) 

t The student should convince himself that if this law were erroneous it 
would be possible to construct a perpetual motion machine. 

The question whether the law of the conservation of energy is soundly based 
on experiment or whether it is really an act of faith has been discUBBed in 
detail by Meyerson, Identity and Reality, transl. Loewenberg (London, Allen 
and Unwin, 1930) and by Bridgman, The Nature of Thermodynamics (Harvard, 
1941). 

t In a composite process involving changes dU, dif> and dT of the internal, 
potential and kinetic energy of a body resi>ectively, the total energy change is 

d.E=dU +dcp+dT. 

The law of conservation of energy in its complete form refers, of course, to the 
constancy of E in an isolated system. In thermodynamics attention is con
centrated on the changes in U, since it is this form of energy which depends on 
the internal state of the system. In most processes of interest it also occurs 
that if> snd T are constant, due to an absence of bulk motion. 
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where U.tt and UB depend only on the atate8 A and B-this follows 
immediately from the fact that w is independent of the path and 
may thus be written as a difference. 

The first law may now be re-expressed as follows: the work done 
on a oody in an adiabatic process, not involving changes of the OOdy' s 
kinetic or potential energy, is equal to the increase in a quantity U, 
which is a function of the state of the OOdy. It follows that if a body is 
completely isolated (i.e. it does no work, as well as being adiabatically 
enclosed) the function U remains constant. The internal energy is 
thus conserved in processes taking place in an isolated system. 

1•7. Heat 

In the discuBBion of Joule's experiments we were concerned with 
the change in state of a body contained within an adiabatic enclosure. 
It would have been wrong to have spoken of the temperature rise 
of the water as having been due to heat (although this is sometimes 
done in a loose way); what we were clearly concerned with were 
changes of state due only to work. However it is also known from 
experience that the same changes of state can be produced, without 
the expenditure of work, by putting the body into direct contact 
(or through a non-adiabatic wall) with something hotter than itself. 
That is to say the change of internal energy, U B-U ,.., can be 
obtained without the performance of work. We are therefore led to 
postulate a mode of energy transfer between bodies different from 
work and it is this which may now be given the name heat. Our 
senses and instruments provide· us with no direct knowledge of heat 
(which is quite distinct from hotneBB). The amount of heat trans
ferred to a body can thus be determined, in mechanical units, only 
by measuring the amount of work which causes the same change 
of state. 

For example, from experiments such as those of Joule it is found 
that the expenditure of 4.184 joules of work on 1 g of water causes 
the change of state: (1 atm, 14.5 °C) ~ (1 atm, 15.5 °C). The same 
change can be obtained by contact of the water with a hotter body, 
and it became customary to describe this process as the transfer 

·of 1 cal (15 °C) of heat into the water. The work equivalent of this 
arbitrarily defined heat unit is thus 4.184 joules. 

In brief, if we obtain a certain increase of internal energy UB-U.tf. 
when a quantity of work w is done on a body adiabatically, and if 
we can obtain the same increase UB- U.tf. (as shown by the same changes 
in temperature and pressure) without the performance of work, then 
we take UB-U.tt as equal to q, the heat abl!orbed by the body. It 
follows also that the same amount of heat has been given up by some 
other body. This follows because the two bodies together may be 
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regarded as forming an isolated system, whose total internal energy 
is therefore constant; the increase in the internal energy of the first 
body must thus be equal to the decrease in the internal energy of the 
second, and it follows from the above definition of heat that the 
heat gain of the first body is equal to the heat loss of the second. 

Consider now a type of process A -+ B in which a body X both 
absorbs heat and has work w done on it. In this process let its 
change of internal energy be U B - U .A. We shall suppose that the 
heat comes from a heat bath, that is, a system of constant volume which 
acts as a reservoir for processes of heat transfer, but performs no 
work (e.g. a quantity of water at its temperature of maximum 
density). Let its change of internal energy in the above process be 
U~- U~. Then for the body X and the heat bath together we have 

w = [(Un-U...t)+(U~-U~)], 

the right-hand side being the total change of internal energy. But 
according to the above definition U~- U~ is equal to the negative of 
the heat lost by the bath and is equal therefore to the negative of the 
heat gained by X. If we denote this heat by q, we therefore have 
q= -(U~- U~). Substituting in the previous equation we obtain 

UB-U.A = q + w (1·8) 

as a statement of the first law for a body which absorbs heat q and 
has work w done on it, during the change A --+-B. This law there
fore states that the algebraic sum of the heat and work effects of a 
body is equal to the change of the function of state, U, i.e. the alge
braic sum is independent of the choice of path A-+oB. 

1·8. Expression of the first law for an infinitesimal process 

·The differential form of equation (1·8) is 

dU=dq+dw, (1·9) 

which means that the infinitesimal increment of the internal energy 
of the body is equal to the algebraic sum of the infinitesimal amount 
of heat which it absorbs and the infinitesimal amount of work 
which is done on it. Thus, whereas dU is the increment of the already 
existing internal energy of the body, dq and dw do not have a 
corresponding interpretation, and for this reason some authors 
prefer to use a notation such as dU=Dq+ Dw. 

The essential point is that dU is the differential of a function of 
state and its integral is Us- U A• which depends only on the initial 
and final states A and B; dq and dw, on the other hand, are not 
the differentials of a function of state, and their integrals are q and w 
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respectively, whose magnitudes depend on the particular path which 
is chosen between the A and B states-unless, of course, one of 
them is zero as in Joule's experiments. 
p As an example, consider the 

change of state of a substance: 
(1 kPa, 5 m8)-+(2 kPa, 15 m8). t This 
change can be made in an infinite 

Pa, Va variety of ways, each occurring with 
different heat and work effects, but 

P,., v,. all having the same algebraic sum of 
these effects. Some of the possible 
paths are shown in Fig. 3, and for 

(c) each of them, if carried out slowly 
L--==::!:==~-• and without friction, the work is 

v 
Fig. 3. (11) is an arbitrary path. equal to - Jpd V, the area under the 
(b) is a path made up of two 
adiabatics and an isothermal. • • • 
(c) is also a special type of curve. This work obVIously vanes 
path-the gas is first cooled at enormously between one path and 
ccmsta.nt V, then .heated at another. 
CODBta.nt p, and ftnally ~e~~ As we have seen the inte ...... 1 of 
at coDStant V. If the IDltial ' 6& ..... . 
cooling were such that P was dU between states. A and B 18 
reduced effectively to zero, this U 8 -UA. H we CODSlder the change 
would be a zero work path. A~B-+0 we have 

JB Jo -" dU+ B dU=(UB-U-")+(U0 -UB) 

=U0 -U-" 

== J; dU. 

The overall change of U is thus independent of the intermediate 
state B, as noted previously. H we now choose the final state 0 as 
being identical with the initial state A we therefore have 

fdU=O, 

where f denotes integration round a cycle. The same statements are 

not correct for the integrals of dq and dw. 

t There will, of course, be a deftnite change in temperature, 88 well 88 of all 
other intensive and extensive properties. Thus if the substance in question is 
a perfect gas, the ratio of the initial to the final temperatures on the absolute 
acale are as 1 x 5:2 x 15=5:30. It may be noted. that a change of state, 
(1 kPa, 5 m 1, 250 K)-+(2 kPa, 15 m 8, 100 K), is an impossibility-too much 
has been specified. 



1·9] First and Second Laws 21 

The above property of U, which is the essential content of the first 
law, may also be expressed by the statement: dU is an exact differ
ential in the variables of state. The word 'exact' merely means that 
the integral is independent of path. t 

There is clearly nothing in the above treatment of the first law which 
requires us to think of energy as a. 'thing' -it is the fact of conserva
tion which tempts us to regard it as some kind of indestructible fluid. 
In dealing with the second law we IQ.eet a. second quantity, the 
entropy, which is also an extensive quantity and a. function of state, 
but is not conserved. In this case, therefore, the notion of a. thing
like quality is quite inappropriate and would lead to errors. As 
Bridgman+ has remarked, it would be preferable, but for the need 
for economy of words, to speak always of the 'energy function' and 
the 'entropy function' rather than of the energy and entropy. They 
are not material entities but are mathematical functions having 
certain properties. 

However, it is always Mrmissible to speak of the energy or entropy 
content of a. body (relative to some other state), in a. way in which it 
is not permissible to speak of its heat or work content. Heat and work 
are modes of transfer of energy between one body and another. 

1•9. Adiabatically impossible processes 

In this section we shall give a. preliminary discussion on the basis 
of the second law. This basis is the impossibility of making a heat 
transfer and obtaining an equivalent amount of work, which would 
be the same as trying to carry out Joule's experiments in reverse. 
It is not merely that we never observe, as a spontaneous event, the 
water becoming cooler and the weight rising from the floor, but that 
this can be made to occur in no manner whatsoever, without making 
a heat transfer into a second body which is at a lower temperature. 

If this were not the case it would be possible to construct a device 
for making a heat transfer from a region of the earth at a. uniform 
temperature and using it as a continual source of mechanical power. 
This has never been achieved, and there seems good reason from 
molecular and statistical considerations to believe that it never will 
be achieved. 

t This is not the same thing as saying that a differential, or differential 
expression, is 'complete'. For example, 

dU=(oUfoT) dT+(oUfop) dp 
would be complete only if T and jJ completely determined the state of the 
system; in general, U depends also on the size and composition and extra 
terms must be added. · 

~ Bridgman, The Nature of Thermodynamiu (Harvard, 1941). 
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The impossibility of which we have spoken may also be expressed 
as follows. Let state A of Joule's system correspond to a height 1., 
of the weight and temperature 8,.t of the water. Similarly, let state 
B correspond to h,B and 8B. If 8B>8., (and hB<h..t) then it is poBBible 
for state A to precede state B, but it is not poBBiblejM state B to precede 
Btate A, within an adiabatic encloBure. 

There are, of course, a great many other examples of processes 
which are impoBBible under adiabatic conditions, and some of these 
are shown in Table 1. The first colwim shows a particula.r state A of 
the system, as defined by its temperature, volume and composition, 
and the second column shows another eta~ B, characterized by 
different values of some or a.ll of these variables. In each case experi
ence shows that it is impossible to carry out the process B-+ A wit·hout 
a transfer of heat to some other body. 

Now a.ll of the processes which we have said are impoBBible are 
entirely consistent with the first law. To take the first example in 
Table I, the transfer of heat between two blocks of metal takes place 

TABLE 1 

8TA.TB A 8TA.TB B 

Two equal blocks or copper are COD· The blocks are each at 25 °C 
neoted by a wire. One block is at20 °C 
and the other at 30 °C 

A dilute gas at a temperature 9 oooupies The gas at the same tempera· 
one half or an adiabatioa.lly enclosed ture (J oooupiea the whole or 
vessel and the other half' is a vacuum the vessel 

A dilute gas X oooupiea one half or an The gases are uniformly mixed 
adiabatioa.lly enclosed vessel and a throughout the vessel and the 
dilute gas Y oooupiea the other half. temperature has the same 
The temperature is 9 value9 

An adiabatioa.lly enclosed veasel OOD· The vessel oontaiDs the same 
tains hydrogen and oxygen and a amount or hydrogen and 
catalyst. The volume is V and the oxygen, combined as water, 
temperature is 9 together with the catalyst. 

The volume is V and the tem· 
perature exceeds 9 by an 
amount corresponding to the 
heat or reaction 

at constant total energy and thus is poBBible in either direction, 
according to the first law. It seems therefore that there must be some 
condition, in addition to the conservation of-energy, which must be 
fulfilled by those proC$Sse8 which actua.lly take place. In fact, it is 
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the knowledge that certain processes are impossible in an adiabatic 
system which enables us to discover a new function of state, the 
entropy, which provides a criterion of whether a process is a possible 
one or not. Anticipating somewhat the more systematic discussion of 
§ 1·11, the reason for the existence of this function may be seen as 
follows: The possibility or impossibility of the processes A -+B and 
B-+ A depe'TU18 entirely on the nature of the Btates A and B and iB thus 
determined by the values of the variables, Buck as temperature and 
pressure, at the beginning and end of the process. We may therefore 
expect to find a function of these variables whoBe Bpecial characteristic 
is to BMw whether it iB the procesB A -+ B which iB the poBBible one, or the 
converBe procesB B-+A. Thus if 8 is the expected function it will be 
found that S(p.A, O.A) differs in value from S(pB, OB)· 

The impossibility of the processes B-+ A of Table 1 is by no means 
independent of the impossibility of reversing Joule's experiment. 
In fact, if the latter is made the basis of the second law, it may be 
shown as a deduction (using also certain equations of state in some 
of the examples) that the other processes are also impossible. 

Finally, it may be remarked that when we speak of a possible or 
impossible process the notion of time's passage is implicit. It is a 
question of whether a state A can precede or BUCCeed another state B, 
in an adiabatic enclosure. The decision which of these states is 'later 
than ' or ' earlier than ' the other is based primarily on the subjective 
time sense of the human observer-which is not to say however 
that, once the second law has been seen to be true for all isolated 
systems, we cannot choose one such system as defining the time 
direction for all the rest. This can be done without reducing the law 
to a tautology.t 

1•10. Natural and reversible processes 

Changes which take place in a system spontaneously and of their. 
own accord are ca.lled natural procesBes. Examples are the equaliza
tion of temperature between two pieces of metal, the mixing of two 
gases and all processes which can occur spontaneously within an 
adiabatic enclosure. From what has been said in the last section it 
seems that such changes can never be reversed in their entirety, for 
it is known from experience that the system in question can be re
stored to its original condition only by transferring a quantity of 
heat elsewhere. In this respect natural processes are said to be 
i"everBible. In brief, a cycle of changes A-+ B-+ A on a particular 

t Denbigh, in 'I.'he Study of Time, eds. J. T. Fraser et al. (Springer-VeJ.lag, 
1972). 
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system, where A-+ B is a natural process, cannot be completed without 
leaving a change in some other part of the universe.t 

It seems possible, however, that there may exist other types of 
change, involving a different pair of specified states, say, A and B', 
of the system under discussion, such that it is possible to carry out 
the cycle A -+B' -+A without leaving more than a negligible change 
in any other body. Such changes of state will be said to be reveraible. 

A reversible process will therefore be defined as one which can be 
reversed without leaving more than a vanishingly small change in any 
other system. H the change A-+ B' involves a heat absorption q it 
must be possible to carry out the reverse change B'-+ A rejecting an 
equal quantity of heat into the same heat bath. (The work effects on 

the two paths will then be automatically equal, since fdu =0.) 

For the purpose of the detailed discussion of the second law in the 
next section it is necessary to postulate that reversibility can be 
approached, under limiting conditions, in real processes. We must 
now give some justification that such a state of affairs is a possible one. 

Consider the isothermal expansion of a fluid in contact with a heat 

bath. The work done by the fluid is I p,dV, where p6 is the external 

pressure on the piston. H the fluid is now brought back to its original 
state by isothermal compression the work done on the fluid is 

-J pj<l V, where p1 is now the pressure of the fluid itself. These two 

integrals will be equal only if the expansion and compression are car
ried out slowly and without friction, so that the pressure of the fluid 
and the pressure on the piston never differ more than infinitesimally. 
Under these conditions the work is equal along the two paths and, 

since fdu = 0, the quantities of heat absorbed from and rejected 

to the heat bath are also equal and the whole process is reversible. 
Another example ·is a chemical reaction in a galvanic cell, the 

e.m.f. being balanced almost exactly against some mechanical force, 
through the agency of a frictionless motor. Under such ideal condi
tions the reaction can be carried out, first in the one direction and 
then in the reverse, by infinitesimal alteration in the opposing force, 
and without leaving more than a vanishingly small change in the 
environment. 

In view of these examples we may tentatively expect that rever
t For example, after hydrogen and oxygen have spontaneously combined 

the water can be decomposed once again into these gases--but only by leaving 
changes in other bodies such as electrical accumulators and heat reservoirs. 
These can be restored only by leaving changes somewhere else and so ad 
infinitum. 
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Bible processes are those in which the internal forces exerted by the 
system in question differ only infinitesimally from the external 
forces acting on the system. However thP matter will be discU88ed 
further in §1·13. For the present all we need is the postulate that 
such processes are conceivable as limiting instances of natural 
processes. 

Much confusion in the discussion of irreversibility, whenever we 
are concerned with systems }Vhich are not adiabatically isolated, is 
due to the forgetting of the changes in the environment. Between the 
same initial and final states of such a. system the change can be carried 
out either reversibly or with varying degrees of irreversibility; 8'l.tCh 
processes differ in regard to the resuUing changes in state of the environ
ment. 

For the complete specification of a process it is necessary to state 
the initial and final state of all bodies which are affected (i.e. all of 
those which form an adiabatic total system); when this is done it 
remains true, as state<! in the last section, that certain changes, those 
in which there .is appreciable displacement from equilibrium at each 
instant, can never be reversed. 

1•11. Systematic treatment of the second law 
Much of the preliminary discussion above has been lacking in 

precision. However, all that we require for a systematic treatment 
of the second law is the fact, which is securely based on experience, 
that it is impossible to carry out Joule's experiment in reverse 
(Statement A below). As a postulate, to be justified later, we shall 
also assume the existence of reversible paths. On 'this basis the 
development of the second law may be carried out in several different 
ways. In the following we shall describe the traditional method, as 
used by Clausiust and Poincare,t which depends on the use of heat 
engines. The main alternatives are the methods of Planck,§ which 
depends on the existence of perfect gases, and of Born and Caratheo
dory, II which is based on the properties of Pfaffian differential expres
sions. 

t Clausius, The Mechanical Theory of HetJt, transl. Hint (1867). 
l Poincari, Thermodynomique (Paris, Carre, 1892). See also Keenan, 

Tlaennodynomics (New York, Wiley, 1941). 
§ Planck, Treatwe on Thermodynamics, trans!. Ogg (London, Longmans 

Green, 1927). 
II Bom, Phys. Z.l2 (1921), 218, 249, 282. An excellent account in English 

is given by Chandrasekhar, Introduction. to the Study of Stellar Structure 
(Dover, 1957). Versions of the Carath6odory treatment are also given by 
Buchda.hl, The Concepts of Clcutsical Thermodynamics (Cambridge, 1966); 
Born, Natural Philosophy of CatuJe a'nd Chance (Oxford, 1949); Eisenschitz, 
Science Progress, 43 (1955), 246; Turner, Amer. J. Phys. 28 (1960), 781; 29 
(1961), 40; Thomson, ibid. 29 (1961), 300; Sears, ibid. '31 (1963), 747; and 
Munster, Classical Thermodynamics (Wiley-Interscience, 1970). 
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STATEMENT A. It is impossible to make a transfer of heat from a heat 
bath, at a uniform temperature, and obtain an equivalent amount of work, 
without causing a change in the thermodynamic state of some other body. 

Some comments on the phrasing of this statement may be 
added. 

(a) ' ... at a. uniform temperature ... .' A heat bath which consists 
of two or more parts, each a.t different temperatures, is rea.lly equi
valent to two or more heat baths. By taking heat from one of them 
a.nd transferring a. sma.ller amount of heat into a. second one which is 
colder, it would be poBBible to operate· a. hea.t engine, as in the Ca.rn~t 
cycle shortly to be described. The net heat extracted from the com
pound system is equal to the work done; the reservation concerning 
uniform temperature is therefore aBSentia.!. 

(b) ' .•. equivalent ... .' This word is redundant and has been 
inserted only for clarity. If no other body is affected, aJl the hea.t 
removed must a.ppea.r as work, by the first la.w. 

(c) The last clause of Statement A is essential a.nd is equivalent to 
the previous statement that certain processes are impossible under 
adiabatic conditions. For example, it is entirely possible to take heat 
from a. heat bath and convert it completely into work, provided we 
have an auxiliary body, namely, a. perfect gas, in thermal contact 
with the heat bath. The gas is expanded reversibly, and the trans
fer of heat, referred to in the first clause of Statement A, takes 
pla.ce between the bath and the gas. Since a.t constant temperature 
the internal energy of a perfect gas remains constant, the whole 
of the heat withqra.wn from the reservoir is converted into work. 
However, in this process the 'other body', namely, the perfect 
gas, has changed ita thermodynamic state, as shown by its increa.se 
of volume. 

Statement A will now be used to prove the following four pro
positions: 

(1) If a. body performs a. reversible cycle, absorbing heat q1 at 
temperature e1 a.nd heat q. a.t temperature e •. then the ratio q1: q. is 
a function only of e1 and e •. Thus 

qtfq. = fce1, e.). 
(2) The last-named ratio ca.n be expressed in the form 

q1!qa- T1/Tz, 

where T1 a.nd T8 are defined as the thermodyna.mio temperatures. 
(3) The entropy, 8, which is defined by 

dB= (dq/T)rev .• 
is a. function of state. 
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(4) The entropy change of an adiabatically isolated system is 
always positive for a natural process and zero for a reversible one. 

The first and second of these propositions are associated with the 
names of Carnot and Kelvin respectively. The third and fourth are 
due mainly to Clausius and are the final form of the second law. 

For the proof of these propositions it will be supposed that we are 
concerned with closed systems in a state of internal equilibrium such 
that their thermodynamic states can be specified by means of two 
variables, such as pressure and volume or pressure and temperature. 
The proofs depend also on certain properties of the adiabatic and 
isothermal curves on a p-V diagram. These properties may be readily 
proved by means of Statement A and are quoted as problems below. t 

(a) Proof of proposition 1. Consider a body X. In Fig. 4 let 
AB and CD be portions of its isothermals corresponding to the 
'empirical' temperatures 82 and 81 respectively, where 81> 81 .~ (By 
' empirical ' temperature is meant that which is measured by use of 
a reference substance as described in § 1·4.) Let AD and BO be 
portions of two adiabatics. If the cycle ABOD is carried out under 
reversible conditions, it is said to be a Carnot cycle,§' and it follows 
from the propositions in the problem that the cycle must be of the 
form shown in the diagram, i.e. consisting of four parts. 

Let q1 and q2 be the quantities of heat taken in by X from the 
heat baths needed to maintain it at constant temperature along the 
isothermals 81 and 82 respectively. Now q1 and q2 must have opposite 
signs. That is to say one or other of them (depending on whether 
the cycle is in the direction of the arrows in Fig. 4, or in the reverse 
direction) corresponds to heat actually taken in and the other to 
heat actually rejected. For if they were both of the same sign, the 
cycle could be carried out in a direction such that both were positive 
(thus yielding a positive quantity of work as done on some other 
body); after having done this, the hotter bath could be put into 

t Problem. Prove the following statements concerning the adiabatica and 
isothennals of a particular body (which may be a gas, a liquid or a solid): 

( 1) an isothennal and an adiabatic cannot intersect more than once: 
(2) an isothennal and an adiabatic cannot touch each other without inter

section; 
(3) two adiabatic& cannot intersect; 
(4) in each infinitesimal portion of an isothennal the heat absorbed by a 

body has the same sign for the same direction ,of movement along the curve. 
(Hint. Assume that the statements are false and show that in this case State
ment A would be contravened.) 

t The temperature scale is here chosen such that a larger numerical value 
of 6 corresponds to greater hotnese. 

§ Being reversible, a cycle of this kind, if carried out in the reverse direction, 
will exactly nullify the effects on the heat baths of carrying it out in the for
ward direction. 
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contact with the cooler one for a time long enough to give the latter 
just as much heat as it had, by supposition, given up to the body X. 
The net effect would have been the removal of a quantity of heat 
from the hotter bath and its complete conversion into work, without 
a change in any other body and this is contrary to Statement A. 

By the same argument it may be seen that q9 is positive and q1 

is negative for the cycle occurring in the direction of the arrows in 
Fig. 4. 

, 

v 
Fig. 4 Camot cycle in p-V co-ordinates. 

It must now be shown that the ratio q1fq 9 depends only on 81 

and 82• For this purpose let it be supposed that we have two different 
bodies, X and Y, each of which makes Camot cycles in an arbitrary 
region of its p, V co-ordinates. The only limitation is to suppose 
that the two bodies share the same pair of heat baths, anq therefore 
have the same upper and lower operating temperatures, 81 and (JJ. 

If q1 and q9 are the heat effects for body X, let Q1 and Q2 be the 
corresponding heat effects for body Y. Now we ·can always find 
integers n and N such that by putting X through n complete cycles 
and Y thr.ough N complete cycles in the opposite direction we satisfy 
the equality nq1=-NQ1• This means that, whatever be the size and 
nature of the two bodies and the regions in their'p, V co-ordinates, 
the number ofcycles can be chosen so that the total heat taken in 
by the one body from the cooler bath is equal to the total heat 
rejected by the other body into the same bath, the cycles of the 
bodies being in opposing directions. · 

Therefore, after completion of these cycles, the cooler bath is in 
the same state as originally. So also are the bodies X and Y which 
have completed integral numbers of cycles. It follows that we must 
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also have nq1= -NQ 2, i.e. there must be zero net heat effect relating 
to the hotter bath. For if this were not so, we could have chosen the 
directions of the cycles (which it will be remembered are carried out 
reversibly) so that a net positive amount of heat would have been 
ta.ken from .the hotter bath and completely converted into work, 
contrary to Statement A. 

In brief, if we choose the number of cycles to satisfy 

nq.=-NQ., 

then we must also satisfy 

nq.=-NQ •. 

Dividing the one equation by the other 

q.fq.=Q.IQ •. 
The ratio q1fq1 is thus the same for all bodies making reversible 
cycles between the same pair of isothermals, and is independent 
also of the particular pressures and volumes occurring in the cycles, 
since we could evidently have chosen these variables arbitrarily 
without affecting the result. The ratio can therefore be a function 
only of the temperatures 01 and 01 • This we shall write as 

~-J(81, 81) (1·10) 

in order to avoid ambiguities of sign. Since the work done on 
some external system by the body X in each cycle is given by 
lwl = lq1l-lq11, the result we have obtained may also be written in 
the form 

~ lq.l-lq.l 1-/(8 0 ) 
qz lq•l •• 1 ' 

and the fraction of the heat taken in by the hotter bath which is 
converted into work is thus seen to depend only on the temperatures 
of the two baths. 

(b) P'l'ooj of proposition :Z. Fig. 5 shows three isothermals81," 01 

and03 (numbered to correspond to increasing degree of hotness), and 
also two a.dia.batics, of a particular body. Using the result of equation 
(HO) we have the relations 

cycle DOEF lq1lflq8l=J(81, 82). 

cycle ABOD lqzlflq3 j = /(81, 0~). 

cycle ABEF jq1l/lqal = /(81, Oa) 

Dividing the third of these relations by the second we eliminate q8 
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and o bta.in lq1\_ /(81, 83 ) 

lqs\- /(82, Ba)' 

Fig. 5. 

and comparing this with the first relation we have 
/(81, 8a) 

/(81> 8s) = /(82, 8a). 

v 

(1·11 

Now this equation is true whatever is the value of 83• It follows 
therefore that83 must cancel between the numerator and denominator 
of the right-hand side of this equation. This requires that the functions 
/(81, 83),etc.,are of the formsf(81)//(83),etc.,t that is, they are expres-

t A partial differentiation of the above equation with respect to 81 gives 

/(8,, 88) 8/(800888) = 8/(8;:1), 

and by substit•1ting in this relation from the original equation we obtain 

8lnj(88, 81) 8lnj(81, 68) 

86a ao. 
It is clear that each side of this equation must be a function of 81 only. Writing 
each side separately equal to the same function of 68 and integrating, we obtain 

lnj(01, 88)=t/»(88)+lnj(61), 

ln/(81, 61)=t/»(68)+ln/(61), 
where the second terms on the right.hand sides are integration constants for 
integration at constant 68 and 61. Hence · 

/(69, 68)=/(61) exp t/1(68), 

/(81, 61)=/(81) exp t/1(08 ), 

and dividing the second equation by the first 

/(61, 68 ) _/(61) 
Ji.8a, 68)-/(61). 

Thereforej(81, 82 ) is of the formj(fl1)//(61). 
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sible as a ratio of functions of each separate temperature. Thus 
we obtain jq1j/lq2j f(81)//(8a), 

lqal/lqal f(8s)/J(8a), 

jq1jflqsl f(81)/J(8a)• 

It is also evident that lqsl >lq11j >lq1l, 
for if we choose to go round one of the cycles in the clockwise direction, 
a positive amount of work is done by the body and thus the heat 
absorbed from the warmer bath is greater than the heat rejected into 
the colder one. H we go in the anti-clockwise direction, work is done 
on the body and again a. greater amount of heat is rejected into the 
warmer bath than is removed from the colder one (refrigeration cycle). 
Hence from the above equationlJ we have 

(l·ll) 

Now 81, 81 and 88 are merely 'empirical' temperatures, as defined by 
any chosen reference body as a. thermometer, in accordance with 
§1·4. It is evident that j(81), f(88) a.ndf(88) are just as good a measure 
of temperature as o.re 81, e. and 8a themselves. 

The necessary criteria of any measure of temperature are: (a) it is 
equal for bodies which are at thermal equilibrium and (b) it changes 
monoto1wu8ly with increase in hotness. The first of these conditions 
is obviously satisfied by j(fJ) because if two bodies have equal values 
of () they also ha. ve equal ve.l~1es of J ( 8). The second condition is also 
satisfied since we have just proved the relation (1·ll), that is,f(O) 
increases monotonously with increase of.O and thus with increase of 
hotness. 

The functions J(8) may therefore be chosen as a. measure of tem
perature and will be denoted T. We thus define a. scale of tkermo
d'U'fUJmic temperaturu to satisfy the relation 

TtfTs=lqtlflqzl (1·12) 
where 'l.'t and T 2 are positive numberst and q1 and q2 refer to the 
heat effects of a. body carrying out a Co.rnot cycle between these 
two temperatures. Such a scale has also been called abBOlute because 
it has been shown in the previous proposition that the ratio qtfq1 is 
independent of the choice of the body which makes the cycle. 

To complete the setting up of the thermodynamic scale it is now 
necessary merely to decide on the size of the degree. Let T • be the 
thermodynamic temperature of saturated steam at 1 atm pressure 
· ·· t- COncerning negative thermodynamic temperatures see Ramsey, Phya·. RtN: 

103 (1956), 20; Bazarov, I. P., Themloclgnamics (Pergamon, 1964); Proctor, 
Scientific American, 239 (No. 2) (1978), 78; Landsberg, Thermodynamics and 
Statistical Mechanics (Oxford, 1978). See alsop. 344 below. 
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and let T r be the thermodynamic temperature of melting ice at the 
same pressure. Then the size of the degree is chosen so that 

T,-T,=lOOK. 

We shall not seek to discuss the experimental procedures by means of 
which T 1 and T s are actually determined by means of equation (1·12) t 
For the present purpose it is sufficient to assert that if a body were put 
through a Camot cycle absorbing heat q, from the steam and rejecting 
heat q, into the ice, we should obtain the result 

q,fq,=l.366, 

and therefore 

Solving between the above equations we find T,=273.2 K and 
T.=373.2 K. (More accurately, the accepted valuet for the ice-point 
is 273.15 K.) 

As a corollary to the above we obtain 

w jq1j-jq1 j T 1-T1 

q, jq2l '1' a • 
(1·126) 

This ratio should be called the 'conversion factor' and not the 
'efficiency' of the cycle. The reversible Camot cycle is as efficient as 
any cycle can possibly be, when operating between the given pair of 
temperatures, and should thus be regarded as 100% efficient. Any 
irreversible cycle has a. lower conversion factor and may thus be said 
to be inefficient relative to the reversible one. 

It can also be readily shown that the thermodynamic temperature, 
as defined by (1·12), is the same as the perfect gas temperature. (See 
Problem 8 on p. 59.) However, it will be ~cognized that this coin
cidence plays no essential role in thermodynamics-the basic theory 
can be developed, as in the present chapter, without any reference 
to the existence of perfect gases. · 

(c) Proof of proposition 3. In this proposition we consider the 
properties of the differential d8 which is defined by 

d8 =. ( dq/T)nv., ( 1·13) 

t See, f~r example, Zemansky, Heal and Thermodynamics (New York, 
McGraw·Hill, 1968), Roberta and Miller, Heat and Thermodyna1nic8 (London 
Blackie, 1963). ' 

l A more correct statement of the situation is that the thermodynamic tem
perature scale has been fixed by de.ftnmon so that at the triple poim of water 
T=273.16 K. This makes the ice point 273.15 K. The designation 'degree 
Celsius ' is also now used. in place of ' degree Centigrade '. See for example 
Hataopouloa and Keenan, Principles of General Thermodynamics, ch. U 
(Wiley, 1965). 
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where dq is the heat absorbed by a. body at a. thermodynamic 
temperature T, in a reversible change. The definition applies speci
fically to 'bodies' and not to open systems. The properties of 8 
were discovered by Clausius, and it was named by him 'entropy' 
from the Greek word for transformation. He regarded it as a measure 
of the 'transformation content' of a. body, meaning presumably its 
capacity for change. 

In the present proposition we seek to prove that 8 is a function of 
state. Consider first of all the type of reversible cycle already dis
cussed, consisting of two isotpermals T 1 and T 11 and two a.dia.batics. 
The entropy changes along the isotherma.ls are obtained from (1·13) 

and are Jd 
~=ql 
Tt Tt 

and fdq2 = q2 respectively. 
T~ Ta 

Along the adia.ba.tics it follows from (1·13) that the entropy changes 
are zero. Hence over the whole cycle we have 

Now according to (1·12) 
chosen to satisfy 

Therefore 

"dS= ql+ q2. j T1 T2 

our thermodynamic 

qt T1 
q;=- T~· 

fd8=0. 

temperatures are 

It must now be proved that the same result applies to any type of 
reversible cycle, not necessarily consisting of two isotherma.ls and 
two adia.ba.tics. 

A cycle involving the generalized force y and the generalized dis
placement x is shown by the closed curve in Fig. 6. Let PQ be -any 
portion of the path. Through P and Q the lines R8 and TU represent 
two a.dia.ba.tics. Between these a.dia.batics we can draw an isothermal 
-the curve V W-in such a. position that the area. under the zigzag 
path PVWQ is the same a.s under the actual path PQ. The work is 
thus the same along both paths, and so also must be the heat effect, 
since the change of internal energy is independent of the path. Thus 
the heat absorbed by the body along the isothermal VW is the same a.s 
along the actual path PQ. Similarly, an isothermal Y X can be drawn 
between the same a.diabatics in such a position that the heat absorbed 
along this isothermal is the same a.s along the actual path N M. 

The whole of the cycle represented by the closed curve can thus 
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be made equivalent, as regards its heat and work effects, t to a 
number of Carnot cycles. This is indicated in Fig. 7. Considering 

It T 
y 

u 

X 
Fig. 6. 

the Carnot cycle ABOD farthest to the left in this diagram we have 
from equation (1·12) 

8ql+ 8qg=0, 
T1 T2 

where 8q1 is the heat absorbed by the body in passing from A to B 
and 8q1 is the heat it absorbs in passing from 0 to D. Similarly we have 

8q,.+ 8qa=O. 
T5 T8 

Adding as many of these equations as the number of Ca.rnot cycles into 
which we have chosen to divide up the actual cycle, we obtain 

t However, it is only in the limiting case, .where. the adiabatics are only 
infinitesimally separated, that the heat supplied along the curved path PQ 
is supplied at the same tlirltAally CQmtant temperature 88 along the isothermal 
path VW. Thus the curved and zigzag paths becoq1e completely equivalent, 88 

regards their thermodynamic effects, only in the limit, and it is this which 
justifies equation (1•14). 
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and this result is valid, of course, for the complete zigzag path 
ABEF ... A. 

I( 

Fig. 7. 

Thus in the limit, when the adiabatics are only infinitesimally far 
apart, we have for the whole of the closed zigzag cycle 

"(dq) =0 j T rev. ' 

Returning now to Fig. 6 it is evident that when the adiabatics RS 
and TU are only infinitesimally distant, the temperature change 
along the curved path PQ approaches zero. Thus dqfT for the zigzag 
path PVWQ becomes the same as dqfT for the curved path PQ. 
Hence the result of the last equation applies not merely to the zigzag 
cycle but also to the cycle represented by the closed curve. 

Using the definition (1·13), we thus obtain for the arbitrary cycle 
the important result 

(1-14) 

The subscript 8 has been added in order to make it clear that dB, is 
the entropy change of the system which absorbs the heat dq, and it 
does not include the entropy change of the heat reservoir which gives 
up this heat. 

The result (1·14) shows that the entropy is a function of state for 
the body. Thus if we consider the change ofstate, (T.A, p:,.)-+(TB•PB), 
by a. particular path ct, and the return to state A· by the path fl, we 
have for the whole cycle A-+ B-+ A 
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I: dSpatb.,.+ I: dSpatbp=O, 

and therefore I: dSpath «=I: dSpath P· 

The change of entropy of a body is thus the same for all paths be
tween given initial and final states ~dis determined entirely by these 
states. 

What has just been said must, of course, be true even if the chosen 
path does not correspond to reversible conditions, i.e. if it is a.' na.tura.l 
process'. The entropy change of the body (i.e. the system in question) 
is precisely the same, because it has been shown to be a. function of 
state. However, it will be shown in § 1·12, that the equality (H3) 
must then be replaced by the inequality 

(dTq) <dSs• 
lrrev. 

In other words, for a given change of state of a body, at a uniform 
temperature T, the entropy change is constant, but the heat taken 
in is less for the irreversible path than for the reversible one. This 
implies, of course, that the two types of path do not give rise to the 
same changes of state in the environment. 

The entropy has been shown to be a property of a body and is also 
clearly a member of the extensive class. Thus suppose that a body 
consists of n parts, each at the same temperature T. If these various 
parts absorb the quantities of heat dq1, dq11, ••• , dq11 under reversible 
conditions, their entropy changes are 

... ' dq,. 
T' 

respectively. The sum of these is~ l:dqi, and since l:dqi is the total 

heat, dq, absorbed by the whole body, we find that the sum of the 
entropy changes of the various parts is equal to the overa.ll entropy 
change. 

From a mathematical standpoint the present proposition amounts 
to the demonstration that the thermodynamic temperature T is 
an integrating denominator for dq in a reversible change, i.e. 
dS= (dqfT)fflJ. is an exact differential. The possibility of defining T 
depended, in its turn, on the use of Statement A, concerning the 
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impoBBibility of achieving a conversion of heat into work by use of 
a heat bath and no other body.t 

(d) Proof of proposition 4. In this proposition we are con
cerned with the magnitude of the change of entropy, SB- 8 .A• between 
a state A and a state B of a. system within an adiabatic enclosure. The 
change A -+B may be a change of composition, due to chemical 
reaction, or any other change of a. closed system, such as those shown 
in Table 1. The process A_,.B will be supposed to occur irreversibly
i.e. it is a. spontaneous process. 

Now the defining equation (1·13) for an entropy change is only 
applicable under reversible conditions. We shall therefore suppose 
that, after the original proceSB A -+ B has taken place within the 
adiabatic enclosure, the reverse change of state B-+ A is carried out 
under conditions which are known to be reversible. In the general 
case, as we have noted previously, this return process cannot be 
carried out adiabatically. Let it be devised in such a. way that any 
heat, qB-+.A• which must be absorbed by the system is taken in from 
a singlet heat bath at a. temperature T (Fig. 8). 

Denoting by w.A-+B a.nd wB-+.A any work which is done by the 
system (i.e. here counted as positive when done em the environment) 
during the outward and return paths respectively, we have from 
the first law 

qB-+.A =W.A-+B+WB-+.A• 

Now qB-+A must be negative. For if it were zero this would correspond 
to a complete reversal of the original process A_,..B, contrary to the 
statement that we are discussing an irreversible process. And if it 

t The fact that the second law is concerned with the heat and work relation· 
ships of 1wo bodies is seen very clearly in Bom and Carath8odory's formulation. 
For a single body undergoing a reversible change of temperature 9 and volume 
V we have from the first law: 

dq=(~)/8+{(~~),+P} dV. 

An equation of this form, in which there are only the two independent vari
ables 9 and V, always has an integrating denominator. However, for two 
bodies, 1 and 2, at the same temperature, the equation must be written 

a(ul + u,) (au1 ) (au, ) 
dq= 88 d9+ av1 +P1 dV1+ av, +p, dV,. 

This equation has an integrating denominator (namely, the thermodynamic 
temperature) only when a certain condition is satisfied. This condition is the 
impossibility of oertain changes of state, under adiabatic conditions, as 
discussed in § 1·9. . * This condition can always be attained even if the retum path cannot be 
devised in the simple manner of Fig. 8. For example, use may be made of a 
heat engine which absorbs heat from the prescribed heat bath at T and delivers 
heat into the system at any necessary sequence of temperatures. 
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were positive this would correspond to the complete conversion of 
heat taken from the reservoir into work, "'ithout leaving a change 
in any other body. (Remembering that the system itself '~ill then 
have completed a cycle.) 

p 

8 

~------------------v 
Fig. 8. TIIustrating an irreversible adiabatic gas expansion, from A to B, 
along the dotted curve, and a return pe..th along two revereible adiabat.ics 
BC and DA, and the reversible isothermal CD. The only heat effect in the cycle 
is the heat qB-+A absorbed along CD. 

By definition the entropy change of the system in the reversible 
1.·eturn path is 

8A-Ss=qB-+Af'l', 

and must therefore be negative. The entropy change 88 -814 on the 
original outward path, being equal and opposite to that on the 
return path by the third proposition, must consequently be positive. 

Alternatively if the original process had been carried out 
reversibly, qa-.14 would necessarily have been zero,t according to 
the meaning of 'reversibility', since q14-+8 is zero. Under such 
conditions 814-88 would therefore be zero also-i.e. 814 and 88 are 
equal for a reversible adiabatic process. 

Returning to the former case, the irreversibility lies in the fact 
that the system has been restored to its original condition only at 
cost of transferring heat from it into a heat ba.th. Thus the inevitable 
result of an irreversible process is the creation of entropy, and the 
system can be restored to its original condition only by the removal 
of heat. That is to say, the created entropy must be transferred to 
some other body, such as a heat bath, which thereby undergoes a 

t If qB-+A is zero it means, of course, that we are able to make the return 
path B-+ A under adiabatic conditions and this may seem contrary to State
ment A and the discussion of § 1·9. The answer to this paradox is that if the 
change A-+B takes place adiabatically and reversibly it does not give rise to 
the same final state Bas if it took place adiabatically and irreversibly, i.e. the 
final state should be denoted B'. The final states B which were specified, in 
regard to their temperatures, etc., in Table 1 are those obtained by entirely 
uncontrolled processes of mixing, reaction, etc., within the adiabatic enclosure. 
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change of state. If the heat bath, in it1:1 turn, is restored to its 
original condition, it necessitates a gain in entropy of some third 
body, and so ad infinitum. As remarked already in § 1·10, natural 
processes can never be reversed in their entirety. It is only in the limiting 
case, where the changes are carried out under reversible conditions, 
that the overall entropy change of the system and its environment 
approaches zero. 

1·12. Final statement of the second law 

As a result of the last two propositions, the second law can now be 
expressed as follows: 

(a) the entropy S, defined by dS= (dqJT)rev .• is a function of state; 
(b) the entropy of a system in an adiabatic enclosure can never 

decrease; it increases in an irreversible process and remains constant 
in a reversible one. 

This second result must apply to each infinitesimal stage of a 
process, as may be seen by applying the last proposition to an in
finitesimal change of an adiabatic system, instead of to a finite change. 
We can therefore writet dS~O, 

where S refers to the total entropy of an adiabatic system. Alter
natively, if we sum the entropy over all parts of a system which are 
in thermal contact, we have ~dSi ~ 0. 

For many purposes it is convenient to convert this relation into an 
equality by defining a quantity u: 

~dS;=dO', (1·15) 

and dcr is clearly the amount of entropy which is created in the given 
process. According to the second law it is positive for an irreversible 
process and zero for a reversible one. It can never be negative. 

As a corollary to the above, consider a thermodynamic system 
contained within a heat bath. The two together are an adiabatically 
isolated system, and therefore from (1·15) we have 

dS,+dSr=du, 

where the subscripts s and r stand for the system and the heat bath 
respectively. Let it be supposed that any irreversible changes taking 
place within the system are fairly slow, so that the heat bath main
tains a uniform temperature T,. If the system absorbs heat dq, the 

t This equation might be written more explicitly as 
dSfdt~o. 

where dt is an infinitesimal increase in time. However, in thennodynamics 
time is always taken as increasing in the direction towards the future, aa it 
is humanly experienced, and thus dt is always positive. 
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same amount of heat is lost by the batht and its entropy change is 

dSr= -dqfTr• 
Between the last two equations we obtain 

dS.-dqfTr=du, (1-16) 

or, expressed in an alternative manner, 

dqfTr~dS,, 

where the equality sign refers to the reversible path and the in
~quality sign to an irreversible one. Now in any change of a system 
between two states, A and B, the entropy change is the sa.me irrespec
tive of whether the path is reversible or not. It follows from (1·16) 
that it is the heat effect which is different, there being a smaller absorp
tion of heat along an irreversible path than along a reversible one (or, 
in the case where heat is evolved, it is greater). 

It may be remarked that the principle that entropy can only 
increase or remain constant applies only to a closed system which is 
adiabatically isolated. Whenever a system can exchange either heat 
or matter with its environment, an entropy decrease of that system is 
entirely compatible with the second law. Living organisms, for 
example, are 'open' to their environment and can 'build up' at the 
expense of the foodstuffs which they take in and· degrade. Astro
nomical bodies, such as the sun, are continually losing thermal energy 
as radiation and may also be gaining matter in the form of dust. The 
entropy of such bodies may be either increasing or decreasing. 

1·13. A criterion of equilibrium. Reversible processes 

As we have seen, the only changes which can take place in an 
adiabatic system are those in which the entropy either increases or 
remains constant. The same applies, of course, if the system is com
pletely isolated, that is, if it does no work, as well as being within an 
adiabatic enclosure, so that the internal energy is constant. Thus 
whe~ever a system could change from a state of lower to one of 
higher entropy, within an enclosure of constant volume and energy, 
it is possible, in a thermodynamic sense, for this change to occur. 

t The meaning of the term heat bath or heat f'eBenxnf' was disc11118ed pre· 
viously in § 1·7. It signifies a body which acts merely as an acceptor or donor 
of heat whilst remaining of constant volume and performing no other form of 
work. Under these conditions the heat gh·on up or taken in by the heat bath 
is equal to the chango of its internal energy-i.e. it is equal to the change of a 
function of state. The change of state of the heat bath is thus entirely detennined 
by the heat transfer dq and d..'-', is therefore the same whether this transfer is 
reversible or not. 
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For example, consider the reaction 

A+ B~C 
taking place in an isolated vessel. If we start with one mole of A 
and one mole of B, the formation of C can continue to occur for as 

long as the entropy of the system 
can continue to increa.Se. There will 

s 

Time 
Fig. 9. The trend to equilibrium. 

be a certain mixture of A, B and 
C beyond which no further increase 
of entropy takes place. The same 
mixture will be obtained, also with 
increase of entropy, if we were to 
start with pure C. The formation 
of an equilibrium mixture is thus 
attended by an increase of entropy 
whether it is attained from the left 
or right of the chemical equation. 
Intheequilihriumsta.tetheentropy 

is therefore a maximum. In general, for systems of constant energy and 
volume, the condition of equilibrium is the attainment of the maxi
mum entropy consistent with this given energy and volume. Any 
variation about the equilibrium state could only decrease the entropy. 

The trend towards equilibrium is shown diagrammatically in 
Fig. 9. It does not follow, of course, that when an increase in entropy 
is possible, the change will necessarily take place at an observable 
speed. This is shown by the example of a hydrogen-oxygen mixture 
and many other thermodynamically metastable systems which may 
persist for centuries without visible change. Thermodynamics has 
nothing to say about the rates of processes. 

In § 1·1 0 a path between two states A and B of a system was defined 
as being reversible if the cycle A --l- B --l- A could be completed without 
leaving a change in any other body. The total entropy of the system 
and its environment must therefore remain constant throughout the 
cycle, any entropy change in the system being compensated by an 
equal and opposite change in the entropy of the environment. 

The reversible path must be one for which the internal forces of 
the system differ only infinitesimally from the external forces, and 
for which all heat transfers tn.ke place over temperature differences 
which are only infinitesimal. That this is the case may be seen by 
considering two examples. t 

t Remaining close to cquilih•·ium is not a. 8uffic-ient condition of reversibility. 
118 i11 shown bv an interesting examplo of Allis and Horlin (Thermodynamic8 
mut Statilltica/ Meclu:mir,s, p. 85, McGraw. Hill, 1952). However it is certainly 
11 nece.,sar!J condition-eontrary to a second example of these authors which 
t-he present aut-hor regards as fallacious. 
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Thermal equilibrium. If the only process which a body undergoes is 
the addition or removal of heat the effect of this addition or removal 
is to cause a definite change of state (since in this case dq=dU) and 
thereby e, definite change of entropy. The equation 

dS=dq 
T 

is therefore applicable to processes of pure heat transfer, even when they 
are not carried out under reversible conditions, provided that the tem· 
perature remains sensibly uniform throughout the body. t (See also the 
discussion on the heat bath in a footnote on p. 40.) 

Consider the transfer, under the above conditions, of a quantity of 
heat dq from a body at a temperature T 1 to another body at the tempera· 
ture T 1• The overall entropy change is 

dS=dS1 +dS1 

dq dq 
=pl-TI 

=dq(T1 -T1)/T1 T8• 

Since dS must be positive or zero, T1 > T1, and thus the heat flows from 
the hotter to the cooler body, in agreement with experience. The creation 
of entropy in the sy&tem continues for as long a.s T1 exceeds T1 and the 
state of equilibrium requires equality of these temperatures. This is in 
accordance with the meaning of temperature as discussed in § 1·4. 
A reversible transfer of heat thus requires that there shall be only an 
infinitesimal temperature difference. Thus if· T1 - T1 is an infinitesimal, 
t.he increase of entropy in tho above equation becomt>S equal to dqdT/T1 • 

and is of the second orclE'r of smallness. 
The above theorem, like all those which have appeared so far, is based 

on the supposition that there is no exchange of matter between the 
bodies. If such an exchange takes place the notion of heat flow becomes 
ambiguous and we ean speak only of the total energy flow. 

Mechanical equilibrium. If a fluid, at a pressure p, expands by an 
amount d V against~ external presswe (p-«5p), the work done by the 
fluid is (p- «5p )d V. The corresponding recompression of the fluid 
requires a pressure, (p+«5p), which is larger than p, and the work done. 
on the fluid is -(p+«5p) dV. These two quantitiesofworkbecomeequa.l. 
and the processes thus satisfy the c:Iefinition of reversibility, only in the 
limit where 8p approaches zero. It will be noted that the same condition 
maximizes the work done by the fluid during expansion and minimizes 
the work done on the fluid during compression. 

It will be shown in more detail in§ 2·9 that the condition of mechanical 
equilibrium requires equality of pressure across any movable interface, 
provided that no changes of interfacial area are involved. 

t This condition would be approxima~ly satisfied by carrying out a heat 
transfer between two bodies through a very thin wire, whose entropy change 
may be neglected. 
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1·14. Maximum work 

Consider a change of a system from state A to state B. From the 
first law 

As noted previously q and w vary according to the nature of the path 
between the two states-it is only their algebraic sum which is con
stant. It will now be shown that the second law places a restriction on 
the maximum amount of work which may be obtain.ed. 

It has been shown already that if a system absorbs heat dq from a 
heat reservoir at temperature T .. , the entropy change of the system 
is given by equation (1·16): 

dq 
dS.= T. +du, 

f' 

where du is the created entropy and is positive or zero. Subscripts 
8 and r denote the system and the heat reservoir respectively. Now 
from the first law 

and therefore 

or 

dq=dU.-dw, 

dS,= (dU.-dw)fT .. +du, 

-dw =T .. dS.-dU.-T .. du. (1-17) 

Expressed alternatively 
-dw~T .. dB.-du., (1-18) 

where dw is the work done on the system. Thus the work done by 
the system is -dw. 

Let it be supposed that the heat bath is a large one. In this case 
T .. remains constant and we obtain by integration of the above relation 

-w~T,(SB-S.A.)-(UB-U.A.)· 

Now for passage between the assigned states A and B the right-hand 
side of this expression has a definite value since U and 8 are functions 
of state. It follows the the work -w which is done by the system 
cannot be larger than a certain quantity, which may be denoted 
-Wmax.• and this is obtained in the reversible type of process, which 
corresponds to the equality sign in the above equation. If the process 
is not reversible it yields a smaller amount of work and there is a 
correspondingly smaller intake of heat, as follows also from equa
tion (1·16). 

Conversely, the work which must be done on a system, in order to 
obtain a given change of state, is least for the reversible path. In any 
irreversible change a greater amount of work must be done on the 
system and there is also a larger positive heat evolution-energy is 
'dissipated' as heat. 
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Consider the case where the only form of work is a volume change 
dV., and let it be supposed that the process is carried out under 
reversible conditions. The pressure acting on the system is therefore 
equal to the pressure Ps within the system (§ 1·13). Similarly, the 
temperature T .. of the reservoir must be equal to the temperature T. 
of the system in contact with it. Therefore under these conditions 

(l-18) may be written dV -TdS -dU 
Ps .- s s s• 

Since all symbols now relate to the system itself, the subscripts may 
be deleted and the equation rearranged to give 

dU=TdS- pdV. (l-19) 

As an example we shall consider the expansion of two mols of a perfect 
gas from the state (0.5 m 3 , 300 K) to the state (5m3, 300 K). 

Consiuer first of all the CllRO when' the oxpan~ion i~ Ctlrried ont- r<,v«'r· 
sibly, the external pressure being adjusted at each moment to be only 
infinitt>.simally smaller than the pressure of the gas itself. Thus at any 
moment when the volume is V the pressure is nRTfV, where n is the 
amount of gas (mols). The temperature being held constant at 300 K, 
the work which is done by the gas is 

w= I pdV=nRTlnV8fV1 

=2 X 8.314 X 300 ln (5/0.5) 

= l.I5x to• J. 

This is equal to the heat absorbed, since the internal energy of a perfect 
gas remains constant at constant temperature. The entropy change of 
the gas is therefore l . 15 x l O' /300 = 38. 3 ,J K - 1• '.rhe corresponding 
entropy change of the body which supplies the heat is -38. 3 J K - 1 

and the overall entropy change is zero. 
Consider the case where the gas expands against a zero pressure, 

e.g. by opening a tap which admits the go.~ into a vacuum chamber. In 
this case no work is done by the gas in expansion. For the same initial 
and final volumes and temperatures, the entropy change of the gas is 
the same as calculated above, +38.3 J K- 1, since the change ofstato is 
the same. However, in this instance, since no work has been done, no 
heat has been absorbed and the entropy change of t.he environment is 
zero. Therefore there has been a creation of entropy of 38. 3 J K - 1• 

In any intermediate type of expansion, in which the gas expands 
against a pressure which is greater than zero, but less than that of the 
gas itself, the entropy creation will lie somewhere between zero and 
38.3 J K- 1• It would be calculable if a measurement were made of the 
actual amount of work done. It is only in the extreme case of zero work 
that the entropy creation can be calculated accurately by means of the 
type of calculation carried out above. 
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1•15. The fundamental equation for a closed system 
Equation (1·19) is the basic equation for a closed system, i.e. one 

which does not exchange matter with its environment. It may be 
derived more directly as follows. From the first law 

dU=dq+dw, 
and for a reversible change we can substitute 

dq=TdS, 

dw=-pdV, 

and thus dU =TdS -pdV. 

This equation is applicable only when volume change is the only 
form of work. It is also applicable only to closed systems which are 
in a state of internal equilibrium, t since ali our considerations so far 
have been based upon these. However, the equation is entirely 
applicable to a. system which changes its composition due to internal 
chemical reactions, provided that t.hese take place reversibly and also 
that no work is performed other than that due to volume change. 

As regards the application of the equation to i"eversible paths the 
following may be said. The derivation was based above on a reversible 
change, since it is only for such a change that we can, in general, write 
dq= TdS. The resultant equation gives the change, dU, in the internal 
energy of the system, which is at a. particular temperature T and a 
particular pressure p, in terms of the corresponding changes of entropy 
and volume. All of these quantities are functions of state. Moreover, 
provided that there are no i"eversible changes of composition,t the choice 
of any two of the variables will determine the state of the system and 
therefore will determine the values of the other three variables. Thus, 
if we consider a change between a defined initial state and a defined 
final state, the integral of the equation must be valid even if the path 
is not a reversible one (but excluding irreversible changes of com
position). Thus, as we go from an initial state (p..c,T.A) to a final state 
(p8 , T8 ), the changes of U, V and 8 all have definite values, depending 
only on these states, and it is of no interest how this change takes 
place. This may, perhaps, be seen more clearly by rewriting the 
equation in terms ofT and p as independent variables: 

t If the system in question consists of two or more homogeneous phases 
whose pressures are not equal, due to the presence of rigid barriers or curved 
interfaces, then (1·19) must be written for each phase separately. 

t Such as would be caused either by diffusion or chemical reaction taking 
place in an irreversible manner within the body, i.e. an absence of intemal 
equilibrium. 
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dU = T{ (:~) /T + (:!) T dp} 
- p { (:~ P dT + (:~ T dp}. (1·20) 

Despite what has just been said, the terms TdS and pd V can be 
identified as the heat absorbed and the negative of the work done 
on the system respectively, only in the case of a reversible path. 
Thus we can write 

dq+dw=dU =TdS-pd V, 

but whenever the process is irreversible dq is less than TdS and dw 
is less than -pd V. (It is to be emphasized that p in the above 
equation refers to the pressure of the system itself, and therefore, 
in an irreversible expansion, it is larger than Pe• the external 
pressure.) 

Finally, it may be noted that in a cyclic process we have 

fdU=O, 

and therefore from (1·19) 

fpdV=fTdS. 

The work performed in a reversible cycle may thus be obtained 
either as an area on the P. V diagram or as an area on the T -8 diagram 
of the particular substance which passes through the cycle. t 

1·16. Summary of the basic laws 
It is useful to summarize, in outline. the argument of the present 

chapter. The state of a system was regarded, at the beginning, as 
being determined by the two variables, pressure and volume, whose 
nature was taken as being understood. The experimental knowledge 
embodied in the zeroth law was then used to show the existence of 
a certain function of the pressure and volume, 0=0(p, V),t which 
determines whether or not two bodies are in thermal equilibrium. 
This function was called the temperature, which thereby becomes an 
extra variable of state. We can invert the relationship and write 
V = V(O, p) or p = p(O, V). 

It was then shown, as a result of Joule's experiments, that the total 
work done by a body in an adiabatic process depends only on 

t Line integrals such as J pd V are not. zero when taken round a closed path 

because p is not. a function of V only. 
t This symbolism means simply that. 8 is a function of p and V. 
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the initial and final states. This work can therefore be expressed as 
equal to the change in a quantity U, which is again a function of 
state: 

U=U(p, V) or U=U(O, p). 

Finally, we discussed the fact that certain changes are impossible 
under adiabatic conditions. The possibility or impossibility of the 
change A-+ B depends on the characteristics of the states A and B. 
There was thus shown to be a new function of state, the entropy, such 
that if SB ~ S .A. the change is a possible one, within an adiabatic 
enclosure. The same empirical basis allowed also of the definition of 
a thermodynamic temperature, T, which is independent of the 
properties of any particular substance. 

Thus, in brief, the whole of the fundamental part of thermo
dynamics may be regarded as the discovery of the quantities T, U 
and S. Their importance lies precisely in the fact that they are func
tions of state. f That is to say, they form exact differentials and their 
changes are independent of the path which is taken between assigned 
initial and final states. It would not be possible to develop an adequate 
thermodynamics on the basis of heat and work only, because their 
magnitudes depend on the details of the path. 

From a rather different point of view, the importance of U is that 
it is a quantity which remains constant in an isolated system. On 

TABLE 2 

I Resulting I 
Law function Characteristic 

of state 

0 T Determines thermal equilibrium 
1 u Determines the algebraic sum of heat and work 
2 s Determines which of two states precedes the other 

t It may be asked, what are these functions? Thermodynamics alone does 
not supply the answer, which can be obtained only by using additional know
ledge concerning the behaviour of the molecules of which the system is com
posed. It is part of the programme of statistical mechanics to obtain U, V 
and S as explicit functions ofT and p, but so far this has been achieved only 
in the simplest instances. For example, in the case of a perfect monatomic 
ga..CJ wit.h appropriately chosen zeros fo1· U and S, we have per mole 

v= Vfn=RT/p 

u= Ufn=3RTf2 

s=Sfn=R{ln (MB;T•')+ :+In (~r18 ~~} 
where h is Planck's constant, L is the Avogadro constant and M is the 
molecular weight. (See Chapter 12.) 



48 Principles of Chemical Equilibrium [1·17 

this basis it is possible to establish the useful and familiar 'energy 
balance' of a process. However, the great value of thermodynamics 
is its application to systems in which there is an additional restriction, 
namely, a state of equilibrium. For such systems the entropy is also 
constant, and it is from this result that the most useful relations may 
be obtained. 

1·17. Natural processes as mixing processes 

The reason for the irreversibility of natural phenomena and the 
significance of entropy can be made much clearer as soon as we have 
recourse to the atomic theory of matter. A discussion on these lines 
is actually foreign to pure thermodynamics, but it is so helpful 
to the understanding that a preliminary account will be given in this 
section, and also the following one, and will be followed up in more 
detail in Part III. 

As soon as it is accepted that matter consists of small particles 
which are in motion it becomes evident that every large-scale natural 
process is essentially a process of mixing, if this term is given a rather 
wide meaning. In many instances the spontaneous mixing tendency 
is simply the intermingling of the constituent particles, as in the 
interdiffusion of gases, liquids and solids. It arises because at the 
interface between two phases there are always a certain number of 
atoms or molecules whose direction of movement tends to carry them 
across the boundary. Similarly, the irreversible expansion of a gas 
may be regarded as a process in which the molecules become more 
completely mixed over the available space. 

In other instances it is not so much a question of a mixing of the 
particles in space as of a mixing or sharing of their total energy. For 
example, if blocks of tin and copper are placed in contact there is, 
on the one hand, a slow diffusional mixing of the atoms themselves 
and, on the other hand, a very much more rapid exchange of energy, 
taking place through the mechanism of the atomic vibrations at the 
interface. The irreversible process of temperature equalization may 
thu~ bP t•egardcrl aR· a mixing of the available energy. Similarly, 
in the irreversible process of friction, the kinetic energy of a body as 
a whole is converted into the random energy of its component 
molecules. 

Rather less obvious is the example of chemical reaction. Here it is 
a question of the mixing or 'spreading' of the total energy of the 
system over the whole range of quantized energy levels of the re
actants and products. The occurrence of the reaction causes a larger 
number of these quantum states to become accessible, namely, those 
corresponding to the products. The final equilibrium composition of 
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an adiabatically isolated reaction system is the composition at which 
the available energy is distributed over the various quantum states 
in the most completely random manner. By computing the state of 
the system for which this 1 mixing' is most complete it is possible to 
calculate the equilibrium constant of a reaction in a perfect gas from 
a knowledge of the energy levels of the various molecules (Chapter 12). 

There are thus two rather distinct types of mixing process; the 
first is the spreading of particles over positions in space, and the 
second is the sharing or spreading of the available energy of a system 
between the particles themselves. In certain instances these two 
factors may oppose each other. We have spoken of the tendency of 
two liquids, A and B, to mix, but miscibility is not always complete. 
If the relative magnitude of the A-A, B-B and A-B molecular forces 
are such that complete mixing would cause an increase in the potential 
energy of the system, this energy would have to be withdrawn from 
the kinetic energy of the molecules (translational, vibrational and 
rotational motion). There would thus be a smaller amount of energy 
to be distributed over the quantum levels of these states of motion. 
In brief, complete mixing would increase the spatial or configurational, 
randomness of the system, but would decrease its thermal randomneBB. 
The degree of miscibility at equilibrium is determined by the com
position of the two phases at which the overall randomness is a 
maximum. 

In order to extend the mixing idea a little further it is instructive 
to carry out some calculations on the slow interdiffusion of two 
crystals under conditions of isolation. We shall suppose that we place 
in contact two crystals, composed of atoms A and B respectively, 
which are sufficiently alike in lattice structure so that the atoms may 
be interchanged without any change in the energy states of the 
crystals (in thermodynamic terms the resultant mixed crystal of A 
and B would be called an 1 ideal' solid solution). Under such conditions 
we are concerned only with a mixing over positions in space, and not 
with any randomization of energy over energy states, since the latter 
are assumed to be unchanged. 

For ease of calculation it will be supposed that the crystals each 
contain four atoms only. Initially all A atoms are to the left of the 
plane P, and all B atoms to the right of this plane, as shown in Fig. 10. 
Bearing in mind the indistinguishability of the A atoms amongst 
themselves and the similar indistinguishability of the B atoms, there 
is just one arrangement in the initial state of the system. Thus 

where 0 4 : 0 stands for the number of arrangements of the type in 
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which there are four A atoms to the left and none to the right of 
the plane. 

Consider the state of the system in which there is one A atom to the 
right of the plane and one B atom to the left. The A atom can be 
placed on any one of the four right-hand sites and the B atom on any 
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Fig. 10. Mixing of two perfect crystals. 

one of the four left-hand sites. There are therefore 16 arrangements 
of this type, all of which are physically distinguishable. Thus 

!l3 : 1 =16. 

The number of arrangements in which there are two A atoms to 
the left and two B to the right is rather less obvious. One suc\1 arrange
ment is shown in Fig. 11. The first A atom moved to the right can 
occupy any one of four sites and the second one can occupy any one 
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Fig. 11 

of the three remaining sites. However there are not 4 x 3 arrange
ments, but only 4 x 3/2!, since the interchange of the two A atoms 
between themselves on the same sites does not give rise to a new 
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arrangement which is physically distinguishable from the old one. 
The 4 x 3/2! arrangements of the A atoms on the right-hand side can 
be combined with any of the 4 x 3/2! arrangements of the B atoms 
on the left-hand side. Thus the total number of physically distinct 
arrangements or 'complexions' of this type is 

0 11 : 2 =36. 

Proceeding in this way we can construct Table 3 as shown. The total 
number of complexions of all types is 

0=70, 

which is equal to 8!/4!4!, the number of ways of distributing four A 
atoms and four B atoms between eight sites, allowing for the indistin
guishability of the A atoms amongst themselves, and of the B atoms 
amongst themselves. 

TABLE 3 

Atoms to left Atoms to right 
Number of complexions of plane of plane 

4A 4B I xi= I 
3A+IB IA+3B 4x4=I6 
2A+2B 2A+2B (4x3/2!)2 =36 
IA+3B 3A+IB (4x3x2/3!)1=I6 

4B 4A (4 !/4 !)1 = I 

We come now to the point of the calculation. In the absence of any 
reason to the contrary, it seems sensible to assume that any one of the 
seventy complexions is as likely to occur as any other. Therefore, 
after the two original crystals have been in contact for a very long 
time, we may expect to find the system, with equal probability, in 
any one of the seventy arrangements. If it is separated into two parts 
at the original dividing plane, the probability is 1/70 that the left-hand 
crystal will contain four A atoms, it is 16/70 that it will contain 
three A atoms and one B atom, and it is 36/70 that it will contain two 
atoms each of A and B. The last of these is what would be called the 
'most completely mixed state' (relative to the chosen reference plane), 
and it is seen to be the most probable end-state of the mixing process 
simply because it is made up of a much larger number of arrangements 
than any of the others. 

It may be noted, however, that the system having attained one of 
the 36 configurations belonging to the 'well-mixed' class, it can still 
momentarily return to any of the other configurations of the system, 
such as the initial one itself. All that we have shown is that we are 



52 Principles of Chemical Equilibrium (1·17 

much more likely to find our system in a. mixed condition than ~ an 
unmixed one, after it has been left in isolation for a. time long enough 
to allow the atoms to wander into any of the sites. The probability 
of a. return to the original condition becomes progressively less as 
we consider larger and larger numbers of atoms. For example with 
six atoms each of A and B there are altogether 924 complexions; 
400 are of the 3 : 3 type; 225 each are of the 4 : 2 and 2 : 4 types; 36 each 
are of the 5 : 1 and 1 : 5 types and there is only one each of the 6 : 0 
and 0 : 6 types. 
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Further consideration shows that the plane which was assumed to 
separate the two crystals has played an important role in the above 
discussion. This may be seen by considering the atomic arrangement 
shown in Fig. 12. Relative to a. division at the vertical plane, as used 
previously, it is one of 36 equivalent arrangements of the 2:2 type. 
Relative to the horizontal plane Q it is of the 4 : 0 type and is the only 
arrangement of its kind. The calculation of the number of arrange
ments of a. given class, e.g. 0 4 : 0, thus always presupposes a statement 
on how that class is defined. On the other hand, the total number of 
complexions, n = 70, is not dependent on any choice of a reference 
plane, but only on the number of atoms and on the limits of their 
distinguishability. 

Summarizing the above, it seems that a. natural process is one in 
which there is an increase in n, the number of complexions which are 
accessible to a system. Thus, in the above example, Q increases from 
unity, corresponding to the initially known condition of the system, 
to a. value of 70, the number of configurations in any one of which it 
might exist. As we shall see in the next section, the deeper significance 
of the irreversible process is that it cannot be predicted which of the 
70 complexions the system will actually occupy at a given moment. 
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. We come now to the relationship of the above ideas to the entropy 
of thermodynamics. The adiabatic mixing of the two crystals would 
certainly be attended by an increase in entropy and, as we have seen, 
it is also accompanied by an increase in n, which measures the 
decrease in the specifiability of the actual state of the system, as 
compared to the initial state. We may therefore expect a relationship 
between sand n. 

The latter quantity must first be defined more closely, so that it 
may be applied to examples other than the one which has been 
discussed. n is the total number of distinguishable micro-states, or 
'complexions', which are confined within a given macro-state of a 
system, this macro-state being characterized by fixed values of the 
energy, volume and numbers of particles of specified kinds. Thus 

il=O(U, V,N1), 

where N1 is the number of particles of the ith kind. In other words, 
n is the number of independent quantum states which are accessible 
to a. system. To compute changes of n we need to know the number of 
atoms of various types and the number of distinguishable positions 
in space which they can occupy. If it is a question of randomization 
over energy states, as well as over spatial positions, we shall also need 
to know what o.re the distinguishable energy states. 

In the absence of any reason to the contrary, all of the n quantum 
states of a system (compatible with the given values of U, V and N1) 

are assumed to be equally probable, i.e. have equal weight. This is 
the basic assumption of statistical mechanics in many of its 
formulations. 

We sha.ll now put forward the hypothesis, which derives from 
Boltzmann, that the entropy of a. system is related to its n by the 

equation B=klnO, (1·21) 

where k is a constant. The correctness of this hypothesis must be 
judged by its quantitative success (see Part III), but we shall put 
forward the following preliminary points in its favour. In the first 
place, both 8 and n are properties of the system and are functions of 
state, being determined by U, V and the N1• Secondly, they both 
tend to increase in an irreversible process. Thirdly, the assumed 
logarithmic form of the relationship is the only one which will make 
the muUiplicatitJe properties of n compatible with the addit'itJe pro
perties of entropy. Thus suppose that we consider two parts, I and 2, 
of a system, each having fixed values of its energy, volume and com
position. Each of the 0 1 complexions of the first part can be chosen in 
combination with any of the 0 8 complexions of the second part. The 
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tota.l number of complexions for the combined system is therefore 

n=n1na. 

Taking logarithms and applying equation (1·21), we obtain for the 
total entropy of the system 

B=kln!l 

=kln!ll +klnfla 

=Bl+Ba. 

The functional relationship (1·21) thus makes the entropy additive, 
as it should be. 

H (1·21) is applied to the process of mixing of two crystals as 
discuSBed above we obtain 

6.S=kln 70-kln 1 =kln 70. 

In the more general case where one crystal contains N4 atoms of A 
and the other contains N, atoms of B, we obtain 

M=kln (Na+N,)!. 
N4 1N11 1 

(1·22) 

It will be shown in a later chapter that this result is in exact agree
ment with the value obtained by pure thermodynamics for the 
entropy of mixing of an idea1solution. It must be noted, however, 
that the above calculation is based on the supposition that the inter
diffusion of the A and B atoms does not affect the energy states of 
the system. The calculated entropy change, kIn 70, is the change in 
the configuraJ,ional entropy of the system, and it is a correct result for 
the total change in entropy only when there is no additional change 
in n arising from a redistribution of the energy of the system over 
changed energy levels.t Thus in the initial state of the system, as 
shown in Fig.10, it would beincorrecttowriteS=kln 1 =0 as an ex
pression for its total entropy; the atoms are in a state of vibration 
about their lattice points, and the crystal has a value of n due to the 
number of ways in which the energy can be arranged over the energy 
levels. This number is very large at room temperature. 

Another preliminary example of the application of (1·21) is the 
isothermal expansion of a perfect gas from a volume V_.. to a volume VB. 
For the ith molecule let n_..i be the num her of complexions or quantum 
states accessible to this molecule before the expansion and let OBi be 
the corresponding number after the expansion. It is reasonable to 
suppose (and provable in quantum theory) t~at the ratio !l.AtfOBi is 

t For further discussion on this point see § 11·12 and Chapter 14. 
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equal to V..«fVB· In fact, the former ratio may be regarded as equal 
to the probability that the given molecule is still present in the 
smaller volume V..« after the larger volume VB has become available 
to it. Since the molecules are independent we can obtain the overall 
Value of Q..«fQB by multiplying the Value Of Q..«tfQBI for the ith 
molecule by the corresponding values for all other molecules. Thus 

n..( _ n..«1 n..( 2 n..«N (v..«)N 
nB- nBl nBz ... nBN = VB ' 

where N is the total number of molecules. Thus from (1·21) 

nB vB 
SB-B..«=kln-=Nkln-. n..« vA 

Now in the problem discussed in § 1·14 it was seen that a purely 
thermodynamic result for the entropy increase in the isothermal 
expansion of one mole of a perfect gas is 

SB-SA =R lnVBfVA. 

The equation (1·21) is therefore consistent with the thermodynamic 
result when we identify Boltzmann's constant, k, with R/L, where 
L is the Avogadro constant. 

As a result of the above discussion what can be said about the 
meaning of entropy if our basic assumptions are correct 1 It is evi
dently a measure of the 'mixed-up-ness' of a system-a phrase used 
by Gibbs. It can also be said that high entropy states are those which 
have a high probability. The quantity n is sometimes referred to as 
the 'thermodynamic probability', because the ratio O.AfQB for the 
distributions A and B of a system is a measure of the relative frequency 
with which we should expect to find these distributions, under 
adiabatic conditions. (But note that n is always greater than unity.) 

Another common interpretation of entropy is in terms of order and 
disorder, but this is not entirely satisfactory. A counter-example to 
the idea that an entropy increase implies an increase of ' disorder ' 
is due to Bridgman. This is concerned with the spontaneous crystal
lization of a supercooled liquid; if this takes place under adiabatic 
conditions the entropy of the resulting crystal will be greater than 
that of the supercooled liquid, but it would be difficult to claim that 
there has been an increase in ' disorder '. The answer to the paradox 
lies in the fact that the thermal or kinetic energy is increased during 
the process of crystallization, due to the decrease of potential energy 
on formation of the lattice. Thus, although there is a decrease of 
configurational entropy, consequent on the more orderly arrange
ment of the lattice as compared to the liquid, there is a more than 
compensating increase in thermal entropy, due to the randomization 
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of the liberated potential energy over the vibrational motions of the 
atoms in the crystal. 

Perhaps one of the most useful verbalisms is 'spread', as used by 
Guggenheim;t an increase of entropy corresponds to a 'spreading' 
of the system over a larger number of possible quantum states. This 
interpretation is often more appropriate than the one in terms of 
mixing when the irreversible process in question is concerned less 
with configurational factors than with a change into a state where 
there is a greater density of energy levels. 

On the molecular scale the internal energy, U, consists partly of 
the potential energy of the particles and partly of their kinetic (or 
'thermal') energy. In the case of two motionless hydrogen atoms at 
some distance apart, the energy is entirely potential, if we exclude 
the energy of the nuclei themselves. H these atoms are allowed to 
approach each other, there is a decrease in the potential energy, and 
this is converted partly into translational energy and partly into the 
rotational, vibrational and electronic energy of the hydrogen mole
cule, if it is formed. Now the separation of neighbouring quantized 
levels is in the order: 

electronic> vibrational> rotational> translational, 

and the energy states belonging to the latter are so close together that 
translational energy may be regarded, for many purposes, as con
tinuous or unquantized. For a given total amount of energy, the 
highest value of n is obtained when this energy is 'spread' over 
the molecules in the most random manner, due allowance being 
made for the relative separation of the levels. The 'dissipation' of 
mechanical energy into heat is to be interpreted in this kind of way. 

Similarly, the increase in the entropy of a body when it takes in 
heat is essentially an increased spread over the energy states. Due to 
the added increment of energy, energy levels can become occupied 
which were previously empty. This results in an increase in ran
domness and therewith a. reduced specifiability, as time goes on, of 
the precise molecular state of the system. 

1•18. The molecular interpretation of the second law 

The groundwork of this interpretation has been covered in the last 
section, and it remains only to express it in a more concise form. The 
second law has its molecular origin in three main factors: (1) Matter 
consists of moving or vibrating particles which tend to share their 
kinetic energies, and also to intermingle (although only slowly, of 
course, in solids); (2) A thermodynamic specifioa.tion of a system (e.g. 

t Guggenheim, Research, 2 (1949), 450. 
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in terms of energy, volume and composition) is very incomplete; 
(3) The possibility of preparing a system in an initial non-equilibrium 
state depends on the existence of a general environment which is 
itself not in a state of equilibrium. 

Consider a system on which we make a set of observations at a. 
moment t0• Thereafter we carefully isolate the system from its 
environment, so that it becomes a. system to which the second law is 
applicable. The observations a.t t0 will be supposed to be the volume, 
composition and energy (relative to a. standard state) of the various 
parts of the system. This information completely determines the 
initial thermodynamic state of the system and it also partially deter
mines its molecular state; for example, it may be known that all of the 
A atoms are to the left of a certain plane, or that they are all present 
as a particular chemical compound. Let 0 0 be the total number of 
complexions of the system each of which are compatible with the 
initial thermodynamic state. As time goes on it may be that the 
i:rolated syst~m either (a) remains therruodynnmically unchanged, 
or (b) that there occur various chemical reactions, or diffusions 
between the different macroscopic parts of the system, or internal 
transfers of energy, etc. In the latter case it evidently means that 
the initial state of the system was not one of equilibrium and that no 
did not include the additional complexions which are realized by the 
internal cha.nges resulting from the motion of the atoms. Thus no can 
increase to a greater value n (compatible with the imposed values of 
U, V a.nd the initial composition)- greater because it includes the 
original complexions* as well as the new ones - and will do so 
precisely because the particles within the system are free to move and 
to exchange energy. 

Thus with passage of time the value of 0 of an isolated system either 
remains constant or it incr.eases, and the latter is equivalent to a 
less detailed specification of the molecular state of the system (since 
there are now more possibilities). Against this it might be argued that 
the initial specification, instead of being merely U, V and the com
position, could have included precise determinations of the positions 
and velocities of every particle. Thereby, on the basis of the laws of 
mechanics, we might have hoped to make a precise prediction of the 
future state of the system, i.e. a prediction concerning the particular 
complexion in which it would exist at a given moment. If this were 
possible there would be no sense in speaking of an increase in 
randomness. Also the supposed specification could be used, in 
conjunction with devices such as 'micro-reflectors', for returning the 
particles along their original paths, and thereby restoring the original 
state of the system. 

However such a completely detailed specification can never be achieved. 
• These continue to be poasibk states of the system. 
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In the first place, it is an obvious practical impossibility to make an 
exact and simultaneous measurement of the position and velocity 
components of all the fundamental particles of a system. Secondly, 
according to Heisenberg's principle of uncertainty, it is a funda
mental impossibility, not merely a practical one. Indeed, accordblg 
to this principle, the very notion of a particle having a simulta
neously defined position and velocity is a meaningless one. t 

From this point of view, one of the bases of the second law is the 
imp011Bibility of specifying the precise mechanical state of an atomic 
system. As Boint has emphasized, it is sufficient that there should be 
a lack of complete information about the position and velocity of 
only a single particle-as a result of its subsequent collisions, the 
position and velocities of all the other particles becomes uncertain. 

The fact that we cannot know the precise mechanical state of an 
atomic system implies that it is impossible to take heat from a heat 
bath and obtain an equivalent amount of work, without a. com
pensating change in some other body. This is the Statement A, on 
which our treatment of the second law has been based, and its origin 
may be seen as follows. The transfer of heat from a. body of constant 
volume implies a. decrease in the kinetic energy of its component 
molecules, all of which are in motion in random directions. Because 
the fine details of this random motion cannot be specified, it is 
impossible to devise a means of taking away some !of the kinetic 
energy of the molecules and applying this energy, in its entirety, to 
the lifting of a weight, which is to say, causing a co-ordinated change 
in the positions of another set of molecules. I 

So much concerning factor (2) above. Some authors, such as 
Jaynes, Tribus and Hobson, have sought to interpret ~he second law 
entirely in terms of incomplete specifia.bility, using tie resources of 
'information theory'. However this is to overlook the great import
ance of factor (3). Let us ask: What. makes it possible that a 
laboratory system can ever be prepared in a. non-equilibrium state~ 
For example, how can we obtain two blocks of metal at unequal 
temperatures~ The answer is clear: it depends on the existence of an 
environment which is also in a non-equilibrium state, an environ-

t It may be noted that Bohm, and certain other physicists, do not regard 
Heisenberg's principle as being a final and irreducible statement about 
reality. However Bohm's views, far from detracting from the interpretation 
of the second law given above, tend to reinforce it. Bohm seeks to replace 
mechanistic principles in physics by the notion of the quolilatiw inflni4y of 
nature; according to this the motions of the particles at any given level (e.g. 
atoms, electrons etc.) can never be fully known because they are subject to 
the Buctuations existing at lower levels, and there is no reason to suppose 
that there is not an infinity of such lower levels. "[D. Bohm, Oausali4y and 
Chance in Modem Phyrics, Routledge & Kagan Paul, l957.] 

f Bom, Natural Philosophy of Oatu~e and Chance (Oxford, 1949). 
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ment which contains within itself vast sources of available energy, 
such a.s coal and oil deposits and the Sun's radiation, without which 
it would be quite impossible to set up systems such a.s were shown on 
the left-hand side of Table 1 (p. 22). Furthermore the very possibility 
of the human act of preparing these systems ca.n also be traced back, 
through stages of our bodily metabolism and photosynthesis in 
plants, to the nucleo-synthesis which takes place in the Sun. Thus 
thermodynamics should not be conceived as being solely concerned 
with laboratory systems; the deeper questions relating to the origin 
of irreversibility need to be answered by astrophysics. Without 
committing ourselves to saying anything about the 'entropy of the 
universe', it ca.n nevertheless be accepted that the observable portion 
of the universe is in a state of evolution, and that it is from this 
evolution that all forms of macroscopic change within laboratory 
systems are ultimately derived. In short, irreversibility has a OOBmic 
origin. 

Finally it should be added that, although it is never possible to 
reverse a. natural process in its entirety, a.t a chosen moment, the 
statistical interpretation of the second law shows that very occa.sion
a.lly a. system may be expected to reverse itself. An isolated system of 
finite size has only a finite number, n, of complexions, and it may be 
expected to pass through many of these during any long period. Thus, 
in the example of the A and B crystals there were seventy com
plexions (counting only those which are due to configurational 
factors); if the system were repeatedly separated at the plane P, on 
one in every seventy occa.sions we shall expect to find it in the 
original configuration. The moment at which it occurs is quite 
unpredictable. In the ca.se of systems containing a.n appreciable 
number of atoms, it becomes increasingly improbable that we shall 
ever observe the system in a non-uniform condition. For example, it 
is calcula.tedt that the probability of a relative change of density, 
ll.pfp, of only 0. 001% in I ems of air is smaller than 10-to& and would 
not be observed in trillions of years. Thus, according to the statistical 
interpretation, the discovery of an appreciable and spontaneous 
decrease in the entropy of an isolated system, if it is separated into 
two parts, is not impossible, but is merely exceedingly improbable.t 
We repeat, however, that it is an absolute impossibility to know when 
it will take place. 

The matter may thus be briefly summed up a.s follows. Whenever 
a. system undergoes a spontaneous change under isolated conditions, 

t Epstein, Commentary on ehe Scimei.ftc Writings of Willord Gibbs, 2 (New 
Haven, Yale Univ. Press, 1936), 112. 

t For detailed calculations, see Chapter IV of Mayer and Mayer, 814tistical 
Mechanics (New York, Wiley, 1940). 
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the specification of its detailed atomic state becomes less complete. 
This is because the particles are in motion and we can never have 
sufficiently detailed initial information to predict the system's atomic 
state at some later moment by use of the laws of mechanics. This 
entails an increase of n, the numher of quantum states which the 
system can take up, each of them compatible with its given thermo
dynamic state. More fundamentally, however, the very occurrence of 
irreversible change in laboratory systems depends on the existence of 
a pervasive non-equilibrium state in the general environment. And of 
course this is closely related to the issue concerning 'time's arrow'.t 

PROBLEMSt 

1. (a) Calculate the numerical value of the conversion factor between 
work expressed in cm8 atmospheres and work expressed in joules. 
Tabulate for future use the conversion factors between the following 
units: cma atm, ergs, joules, calories. 

(b) The gas constant R has the value 8.314 J K-1 mol- 1• Calculate 
its values when energy is expressed in cm8 atm, and in calories. 

2. Calculate the work which is done when 1 mol of water is vaporized 
at 100 °C and at 1 atm pressure. In carrying out the calculation: (a) use 
the observed increase in volume of 3.019X 10-z m 8 per mol vaporized; 
(b) use the volume increase which would occur if the water vapour were 
a perfect gas. Compare the results with the latent heat of vaporization 
(4.061 x 10' J mol-l), and consider, in tenns of the molecular forces, 
why the heat is so much larger than the work. 

3. Show by calculation that the work involved in process (a) below is 
very much greater than in process (b): 

(a) an increase in volume of 1 cma against a steady pressure of 1 atm; 
(b) a.n increase of interfacial area of 1 cm1, the interfacial tension being 

73 x 10- 8 Nm-1 (water-air at 20 °C). 

4. Show in what respects the following statements require amplifica-
tion so that they shall not be contradictory: 

(a) in a reversible process there is no change in the entropy; 

(b) in a reversible process the entropy change is J~. 
5. 200 g of mercury at 100 °C are added to water at 20 °C in a calori-

t See, for example, Reichenbach, The ])irection of Time (University of 
California Press, 1956); Griinbaum, Philosophical Problema of Space and Time 
(Reidel, 1973); Denbigh in The Study of Time (eds. J. T. Fraser etal., Springer
Verlag, 1972); Davies, P. C. W., The Phyaica of Time Asymmetry (Surrey 
University Press, 1974); Denbigh, Three Concepts of Time (Springer-Verlag, 
in press). · 
t For answers to Problems, and comments, see Appendix, p. 460. 



First and Second Laws 61 

meter. The mass of the water is 80 g and the water equivalent of the 
calorimeter is 20g. Find the entropy change of (a) the mercury, (b) the 
water and calorimeter, (c) the water, calorimeter and mercury together. 
The specific heat capacity of water and mercury may be taken as 
constant at 4.184 and 0.140 J K-1 g- 1 respectively. 

6. In a. heat exchanger, air is heated from 20 to 80 °C by means of a. 
second air stream which enters the exchanger a.t 150 6C. The two streams 
Bow a.t equal molar rates. Calculate the entropy change per mole of 
the two streams and also the total entropy change. 

For simplicity assume that the air has a. constant heat capacity of 
29 J K-1 mo1-1. Repeat the calculations for the case in which the cooler 
air stream is raised to a. temperature of 120 °C. Why could this be 
achieved only in a. counter-current system? 

7. An electric current is passed through a. resistance coil which is 
kept a.t a. constant temperature by being immersed in running water. 
Obtain a.n expression for the rate of creation of entropy in the system a.t 
the steady state. Show that the electrical conductivity of a. substance is 
always expressed by a positive number. 

8. A perfect gas is a. fluid which satisfies the conditions: (a) its tem
perature 0 is proportional to p V; (b) its internal energy depends only on 
the temperature. By performing a. Carnot cycle on such a. gas, prove that 
the perfect gas temperature 6 is proportional to the thermodynamic 
temperature T, as defined in § 1·11. 

9. A gas is initially in a state T1, p 1 and is changed to a. state T1, p;.. 
Devise two or more reversible paths between these states and show that 
the heat absorbed by the gas is not the same along the different paths, 
but that its entropy change is the same. The gas may be assumed to be 
perfect and also to have constant heat capacity. 

10. (a) Show that Statement A of § 1·11, together with the lmowledge 
that heat Bows spontaneously from hot to cold, are equivalent to the 
following statement (which is similar to the form used by Clausius); 
it is impoBBible to transfer heat from a. colder to a. hotter reservoir,leaving 
no change in the thermodynamic state of any other body, without a.t the 
same time transforming a. certain amount of work into heat. 

(b) As a.n aspect of the first proposition in § 1·11 show that no engine 
can have a. higher conversion factor than a. reversible engine working 
between the same temperatures. 

11. Calculate the entropy change (a) of the water, (b) of all other 
bodies, when 1 mol of supercooled water freezes a.t -10 °C and 1atm. 
Take the heat capacity of water and ice as constant a.t 75 and 
38 J K-1 mol-l respectively and the latent heat of fusion a.t 0 °C as 
6026 J mol-1, 

12. A cylinder of free volume 10 ft3 is divided into two compartments 
by a. piston. Initially the piston is a.t one end and the cylinder contains 
2lb of steam at 150°C. Air from a. supply main a.t 200lb/in1 and 15°C 
is then admitted slowly via. a. throttle valve to the other side of the piston. 
Estimate the temperature of the air when pressure equilibrium is reached. 
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Neglect any heat loss from the cylinder and assume no heat transfer 
across the piston. 

State clearly any assumptions made. [C.U.C.E. Qualifying, 1950] 
[Note. Use steam tables.] 

13. In & manufacturing process the process materials change between 
defined initial and final states such that their- overall increments of 
internal energy, entropy and volume are flU, AS and fl. V respectively. 
The only input of energy to the process materials is from condensing 
steam at a temperature T,. The only input of energy is the heat transfer 
to the envir-onment and the work involved in the displacement of the 
envir-onment. 

The quantity of heat taken from the steam is q. Starting from the basis 
of the first and second laws outline the steps in the proof of the statement 
that any irreversibility in the process gives rise to a wastage of the 
thermal energy of the steam by the amount 

T, 
q-T,-To [flU +·p0 ll V -T0 AS], 

where T0 and Po are the temperature and pressure respectively of the 
envir-onment. [C.U.C.E. Tripos, 1954] 



CHAPTER 2 

AUXILIARY FUNCTIONS AND 
CONDITIONS OF EQUILIBRIUM 

2•1. The functions H, A and G 

63 

The whole of the physical knowledge on which thermodynamics 
is based has already been embodied in the properties ofT, U and S, 
and these functions alone form a sufficient basis for the development 
of chemical thermodynamics. It is a matter of convenience only that 
we introduce certain additional functions. These are defined as 
follows: 

the enthalpy, H=. U + pV, 
the Helmholtz_ function, A= U -TS, 
the Gibbs function, G=.U+pV-TS 

=.H-TS 

=A+pV. 

(2·1) 
(2·2) 

(2·3) 
These new quantities are combinations of the previous functions of 
state, U, p, V, T and S, and are therefore functions of state them
selves. They are also extensive properties. Their value is simply that 
they are easier to use in certain applications, e.g. processes at constant 
pressure, volume or temperature, and in such circumstances they also 
have an easily visualized physical meaning. 

2•2. Properties of the enthalpy 

For the change of a system between states 1 and 2, we have from 
(2·1) above 

H2-H1 =U2 -U1 + P2Vs-P1 V1 • (2·4) 

NOW for a closed system Ua- ul = q +w, 

and therefore H 2-H1 =q+w+p2V 2-p1 V1• 

(2·5) 

(2·6) 

In the special case where the system is under a constant pressure p 
the last equation may be written 

H2-H1=q+w+p(V2- V1). 

The last term is the work of displacing the environment of the system 
at pressure p. If this is the only form of work, the l~t two terms cancel 
and therefore H H _ (2·7) 2- 1-q. 
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The enthalpy change of a closed system is thus equal to the heat 
absorbed under two restrictive conditiom, namely, that there is 
constancy of pressure and that the only form of work is due to the 
volume change of the system. In a galvanic cell, where electrical work 
is done, the heat absorbed is not equal to the change in enthalpy. 

Unlike the internal energy, enthalpy is not a. quantity which is 
necessarily conserved under conditions of isolation. Consider, for 

A c B - -

Fig. 13 

example, a reaction taking place inside a thermally insulated vessel 
of constant volume. Since U1 = U1 and V8 = fi, equation (2•4) reduces to 

H 8-H1= V(p1-p1), 

and the enthalpy of the system changes in accordance with any change 
in the pressure due to the occurrence of the reaction. 

The enthalpy has certain important applications to steady-flow 
systems. In Fig. 13 the central rectangle represents an apparatus 0 
(e.g. turbine, reaction vessel) through which there is a steady flow of 
material, which enters through pipe A and leaves through pipe B. 
Such processes can be discussed most clearly by concentrating atten
tion on a fixed qua.ntity of the moving fluid, enclosed between the 
two imaginary pistons a and b. 

Let the pressm·es at a and b be p 1 and Pa respectively, and let Ji 
and V. be the corresponding volumes per unit mass of the fluid. In 
order to move a mass 8m through 0, the left-hand piston must be 
displaced to a', through a volume fi 8m, and the right-hand piston 
to b', through a volume V.8m. Provided that the pressures p1 and Pz 
are steady, the net work done on the 11ample of fluid contained 
between the two imaginary pistons is 

w= -p2 V 88m+p1 V18m+wu8m. 
The first term on the right-hand side is the work done by the sample 
in displacing fluid to the right of b, and the second term is the work 
done on the sample by fluid to the left of a. ·w" is the 'useful' work 
done on unit mass of the sample as it passes through 0, e.g. the 'shaft' 
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work of a pump, or the negative of the work done by unit mass of 
the fluid if it drives a turbine or engine. Let q be the heat absorbed 
per unit mass of the fluid between a and b, and let E 1 and E 2 be 
the total energyt per unit mass at a and b respectively. Then from 
the first law 

or 

(E2 -EJl8m=q8m- (p 2 V 2-p1 V1-w .. )Sm, 

Ez-EI =q-paV s+P1 Vl+w ... 

Under conditions where the changes of kinetic and potential energies 
of the fluid are trivial, as is usually the case, E 2 - E 1 =U2 -U1, and thus 

U2-Ul =q-psV2+P1 V1+w.., 

and combining this with (2·1) we finally obtain 

(2·8) 

Comparing this equation with (2·5) it is seen that, in a steady-flow 
process, the enthalpy takes the place, in a certain sense, of the 
internal energy. However, this is only so because we choose to con
centrate attention on w .. , and this is not the total work which is done 
on the fluid in passing through the system. 

If the processes taking place in C are reversible 

q= Ill Td8, 

and thus the maximum useful work,t -wu.max.• which is done by the 
fluid is§ 

(2·9) 

In the special case where the only transfer of heat takes place 
reversibly at the constant temperature T', the remainder of the 
process being adiabatic and reversible, (2·9) reduces to 

-Wu.max.= -(H2-H1)+T'(8z-81). (2·10} 

For example, if a steam engine operates adiabatically and the waste 
steam passes into a condenser where it is condensed at a tempera
ture T', the last equation gives the maximum attainable work. H 1 

and 81 refer to the inflowing steam and H 2 and 8 2 to the outgoing 

t See footnote on p. 17. 
~ But note that this is the work done by the fluid in its assigned change of 

state. Any heat which is given up by the fluid can also be used e.s a source of 
work, by supplying it to an external heat engine. See the discussion in §2·5a 
on • Availability'. 

§ Note that the convention of §I· 5 that work counts e.s positive when done 
on the system of interest requires careful consideration of signs. The meaning 
of the L.H.S. of (2·9) may perhaps be made clearer by use of brackets: thus 
the useful work done by the fluid is ( -wu) and its maximum value is ( -wu)max. 
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condensate a.t the temperature T'. (The inclusion of a.ny changes of 
kinetic a.nd potential energy usua.lly makes only a. trivial correction, 
except in regions of very high velocity as in the interior of a turbine.) 

2·3. Properties of the Helmholtz free energy 

For the change of a. system between states 1 and 2 we have from (2·2) 

A 11-A1=U2-U1 -(T282-T1~). (2·11) 

But for a. closed system U2-U1 =q+w, 
a.nd therefore A 11-A1 =q+w-(T888-T1 81). (2·12) 

Consider the special case (a) that the only heat transferred to the 
system is from a. heat reservoir which remains a.t the constant tem
perature T; (b) that the initial a.nd final temperatures, T1 a.nd T2, of 
the system a.re equal, a.nd a.re equal to the temperature T of the 
reservoir. 

From (1·16) we have for the heat taken in by the system in terms 
of its entropy change dq 

T E;;d8, (2·13) 

or, since T is constant during the intake of the heat q from the 

reservoir, q ~-TCS,-81). (2·14) 

Substituting in (2·12) a.nd putting T 2=T1=T, we obtain after 
rearrangement t 

(2·15) 

It ma.y be noted that this relation remains valid even if the system 
passes through intermediate temperatures different from T1 ( =T2), 

provided that the only heat reservoir which is affected is also a.t T1• 

In relation (2·15) the inequality sign refers to a.n irreversible pro
cess a.nd the equality sign to a. reversible one. Between the assigned 
initial a.nd final states the value of A 8-A1 is, of course, the same 
whether the path is a. reversible one or not, since A is a. function of 
state. Relation (2·15) ma.y thus be interpreted as follows. The work 
-w done by a. system during a. process in which the initial a.nd 
final temperatures and the temperature of the heat reservoir are a.ll 
equal, is either less than or equal to the decrease in A. Thus, for 
such a. process when carried out reversibly. 

-Wmax.= -(A 11-A1), (2·16) 

a.nd a.ny irreversible path between the same two states will give less 

t This relation could also have been obtained from (1·17). Concerning the 
sign of w see the last footnote to §2·2. 
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work. The change in A is therefore a measure of maximum attainable 
work under the above conditions of operation. This result applies 
only to a closed system. t 

The reason why A has been called a free energy may be seen as 
follows. Equation (2·11) may be written 

-.1U=-~A-~(TS), 

and the decrease -t::.U in the internal energy of a system may thus 
be. regarded as composed of two parts: the 'free-energy' decrease, 
-M, which is made available as work, and the remaining part, 
- t::.(TS), which may be thought of as being 'dissipated', since in a 
reversible isothermal change it is equal to the heat evolved. However, 
this point of view is rather deceptive. For example, in a reversible 
endothermic process T M is positive and the maximum work, -~A, 
which the system will perform under isothermal conditions is there
fore numerically greater than the decrease of its internal energy, on 
account of the positive heat absorption. 

Another important cha;racteristic of A is that it provides a 
criterion of equilibrium. For an infinitesimal change at constant 
temperature we have from (2·15) 

-dw.,.;;;-dA 

and in particular if dw=O, dA.,.;;;O. (2·17) 

The Helmholtz function can thus only decrease or remain constant. 
The criterion of equilibrium of a system enclosed in a rigid container 
and held at constant temperature is therefore that A has reached its 
minimum possible value. 

2•4. Properties of the Gibbs function 

For the change of a system between states! and 2 we have from (2·3) 

G2-G1 = (U2-U1)+(p11V11 - p 1V1)-(T11 88-T181). 

But for a closed system U2-U1 =q +w 
and therefore 

G8 - G1 = q+w+ (p11V2 - p 1 V1)- (T288 - T1 81). (2·18) 

Consider the special case (a) that the only heat transferred to the 
system is from a reservoir which remains at the constant temperature 

t That is, to a system containing a fixed amount of matter, .,ven though this 
matter may change its chemical composition or may be transferred from one 
container to another within the overall system under discUBBion. 
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T; {b) that the initial and final temperatures,T1 andT2, of the system 
are equal, and are equal to the temperature T of the reservoir; 
{c) apart from the system, the only other body which has undergone 
a change of volume at the end of the process is at a constant pressure 
p {e.g. a surrounding fluid such as the atmosphere); {d) the initial 
and final pressures, p1 and p 8, are equal, and are equal top. 

As in {2·14), we have for the heat taken in by the system 

{2·19) 

Substituting in (2·18) and putting T 1=T1=T, and also p 1=p1=p, 
we obtain after rearrangement 

{2·20) 

The term p( V 1- V 1) is the work done by the system in displacing its 
environment at the steady pressure p. This is not necessa.rily the 
whole of the work, -w, done by the system, and therefore we define 
an additional work time - w' by the relation 

{2·21) 

For example, if the system ir. question were a galvanic cell, w' would 
stand for the electrical work. 

Substituting (2·21) in {2·20) we obtain* 

(2·22) 

This relation remains valid even if the system passes through inter
mediate temperatures and pressures which are different from T and 
p respectively, provided that the only heat intake is from the 
reservoir at T and that the only body, other than the system itself, 
which has undergone a. volume change at the end of the process is the 
environment at the pressure p. 

In (2·22) the inequality sign refers to an irreversible path and the 
equality sign to a reversible one. In either case the value of G1 - G1 is 
the same. The relation may thus be interpreted as follows. In a. 
process in which the initial and final temperatures, and the tem
perature of the heat bath, are all equal and in which the environment 
is displaced at the constant pressure p, the work done by the system 
of interest (but not including the work of displacement) is either 
less than or equal to the decrease of G of the system. Thus for such 
a process when carried out reversibly 

-w:nax.== -(Ga-Gl), (2·23) 
and any irreversible path between the same two states will give less 
work. The change in G is therefore a. measure of the maximum attain

• Concerning the sign of w see the last footnote to §2·2. 
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able work not including the work of displacement. t This result 
applies only to a closed system. 

It may be noted from (2·21) that if V8 < V1 the work w' is numerically 
larger than w (and the decrease in G is larger than the decrease in A). 
For example, if a reaction in a galvanic cell takes place with decrease 
of volume, the work done on the cell by the atmosphere contributes 
(very slightly) to the amount of electrical energy which is obtainable 
from the reaction. 

Like the Helmholtz function, G can be used to provide a criterion 
of equilibrium. For an infinitesimal change at constant temperature 
and pressure, we have from (2·22) 

-dw'<;-dG 

and in particular ifdw'=O, dG~O. 

(2·24) 

(2·25) 

Under such conditions the Gibbs function can only decrease or remain 
constant. The criterion of equilibrium of a system which is held at 
constant temperature and pressure is therefore that G has reached 
its minimum value. It is, of course, precisely these conditions of 
constancy of temperature and pressure which are of the greatest 
practical interest in the laboratory, and it is for this reason that G is 
so important in the theory of phase equilibrium and reaction 
equilibrium. 

Another important characteristic of G 
lies in its application to steady-flow 
processes. For such processes we have 
obtained equation (2·10): 

-wu.mu.= -(H8-H1)+T'(8a-81), 

t It is a common misconception that 

p(V1 - V1), 

the work of volume change, is never a 'useful' 
fonn of work. Consider, for example, the device 
shown in the diagram where a liquid-vapour 
system is enclosed in a piston and cylinder. 
If p. is the pressure exerted by the piston, then 
when the liquid and vapour expand from V 1 

to V1 they do work p(V1 - V1). Let Po be the 
pressure of the atmosphere. Then the work 
done on the atmosphere is p 0(V1 - V1 ) and 
the 'useful' work done in lifting the weight is 
p( V.- Y1)- p 0( V1 - V1). (Of course the latter 
is negative if p<p0 (and V1 > V1)corresponding 

Heat bath 

to the case where a tension has to be exerted on the piston, due to the vapour 
pressure of the liquid being less than that of the atmosphere.) 
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as an expression for the maximum useful work of an engine through 
which there is a steady flow (e.g. of steam), when the only transfer 
of heat takes place reversibly at the temperature T'. IfT1 and T2, 

the inlet and outflow temperatures, are both equal to T', the equation 
can be written -wu.max.= -(H2-H1)+T282-T1 81 

= -(G2 -G1). (2·26) 

Thus, between initial and final states which are at the same tem
perature, and with a heat reservoir which is also at this temperature, 
the maximum useful work which may be obtained during the steady 
flow of a fluid is equal to the decrease of its Gibbs function. 

Equation (2·26) may be compared with (2·16), just as (2·8) is to be 
compared with (2·5). The reason why G and H have the same signi
ficance for flow systems as A and U have for non-flow systems, lies in 
the fact that !:l.G and !:l.H each exceed £\A and 11 U respectively, by the 
amount !:l.(p V), which is the 'non-useful' work, p 2V2-p1f;, which is 
involved at the outlet and inlet of the flow system at the steady state. 

2•5a. Avallabillty 
In equations (2·16) and (2·23) we have obtained expressions for the 

maximum work which may be obtained from a process which begins 
and ends at the same temperature and in which the only heat reservoir 
which undergoes any overall gains or losses of heat is also at this tem
perature. We shall now consider the work which may be obtained when 
the heat reservoir is not necessarily at the temperature of the system. 

Sources of heat, such as are obtained by the burning of fuel, are transi
tory in character, and the only heat reservoir (or sink) which is per
manently available for man's use is the surface of the earth and the atmo
sphere. This permanent reservoir will be ca.lled the medium and its 
temperature T 0 (c. 290 K) has a decisive influence on the amount of 
work which may be obtained from any process. (If it were actually as 
low as 0° K it would be possible to operate heat engines at conversion 
factors close to unity, as may be seen from equation (1·12b).) 

It is clearly of great practical interest to calculate the maximum 
amount of work which may be obtained from a given process, such as a 
reaction, when at its conclusion there are no changes except in the 
reaction ayatem and in the medium (and in thepositionoftheweightwhich 
measures the performance of work). That is to say, the maximum amount 
of work which may be attained after all other bodies, such as intermediate 
sources of heat, have been restored to their original states. 

From equation (1·17) we have 
-dw=T0dS-dU -T0du, (2·27) 

where Tr has been replaced by T0 and dS and dU refer to the changes in 
the system of interest. Since T0 is constant this equation may be inte-
grated to give -w=To(S.-81)-(Ua-Ul)-Too-, (2·28) 
where u is the total entropy created. 
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It will be evident that this equation remains valid even though our 
system may have taken in heat from some heat reservoir, a.t a tem
perature T different from T 0 , provided that this heat is ultimately 
restored to the reservoir by taking it from the medium. This restoration 
of heat to the reservoir may be thought of as being carried out by means 
of a heat engine, and the work of this engine is included in (2·28). 

Not all of the work win equation (2·28) can necessarily be regarded as 
'useful'. Since our system has been defined so that it includes all bodies in 
which there is any change of volume apart from the medium itself, it is 
evident that any change in volume of the system causes an equal displace
ment of the atmosphere. If the latt-er has the pressure p 0 , the 'useful' 
work, as available for the lifting of a weight, is obtained from (2·28) as 

-wu=T0(S2 -S1)- (U8 -U1)- p 0(V2 - Vt)- T 0 u. (2·29) 

Since u, the created entropy, cannot be negative, the useful work ob
viously has its maximum value when u is zero, corresponding to rever
sible operation of the process. The quantity T0 u may be called the 
'irreversibility' of the process, or alternatively the 'dissipated energy' 
or the 'wasted work'. In any industrial process it is obviously desirable 
to reduce it as far as is possible by an approach to reversible conditions. 

Putting u equal to zero we have 

-wu.m••· = To(Ss-St)- (Us -Ul)- Po<Vs- Vl) 
= -(U2 +Po V9 -T0 S2)+(U1 +Po V1 -T0S 1), (2·30) 

and this is therefore the maximum mechanical work which may be 
obtained when a. system changes between assigned initial and final states 
and when the only other body which undergoes an overall gain or loss 
of heat, and change of volume, is the medium. Expressed alternatively, 
(2·30) gives the minimum amount of work which must be done on the 
system, in order to obtain the given change of state, using only the 
medium and some source of mechanical work such as a falling weight. 

The right-hand side of (2·30) has been expressed in terms of the 
difference of two brackets. The first of these is determined by the final 
sfate of the system, together with p 0 and T0, and the second is similarly 
determined by the initial state. For fixed temperature and pressure of 
the medium, each of these brackets is therefore a function of state of the 
system. We can therefore rewrite (2·30) as 

-wo.maz.= -(Bs-Bl), (2·31) 

where B is called by Keenant the 'availability' of the system. 

t Keenan, Thermodynamics, Chapter xvn. Keenan's definition of the avail
ability of a. system is 

B=(E+p0 V-T0 S)-(E0 + p 0 V0 -T0 S0 ), (2·32) 

where E denotes total energy (see footnote ~r. p. 17) and E 0, V0 and S0 refer to 
the system when it has attained equilibrium with the medium. A somewhat 
similar function known as 'exergy' has been used by Rant, (Forsch. Ing- Wes. 
22 (1956), 36) and Grassmann, (Allg. lVarmetechn. 9 (1959), 79), and has been 
applied to desalination problems by Evans and Tribus. 
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It will be noted that the quantities (81 -81), etc., in equation (~·30) 
are completely determined by the temperature, pressure and composi
tion of the initial and final states of the system of interest. These quan
tities may be obtained from tabulated values in the literature, and 
therefore it is possible to calculate the numerical value of wu.mu.· Of 
course in the special case where T1 = T8 = T0 and Pl = p1 =Po the change 
in the availability is the same as the change in the Gibbs free energy at 
atmospheric temperature and pressure. Untler these conditions equation 
(2·30) reduces to equation (2·23). 

One other special case of (2·30) may be noted at this stage. If the 
system in question is simply a heat reservoir which remains at a virtually 
constant temperature T and does not change in volume, then (2·30) may 
be written 

T-T0 =---,_p- q, 

where q is the amount of heat given up by the reservoir in order to obtain 
the stated amount of work. This equation is simply the familiar Carnot 
expression for the maximum amount of work which may be obtained 
by use of two reservoirs at temperatures T and T 0 (§ 1·11). 

2·5 b. DlJlression on the useful work of chemical reaction 

It follows from what has been said in § 2·4 that the maximum amount 
of useful work which might be obtained from, say, the combustion of 
carbon will be obtained when it is converted into that oxide, namely, 
carbon dioxide, which has the lowest value of G. It is also evident that 
the maximum work will be obtained if the carbon dioxide is released, at 
the completion of the combustion, at the same temperature, T0, and the 
same pressure, p 0, as that of the atmosphere. For if it is released at some 
other temperature, T, then useful work has been lost which could have 
been obtained by heating or cooling the carbon dioxide from T to T0, 

by using it as a heat reservoir to drive a heat engine with the atmosphere 
as the second reservoir. Similarly, if it leaves the combustion system at 
a pressure which is either smaller or greater than p 0, then useful work 
has been lost which could have been obtained by allowing the pressure 
to equalize with that of the atmosphere. 'l'herefore, if we use fuel which 
is initially at atmospheric pressure and temperature (say 20 °C), the 
maximwn useful work which may be obtained is the decrease of Gt 
in the process: 

c (I atm, 20 °C)+air-COa+Na (1 atm, 20 °C). 

This amounts to about 395 kJ moi-l of carbon. 

t Equal to the decrease in availability. 
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In order to achieve direct combination of carbon and oxygen at an 
appreciable speed it is necessary, of course, to operate at an elevated 
temperature. However, this does not affect the iBBue, because it was 
shown in § 2·4 that the maximum useful work is independent of whether 
or not the system pBBBes through intermediate temperatures different 
from 20 °C. The real difficulty is to achieve reversibility in the reaction 
process itself. At any chosen operating temperature the partial pressure 
of oxygen and carbon dioxide above the carbon, at equilibrium, a.re in 
a constant ratio a.s determined by the equilibrium constant 

Pco1/Poa = K ,. 
Whenever the ratio differs from its equilibrium value the reaction pro· 
ceeds irreversibly and there is a decrease in the output of work. 

The device which may be used-at least in principl&-for attaining 
reversible conditions is the van't Hoff 'equilibrium box'. The carbon is 
to be thought of as being contained in a reaction veBBel which is equipped 
with two windows. One of these is permeable to oxygen only and the other 
to carbon dioxide only. By means of a piston and cylinder oxygen is 
slowly fed into the system through one window, and carbon dioxide is 
removed through the other window by means of a second piston and 
cylinder. The ratio Pco /p0 is maintained at a value only infinitesimally 
less than the equilibri~m ~atio, so that the carbon slowly burns away 
under reversible conditions. At the same time a net amount of work is 
obtained through the movement of the pistons, and, allowing for the 
processes of heating up and cooling down, the overall maximum work 
which is obtained is the value of - A.G at atmospheric temperature. 

The ·practical difficulties in the way of achieving such a process are 
sufficiently obvious. Although semi-permeable membranes for certain 
gases are known to exist, the rate of permeation through them is always 
very low--at any rate when they have the thickness which is necessary 
for the purpose of withstanding the pressure difference. A second diffi
culty arises from the largeness of the equilibrium ratio Pco fp0 • At 
900 °Cthis has a value of the order 1016• Thus if the pressure in th~ ca~bon
dioxide cylinder were maintained at I atm, the pressure in the oxygen 
cylinder would need to be about I 0-11 atm, in order to attain rever
sibility I 

It is for reasons such as these that the raising of power under com
mercial conditions is always carried out in a manner which is much leBB 
efficient from the thermodynamic standpoint. It consists in allowing the 
fuel to bum freely and irreversibly, thereby obtaining a quantity of 
heat equal to the decrease in enthalpy in the reaction (if the combustion 
is at constant pressure). The change in H does not usually differ very 
greatly from the change in G, since the entropy change in such reactions 
is not very larg~:~. For example, in the reaction C + 0 1 = C01 the decrea.ses 
in G and Hare 395 and 394 kJ mol-1 respectively, at 25 °C and I atm. 
Thus almost as much energy is obtained as heat as would have been 
obtained as work, if the proceBS had been carried out reversibly. t In the 

t Note that in the reversible combustion at 25 •c, there ·would be an absorp
tion of heat equal to 1 kJ mol-l, 
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subsequent conversion of the heat into mechanical energy, the maxi
mum fraction of the former which can be convert-ed into the latter is 
given by the Carnot conversion factor 

wfqa = (Tz -Tt)fTa, 
as discussed in § 1·11, and any imperfect engine will give even less work. 
In the case of a steam engine or turbine the value of the conversion factor, 
wfq2, is determined by the highest convenient temperature T 8 of the 
steam and by the temperature T 1 of the cooling water in the condenser. 
Of the heat q8 taken from the steam, the greater part therefore passes 
wastefully into the cooling water. Under power-station conditions as 
much as 92% of the heat of combustion of coal can be transferred to 
the steam, but only about 40% of the heat taken from the steam in an 
engine can be recovered as mechanical work. The overall efficiency is 
thus about 37%. t 

For certain types of reaction it is possible to obtain a. direct conversion 
of chemical energy into electricity and thereby into mechanical work. 
Processes of heat transfer are thereby avoided and the conversion factor, 
wfq8, of the heat engine does not come into the picture. This can be 
achieved whenever the reaction has an ionic mechanism and can be set 
up as a galvanic cell. The electrodes act in much the same manner as the 
semi-permeable membranes of the equilibrium box. That is to say, the 
reagents can be added to the system, and the reaction products with
drawn, under reversible conditions. The two great practical advantages 
of this method of operation are as follows: 

(a) The reactants and products can be brought to equilibrium by 
maintaining a. potential difference between the electrodes of only a few 
volts.~ This is enormously easier than the maintenance of a pressure ratio 
of, say, 1015 (as in the carbon combustion) by use of pistons and semi
permeable membranes. 

(b) The processes taking place a.t the electrodes usually occur with 
considerable speed as compared to the permeation of a. gas through a. 
memb_rane. For this reason it is possible to maintain the reaction fairly 
close to equilibrium, and thereby to obtain almost the maximum work, 
under practical conditions of operation. Efficiencies in the region 60% 
are readily attainable under industrial conditions. 

An example is the reaction of the Daniell cell, 
Zn+Cu2+;;=!!Zn2++Cu, 

t The inefficiency of the process may be roughly interpreted in molecular 
terms as follows. The reaction process C + 0 2 = C02 takes place with a decrease 
in potential energy of the particles, i.e. the ground state of the C01 molecule 
is at a lower level than those of the two reactants. In the process of steam 
raising this potential energy is transferred into an increased kinetic energy of 
the water molecules. As discussed in §1·18 this random kinetic energy cannot 
be completely reconverted into potential energy, i.e. the lifting of a weight. 

t This arises, in the first place, from the logarithmic form of the relation 
zFE= -AG=RT InK 

(see below), and, secondly, from the magnitude of the conversion factor be
tween energy expressed as volt Faradays and energy expressed as cm3 atmo
spheres. 



2·5b] Auxiliary Functions an.d Conditions of Equilibrium 75 

in which there is a decrease of G, from left to right, of about 51 OOOcal 
at room temperature. This process may be carried out by placing plates 
of zinc and copper in solutions of zinc sulphate and copper sulphate 
respectively, the solutions being separated by means of a porous barrier. t 
The overall reaction may be regarded as consisting of the two electrode 
processes: 

Zn~Zn1++2e, 

Cu1++2e~Cu. 

Under conditions where the reaction takes place spontaneously, the 
zinc atoms tend to ionize, leaving an excess of electrons on the zinc plate. 
The zinc ions migrate through the porous barrier and displace copper 
ions. The latter unite with electrons taken from the copper plate and are 
deposited as copper atoms. The zinc and copper plates thus develop an 
excess and a deficiency of electrons respectively. An electric current can 
therefore be made to p888 through an external circuit, with performance 
of work. 

What is called the electromotive force ( e.m.f.) of the cell is the potential 
difference (p.d.) between the plates when the current is zero. When the 
p.d. is smaller than the e.m.f .. th-1 reaction proceeds from left to right, with 
flow of electrons from the zinc plate to the copper. H a p.d. greater than 
the e.m.f. is applied, the reaction proceeds in the reverse direction. By 
careful adjustment the reaction can thus be carried out in either direction 
under conditions which approximate very closely to perfect reversibility. 

Maximum useful work is obtained under the reversible conditions 
and is equal to the decrease in G if the system operates at constant tem
perature and pressure. Thus from (2·24) 

- dG = - dto' max. 

Let F denote the Faraday equivalent, the charge carried by a gram-ion 
of unit positive valency. This has the valueD. 648 7 X 10' coulombs mol- 1 

or 2. 306 0 X 101 cal v- 1 mol-1 • The positive charge carried by dn gram
ions of valency z crossing the porous plate is thus zFdn.t Provided that 
the cell is in a stationary state with regard to electric charge (as is 
normally always the case) the same quantity of electricity will p888 
through the external circuit. It can be used, for example, to drive a 
motor whose 'back e.m.f.' is only infinitesimally smaller than that of 
the cell. This work is equal to the product of the charge and the potential 
difference through which it moves. Therefore 

-dG=zFJ!Jdn, (2·33) 

t The function of the porous barrier is to retard the mixing of the two 
solutions. If the copper ions existed in the proximity of the zinc plate they 
would be deposited on this electrode instead of on the copper one. The 
electrochemical procesa would thus take place in a localized region and it 
would not be posaible to drive a current round an external circuit. The 
chemical energy would appear only as a liberation of heat, equal to the 
decrease in enthalpy in the reaction procesa. 

t z is taken as positive for positively charged ions; e.g; it is + 2 for Ba•+ 
and -1 for cr. 
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where E is the e.m.f. and dG is the change in the Gibbs function of the 
total system, i.e. the plates, the solutions and the external circuit. How
ever, since the circuit is unchanged, the change in G is simply that of the 
reaction system alone. 

This change of G is, of course, the same for the same initial and final 
states of the reaction system, whether the process is conducted reversibly 
or not. It is the output of work which varies and, in the limiting case where 
the cell is short-circuited, the work falls to zero and all of the energy is 
liberated as heat. This is equivalent to carrying out the reaction irrever· 
sibly without the use of a galvanic cell, as when a. piece of zinc is dropped 
into copper sulphate solution. Such conditions are those under which 
the majority of reactions are normally carried out. It is unfortunate that 
many of the large-scale operations of the chemical industry, such as the 
oxidation of ammonia., cannot be conveniently set up in the form of a cell. 

The application of equation (2·33) for the purpose of measuring the 
free-energy change of a. chemical reaction will be referred to in detail at 
a later stage. 

2•6. The fundamental equations for a closed system in terms 
of H, A and G 

The equation (1·19), dU =TdS -pdV, (2·34) 
was described in § 1·15 as the fundamental equation for a closed 
system. This equation really contains the whole of the knowledge 
obtained from the basic la.ws-at any ra.te when it is taken in con
junction with the properties of U (in determining the algebraic sum 
of heat a.nd work effects), ofT (in determining therma.l equilibrium) 
a.nd of S (in rela.tion to heat and the permissible direction of a. cha.nge). 
The reformulation of this equation in terms of H, A and G, as is 
done below, therefore introduces no new knowledge. 

By definition H= U+pV, 

and therefore dH=dU+ pdV + Vdp 
Combining this with (2·34) we obtain 

and similarly 
dH=TdS+Vdp, 
dA=-SdT-pdV, 
dG= -SdT+ Vdp. 

2•7. The chemical potential 

(2·35) 
(2·36) 
(2·37) 

The thermodyna.mic theory which has been developed so far is 
applicable, as it stands, only to closed aystems. This applies, for 
example, to the important relations 

dU=dq+dw, 
dS~dqfT. 
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These were based on the discussion of a 'body' which was supposed 
not to exchange material with its environment. In general, these 
relations are incorrect, or at least ambiguous,t if an exchange of 
matter takes place (but they may always be applied to the total 
system comprising the body and its environment). 

The same remarks apply also to the 'fundamental' equations of the 
last section. These are not applicable to open systems, or to closed 
systems which undergo irreversible changes of composition. Consider, 
for example, the equation 

dU=TdS -pdV. 
In an isolated system we have dU=O and dV=O, and this would 
therefore imply dS=O. However, it is certainly possible for the 
entropy to increase, either on account of chemical reaction or on 
account of the diffusive mixing of various substances which were 
initially separate. Similarly from the equation (2·37) it might be 
concluded that if the temperature and pressure of a. system are held 
constant its Gibbs function cannot change. This would clearly be 
erroneous; G is an extensive quantity, and its value can be increased 
merely by increasing the amount of matter in the system, at constant 
temperature and pressure. For example, if we increase the amount of 
the reagents in a. galvanic cell, it is clearly able to perform a. larger 
amount of useful work and this must be due to a.n increase in its 
Gibbq function. 

These difficulties are due to the assumption, implicit in most of 
Chapter I, that two variables alone may be sufficient to fix the state 
of a system. This can only be true for bodies of fixed composition. We 
must therefore introduce into the equations the variables which 
determine the composition and size of the system, i.e. the mole 
numbers. 

Consider a. homogeneous phase in which there are A: different sub
stances. Let n1 (mole) be the amount of substance I in the whole 
of the phase, n1 (mols) the amount of substance 2, etc. According 
to (2·34) if ~. n8, ... , na: are constant, the internal energy U of the 
phase depends only on 8 and V. However, for variable composition 
we must have+ u- U(S y ) + - , , n 1, n2, ... , na: , 
and thus the total differential of U is 

dU == (~~ d8 + (~~ d V + ~~t (~ dn1• (2·38) 8J,.,,., VJ,,,., 1 1 ~Js,v,fiJ 
t H there is a transfer of matter between two systems it is no longer poaible 

to decide unambiguously what is meant by a 'heat transfer' between theae 
ayatems. This is because the matter oarriea with it an &IJIJOOiated energy. See, 
for example, the author'a TAmnodynamic.t of ehe 8~ Bk* (London, 
Methuan, 19151). ~ Munster, loc. cit., regards this as an additional postulate. 
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In this expression the subscript n, to the first two partials implies 
that the amounts of all species are constant during the variation 
in question. On the other hand, the last term in the equation is a sum 
of partials in each of which the entropy and volume are constant, 
together with all but one of the amounts of substances. 

Now for constant amounts, (2·34) is entirely valid, and from this 
equation we can obtain 

- -T (a~ oS V,n,- ' 

(a~ Pt 5 an 
i 8, V,nJ 

Let Pi be defined by (2·39) 

Thus (2·38) may be written 

dU =TdS- pd V + LPidn,. (2·40) 
i 

The quantity p,, called the chemical potential, was introduced into 
thermodynamics by Willard Gibbs, and it greatly facilitates the 
discussion of open systems, or of closed ones in which there are changes 
of composition. It was defined by Gibbs as follows:t 'If to any homo
geneous mass we suppose an infinitesimal quantity of any substance 
to be added, the mass remaining homogeneoill' and its entropy and 
volume remaining uncha.nged,t the increase of the energy of the mass 
divided by the quantity of the substance added is the potential for 
that substance in the mass considered.' This is the same as is implied 
by equation (2·39). 

The chemical potential has an important function analogous to 
temperature and pressure. A temperature difference determines the 
tendency of heat to pass from one body to another and a pressure 
difference determines the tendency towards bodily movement. It 
will be shown shortly that a. difference of chemical potential may be 
regarded as the cause of a. chemical reaction or of the tendency of a 
subfilta.nce to diffuse from one phase into another. The chemical 
potential is thus a kind of 'chemical pressure' and is an intensive 
property of a system, like the temperature and pressure themselves. 

The chemical potential may be introduCtJd by an alternative method 

t Gibbs, Collected Works (New Haven, Yale Univ. PreBB, 1928), vol. I, p. 93. 
t The question may be asked, how may the entropy and volume be held 

constant when the d"'£ mols are added? As regards the volume, this merely 
requires a readjustment of the preBBUre of the system. As regards the entropy 
of the system, the d~ mols carry with them their own appropriate amount of 
entropy. After the addition the entropy of the system can therefore be con
sidered as being brought back to its original value by the removal of an appro· 
priate amount of }leat. 
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which is sometimes found more congenial. This is based on equation 
(2·37): dG= -SdT+ Vdp, 

which we have seen to be inadequate as it stands. In general G must 
be determined by the amounts of substances, as well as by T and p. 
Thus 

and therefore 

dG= - dT+ - dp+ ~ - dn,. (a~ (a~ '=re(aa) 
8T p,n, 8p T,n, i=l 8n, T,p,nJ 

Now the first partial in this expression refers to the change in Gat 
constant pressure and amounts. Since (2·37) is valid for constant 
amounts we obtain 

(a~ - --S 
8T p,,.,- ' 

and similarly - -v (8~ 8.p T,,.,- • 
Substituting in the above expression 

dG= -SdT+ V dp +l.:,a,dn,, 

where ,a; is now defined by _ (a~ 

,a,= an~J 'I', p, "~ 

(2·41) 

The chemical potential of a component of a phase is thus the amount 
by which the capacity of the phase for doing work (other than work 
of expansion) is increased per unit amount of substance added, for an 
infinitesimal addition at constant temperature and pressure. For 
example, the chemical potential of copper sulphate in its aqueous 
solution in a Daniell cell is equal to the increased capacity of the cell 
to provide electrical energy, per unit amount of copper sulphate 
added (the addition actually being an infinitesimal). 

It remains to be shown that ,a,, as defined above in terms of G, is 
identical with its definition, equation (2·39), in terms of U. For this 
purpose it is sufficient to add to each side of (2·40) the quantity 
d(.p V -TS). This addition transforms (2·40) into (2·41), since G is 
defined as U + p V- TS. The ,a's which appear in these equations are 
therefore identical. 

The p.'s can also be expressed in terms of H and A and in fact the 
complete set of equations is 

dU =TdS- pd V +l.:,a,dn1, (2·40) 

dG= -SdT+ Vdp+l.:,a,dn,, 

dH=TdS+ Vdp+l.:,u,dn1, 

dA= -SdT- pdV +l.:,a,dn,, 

(2·41) 

(2·42) 

(2·43) 
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together with the identities 

Pi= (~~t. Y, ftJ = (:) r, ~ ftJ = (~ B,p, ftJ = (!:) r, V, ftJ • (2'44) 

The equations (2·40)-(2·43) form the basis of chemical thermo
dynamics. The first of them may be regarded as the fundamental 
relation which contains the physical information embodied in the 
properties of U, T and 8, whilst the other three are derived from it by 
virtue of the definitions of H, A and G and contain no additional 
information. At this stage it may also be noted that the most con
venient choice of the independent variables in the solving of thermo
dynamic problems is determined by the structure of the above 
equations. Thus 

U= U(8, V,ftt, ... ,n~:),) 

G=G(T, p, n10 ... ,n~:). 
(2·46) 

H = H(S, p, ftt, ... , n~:), 

A=A(T, V,ftt, ... ,n~:)· 

For example, considering the last of these equations, if A is known 
experimentally or theoretically as a particular funct\on {J, of T, V 
and the "•• then the entropy, pressure and chemical potentials can all 
be evaluated, as functions of the same variables, by difFerentiation 
of {J, in .accordance with (2·43). For example, 8= -(BfJ/8T)v,Rf· 
But let it be supposed that A is known as a function {J' of a difFerent 
set of independent variables, such as T, p and the n1• Now from (2·43) 
p= -(8Af8V)r,n,• The knowledge of the function t/J' is therefore 
equivalent to a knowledge of A as a function ofT, 8Af8V, and then,. 
From this function it is obvio'lisly ~ possible to determine the value 
of V without an unknown integration constant. The function t/J' is 
thus much less useful than the function {J. For this reason Gibbet 
refers to functional relations in which the independent variables are 
as in (2·46) as being funtla:menlal equations. 

Another important point concerns the number of terms which are 
to be included in the summation in (2·40)-(2·43). As discussed above 
these terms originate from the fact that U, etc., depend on the com
position and size of the system and therefore as many dn,'s must be 
included as are necessary to describe all possible changes in the com
position and size. Provided that we are not concerned with nuclear 
transformations, it will therefore be satisfactory to extend the sum
mation over all distinct chemical species whose amounts may vary 
by a significant amount. In doing this it may occur that we shall 
be using more composition variables than ~ actually necessary to 

t Coll«ttc4 Worb, vol. 1 (New Haven, Yale UDiv. Preas, 1918), p. 88. 



2·7] Au~liary Functions and Conditions of Equilibrium 81 

specify the state of the system. This occurs whenever there is a. state 
of chemical equilibrium between some or a.ll of the species. For 
example, liquid water contains the molecules H10, H80+, OH-, etc. 
For the present we shall regard the summation a.s being over all such 
species, but in a. later section it will be shown that the existence of a 
chemica.l equilibrium between them implies that there is only a single 
independent chemical potential in the system consisting of water. 
In brief, there is only a. single component ; but this statement is 
based on the empirical knowledge that there is a state of chemical 
equilibrium between H 80, H30+ and OH-. 

If for any component i, its amount remains constant during the 
process in question, the corresponding term p.;dn, is zero. If the 
amount of i diminishes, dn, is to be taken as a negative quantity. 

Finally, it is perhaps useful to make some remarks concerning the 
expression :E,a1dn1 a.s a work term. Consider a ret~ersible change of 
composit.ion in a cl08e4 system. On account of the defining equation 
for entropy the term TdS in the equation 

dU ==TdS- pd V +:E,a1dn1, 

is the heat absorbed by the system. It follows that the remaining 
ter.ms on the right-hand side represent the total work done. Thus 
:E,a1dn1 is a form of work which can be done by a system in the absence 
of any change of volume and due to its change of composition. This 
is, in fact, the 'chemical work' which has been discussed already in 
§ 2·5b, and which can be attained by use of the van't Hoff equilibrium 
box or the galvanic cell. It is important to realize that it is possible 
for a thermodynamic system to perform work, i.e. to achieve the 
lifting of a weight, without there being any difference in the initial 
and final volume of the system. t 

This interp.reta.tion of :E,a1dn1 as a work term is no longer possible 
if the changes dn1 are due to transfer of material into the system from 
outside, i.e. if the system is 'open'. For whenever there is a simul
taneous transfer of matter as well as of energy the notion of heat 

t The van't Hoff equilibrium box, disouBaed in §2•6b, is a cloaed system if 
we include in the term • system' the suppUea of C01 and oxygen which are 
ooaneoted to the box through the eemi.-permeable membranea. If we atan 
with I mol of oxygen at I atm pressure in the one cylinder and convert it 
reversibly to I mol of C01 at the same pressure in the other cylinder, there 
is no difference between the initial and fiDal volumes of the total aystem. 
However, in.order to carry out this pro08118 reversibly, it is D8081111&17 to pua 
through tfllermediale volumes which are much larger, i.e. to expand the 
oxygen to the very low equilibrium pressure. It is because of this intermediate 
expansion that the reaction system can be made to perform W'OI'k by uae of 
piltona. The student is advised to work out the pro08118 in detail, 1lliDg the 
laWII of perfect gaeea (Chapter 3). 
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becomes ambiguous. Thus the above equation remains valid, but the 
term T dS is no longer interpretable as 'heat' and therefore the 
remaining terms are not interpretable as 'work'. 

2•8. Criteria of equilibrium in terms of extensive propertiest 

For any completely isolated system we have from the second law 

I:d.S,~o. 
where the summation extends over all parts of the system. In this 
expression the differentials refer to the possible changes in the 
forward direction of time. It follows that the criterion of equilibrium 
of such a system is that the entropy has reached the maximum value 
which is consistent with the fixed value of its energy, and volume, as 
discussed already in § 1·13. 

Criteria of equilibria may also be expressed in terms of U, H, A· 
and G. We shall briefly repeat the derivation of the criteria relative 
to A and G, as given already in§§ 2·3 and 2·4. For a system in a 
thermostat, the above· relation may be written 

dS+dSr~O, 

where the subscript r refers to the thermostat at temperature T. If 
dq is the heat absorbed by the system during an infinitesimal change 
of state, then dSr= -dqfT, and thus 

dq 
dS- T~o. 

In view of the first law this may be written 

dS - (dU -dw) 0 
T ~ • 

and therefore, since T is constant, 

d(U -TS):E;;dw. 

(2·46) 

(2·47) 

Under conditions of constant temperature and when no work is 
performed on the system, (2·47) shows that the change in the Helm
holtz free energy, A=U-TS, can only be negative. Therefore the 
criterion of equilibrium, under conditions of prescribed temperature 
and volume, is that A has reached its minimum possible value. 

Adding d(p V) to the last expression 

d(U + p V -TS) :E;; dw+d(pV). 

t For a more complete disousaion see Gibbs, Oollecled Worb, vol. r, pp. 1111 
et seq. A very clear exposition, based on Gibbs, is given by Munster, Classical 
Thermodynamics (Wiley-Interscience, 1970). 
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If the pressure on the system is constant d(pV)=pdV, and the right
hand side of the above expression is therefore equal to dw', the work 
not including that due to volume change.~ Thus 

dG < dw'. (2·48) 
Therefore under conditions of constant temperature a.nd pressure, 
a.nd when no work of this kind is performed on the system, the change 
in G can only be negative. The criterion of equilibrium for a. system 
of prescribed temperature a.nd pressure is that G has reached ita 
minimum possible value. 

Similarly, it ma.y be shown that criteria. of equilibrium for a. system 
of prescribed 8 a.nd V is a. minimum of U, a.nd for a. system of pre
scribed 8 a.nd pis a. minimum of H. These are less useful than the 
criteria relating to A a.nd G. 

It is of interest to consider in molecular terms what is implied by 
a. minimum value of A (or G). Now A=U-TS, and therefore low 
values of A will occur when U is small and when TS is large. As an 
example consider a crystal in equilibrium with its vapour in a vessel 
of fixed volume surrounded by a thermostat. In this system there are 
two opposing tendencies. On the one hand, the attractive forces 
between the molecules tend to make the vapour condense, with 
reduction in the potential energy of the system and with passage of 
heat outwards into the heat bath. If this occurred completely, i.e. if 
all of the molecules were present as crystal and none as vapour, the 
internal energy of the system would be low, but so also would be the 
elitropy. (According to the statistical interpretation 8 =kIn a, and 
a is smaller for the orderly arrangement of the crystal than for the 
gas at the same temperature.) On the other hand, the tendency 
towards randomness in the system would be most completely satisfied 
if the crystal were to vaporize completely, with absorption of heat 
from the heat bath in order to overcome the attractive forces. Such 
a system would be one of high intemal energy and high entropy. 

If the values of U and TS of the total crystal-vapour system are 
calculated by statistical methods and plotted against the fraction of 
the substance which is present as a vapour, curves are obtained as 
shown in Fig. 14.t The minimum value of A, for a particular tem
perature a.nd volume of the system, occurs when there is a. certain 
fraction of the substa.nce present in the vapour phase. Tliis is the equi
librium state, a.t prescribed temperature a.nd volume, a.nd the corre
spondingpressureintheva.pourphaseisthesatura.tionvapourpressure. * Remember that pd V ia a negative amount of work done on the system 
when d V ia positive. The point can be seen more clearly by writing 
dw + jld V = dtD- ( -¢ V) which ahowa that the work done on the system due 
to ita volume increase ia subtracted from the total work done on the system. 

t Problem 4 at the end of Chapter 13 ia coDCel'Ded with the calculation of 
these ourvea. 
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The fa.ct that there i8 a minimum value of the free energy is because 
the values of U and 'l'S do not increase proportionately to each other 
with increase of the fraction of substance in the vapour phase. When 
this fraction is small an increment of vapour causes the randomness to 
increase much more rapidly than the energy, as may be seen from 
the figure. Rather pictorially the equilibrium state may be said to 
be due to a balance between order and disorder in the system. 

In the above discussion the heat bath, which maintains the system 
at constant temperature, has played an important role. For the whole 

-ve 

Fraction as vapour 

o.o o.s 1.0 
Fig. 14. Cryst.al-vapour system. 

isolated assembly, comprising the crystal-vapour system together 
with the heat bath, it remains true that the entropy tends to a maxi
mum. However, any tendency of the substance to pass more com
pletely into the vapour phase, with increase of its entropy, implies 
an absorption of heat from the heat bath, which thereby diminishes 
in entropy. In brief, the state of the crystal-vapour system for which 
its A function is at a minimum is the state of ~he whole assembly for 
which the total entropy is at a maximum. Similar considerations 
apply to G, if the system is at constant temperature and pressure. 
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2·9. Criteria of equilibrium in terms of intensive propertiest 

(a) Thermal and mechanical equilibrium. It is the property 
of temperature that whenever two systems a and fJ are in thermal 
equilibrium, T a.= T /1• as was discussed in §§ 1·4 and 1·13. In § 1·13 it 
was also indicated briefly that the condition of mechanical equi
librium requires equality of pressure across a plane interface between 
the fluids. This result may now be demonstrated as a consequence of 
the criteria of equilibrium of the last section. 

Consider two fluids a and fJ which are enclosed in a rigid container 
and held at the constant temperature T. Under such conditions the 
total Helinholtz free energy of the two fluids must be a minimum at 
equilibrium. Thus in any variation about the equilibrium state 

dAa.+dAp=O. (2·49) 

Consider a possible variation d~ in the volume of the a phase and a 
variation dVp in the volume of the fJ phase, the temperature and com
positions remaining unchanged. Using (2·43) we have 

d4. =-p4d~, 

dAp= -ppdVp. 

But also dVa. = - dVp, since the total volume is constant. Thus the 
condition of equilibrium (2·49) reduces to 

(Pa.- Pp) dVp=O, 

which can only be satisfied if 
P~= Pp· (2·50) 

This conclusion is, of course, incorrect if the two fluids are separated 
from each other by an immovable barrier, since in this case dVa. and 
dVp are each individually zero. It is also in general incorrect if the 
interface between the two fluids is curved. A variation dV4 in the 
volume will then imply a variation in the interfacial area between the 
two fluids. That is to say, for such a system the area and surface 
tension are significant additional variables of state. Under such 
conditions it can be shown that the condition of mechanical equi
librium is 

(2·51) 

where r1 and r8 are the principal radii of curvature and are taken as 
positive when they lie in the fJ phase. 

t For a more complete discussion see Gibbs, Collected Worlc8, vol. I, and 
also Commentary on ehe Scieneiflc Worlc8 of Willard Gibbs (Yale Univ. Press, 
New Haven, 1936), vol. x. 
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(b) Equilibrium for transfer between pluues. Consider a. system 
of several phases which are in therm&l equilibrium at constant 
temperature. Each phase is a. typical open system, since it can ex
change chemical substance with its neighbouring phases. It will now 
be shown that the condition of equilibrium with respect to these 
transfers is that each substance has the same value of its chemical 
potential in all the phases. 

We consider a. variation of the system in which an amount dn, 13 
of the substance i passes from phase {3 into phase ex. According to 
equation (2·43), the temperature being constant, the overall change 
in A for the system as a whole is 

dA =L'dA6 = -:Ep6 dV6 +(tt;a. -p;p) dn;p. 

wh£'re the summation iR over all tho phn.scH and tho h1.11t term arises 
from the fact that dn;a. = - dn;p· If tho prossures p 6 , etc., nrc Htcady 
values, as will occur in a suffi(!i11ntly slow process, the firRt term on the 
right-hand side is dw, the total work done on the system. Thus 

ciA = dw + (/t;a.- p;p) dn;p· 

Now from (2·47) wo havo dA ~ dw, 

and therefore (tt;a. -fLip) dn;p ~ 0. (2·52) 

It follows that tho sign of (/'·;a.-P.;p) is the opposite of tho sign of 
dn;p· Thus if dn;p iR a poRitivo transf<•r from p to ex, t.ho chemical 
potential of tho substance i must be leRB in tho phn.so ex than in p. 
In gen£'ral, any substane<' tcnw to pass from regions of highor to 
regions of lowor chemical potential,t and it is to this property that 
the chemical potential owes its name. 

On the other hand, for a reversible change dA=dw, and therefore 
the above inequality is replaced by 

JL;a. = fL;p· (2·53) 

The condition of chem.ical equilibrium between pluuJes is therefore tl!.at 
each B?tbstance sl!,all have an e.q11.al vnlue of ita chemical potential in all 
pluuJes between which this srtbstance ca.n fre.ely pass. t On tho other hand, 
if two phases are separated by a mombrane which is permeable to 
some substances but not to others, the above result applies only to 
those substances which can pass freely through tho membrane. This 
has important a.ppli<.•.a.tions in the phenomenon of osmosis. 

Difforences of chemical potential may thus oo regarded as the 
origin of all processes of diffusion. It is erroneous to rogard diffusion 
as n£'Ce!'lflarily takin~ place in th£' direction of docron.sing concentra
tion. Jl'or example, suppose that a solute i is d~stribnted bctwoon two 

t Thl'l!OO romnrk11 must bo IJUBiifiro in view of tho next aubsoction. 
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solvents a a.nd fJ a.nd let c,,. = 2 a.nd c,11 = 10 be two values of its con
centration (in a.rbitra.ry units) in a a.nd fJ respectively when there is 
a. state of equilibrium. In these two solutions the chemical potentia.la 
of i a.re eqtta.l a.nd there is no diffusion despite the large difference of 
concentration. If, a.t some moment during the approach to equi
librium, the concentrations were C;,. = 4 a.nd c,11 = 7, then a.t this 
moment there would have been a. tendency for spontaneous diffusion 
from pha.se a to pha.se {J, i.e. in the direction of increasing concentra
tion (but of decrea.sing p). However, in physical situations where 
there is no discontinuity of the medium, the direction of decrea.sing 
p usually coincides with the direction of decrea.sing concentration. 

(c) Transfer equilibrium In a potential field. We consider first 
the extent to which the relation (2·53) needs to be modified if we allow 
for the effect of gravity. Now in the la.st chapter the convention was 
adopted that the internal energy, entropy, etc., of a body depend only on 
its internal state, as characterized by its temperature, pressure and com
position. The functions U, 8, H, A and G are thus taken as being in· 
dependent of the position of the system in a gravitational field. t H the 
system changes its potential energy by dt/J and its internal energy by dU, 
the first law must therefore be written 

dU+dt/J=dq+dw. 

Thus, if the system is held at constant temperature T we shall have in 
place of (2·46) (dU +dt/J-dw) 

dS- T ;;!1:0, 

and therefore the corresponding condition of equilibrium is 

dA+d~=O, 

where A:=U-TS as before. 

(2·54) 

For simplicity let the system under discUBBion be a single homogeneous 
phase of prescribed temperature and volume. We consider a variation 
in which an amount dni of substance i pa.sses from a layer f3 at height 
h~ into a layer oc at height ha.. Then if Mi is the molecular weight in 
grams the increa.se in potential energy of the system is 

drp =M1g(h,.-h11)dn,, 

and from (2·43) the corresponding change in A of the system as a whole is 

dA = p., .. dn,- p.,11dn1• 

Substituting these expressions in (2·54) we obtain 

(2·55) 

. t ~footnote on p. 17. In some text·books, U, H, A.and G are taken as 
mcludmg the potential energy of the system. 
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Thus, in so far as we need to allow for the effect of the gravitational field, 
the chemical potential of a substance is not equal throughout the depth 
of a phase, but it is the sum of the terms p, and M,gh. which has this 
property or constancy. 

The considerations relating to the electrostatic field arc rather different. t 
Now in the gravitational case, as discussed above, the potential energy 
per unit of mass has the same value at a particular height whatever is the 
temperature, pressure and composition or this unit or mass. That is to 
say, changes of U and ¢' are independent and each has a significant 
moaning. This is no longer the case when we are concerned with an 
electrostatic field, at any rate within the interior of a body. It is, of 
course, entirely feasible to measure tho chango in ¢' in bringing a positive 
charge from infinity, through empty space, to o. point jwt outside the 
body. However, in tho proOOI:IIf of bringing tho charged particle across the 
phaso boundary into the interior we can ma.ko no exporimontal distinc
tion botwoen that part of the total energy chango which might be regarded 
as a change in¢' and another part, which might bo called the 'chemical 
work', due to th6 cl&ange in th6 composition of th6 environment of t1&6 parlide. 

Therefore, for movement of a charge through regions of varying com
position, it is conventio~ to include the whole energy change in the 
change in U. The treatment of the previous subsection then holds witho1,1t 
modification and p,, defined as cau /8n,)s,v ... ,. the change or u with com
position, is equal between any two phases a and fJ which are in contact 
and between which the species i oan freely pass. Thus 

Pci%=P•II• (2·56) 

where i may refer to an electron, an ion or a neutral molecule. Unlike 
the case or equation (2·55), the p now includes both the 'chemical' and 
the electrical effects, which we have seen to be indistinguishable. 

Consider now two phases a and fJ which are not in contact. If they have 
identical temperature, pressure and composition their internal states are 
the same. In this case the diJ!ermce in the work required to bring a unit 
positive charge from infinity into the interior or each or the two phases 
has a meaningful value, since all 'chemical' work involved when the 
charge enters the bodies will cancel when we take the difference. Their 
electrical potential difference, ; 11 - ¢'4 , is therefore measurable. (It may 
be objected that this potential difference can only exist if the two bodies 
contain different concentrations of electrons, or other charged species, 
and therefore the two bodies do not have precisely the same composition, 
as previously supposed. However, a simple calculation shows that a 
quite negligible difference of electron concentrations is sufficient to 
account for all values of ; 11 -¢'4 which are met with in practice.) 

The difference of electrical potential between two identical phases 
a and fJ is therefore defined by the work done by these phases in the 

t For a more complete discuasion of the subtleties concerning the electro
static field see Adam, The Physiu Grad Oh.emistry of SwJ- (Oxford, 1941), 
Chapter vm and Guggenheim, Tllermodynomiu (Amsterdam, North-Holland 
Publ. Co. 5th ed., 1967), Chapter 9. 
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reversible transference of an amount dn1 of charged species from the 
oc phase to the {3 phase at constant temperature and volume 

dw= -z,F(t/>p-t/>a.) dn,, (2·57) 

where z, is the valence of the species, being taken as positive for a positive 
charge, and F is the Faraday equivalent (§2·5b). But also by (2·43) 

and (2'47) dw= -ciA= -(p,11-p1a.)dn1, 

and therefore p1p-Pta.=z,F(t/>p-1>a.>• (2·58) 

Of course if the two phases are actually in equilibrium with each other, 
then (2·56) must hold <J.nd therefore t/>p=tPa.· Thus identical phases in 
contact have the same potential. But the potential between different 
phases, whether they are in contact or not, has no meaning. 

(d) Reaction equilibrium. This will be discussed in more detail at 
a later stage. For the present it is sufficient to note that in any closed 
system which is in a state of complete equilibrium the term l:p1dn, in 
equations (2·40)-(2·43) must be zero: 

l:p,dn1=0. (2·59) 

This follows from the criteria of equilibrium of§ 2·8. 

2•10. Mathematical relations between the various functions 
of state 

(a) Some identities. The basic equations (2·40)-(2·43) a.re 

dU=TdS- pdV.+1:p1dn1, (2·60) 

dG= -SdT+ Vdp +1:p1dn1, (2·61) 

dH=TdS+ Vdp +1:p1dn1, 

d.A= -SdT- pdV +1:p1dn1• 

From these the following identities ma.y be obtained: 

T= (:~v·"'= (~~t.~· 
p=-(:~s.~ =-(::t.",' 
8=- (:~)A~=- (:~)v.~' 
V= (:IDr.~ == (~~t.~· 

(2·62) 

(2·63) 

(2·64) 

. (2·65) 

(2·66) 

(2·67) 

and the corresponding identities relating to p4 were given in equation 
(2·44). 
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Uy combining (2·64)-(2·67) with the defining cquationH for II, A 
and G, further expros11ions may be obtained. ~,or example, 

A.= lJ -Tl'J= lJ +'l'(?A7,l , (2·68) 
i) 7 "·"' 

(} = H-TS = H + '1'(?7~) , (2·69) 
i) 21• .. , 

and it is readily confirmml th1Lt thcso twiJ exprc.ssion.'i may be re
arranged into tho more cor.np1Lct formH 

e:t?) v ... , = _ ~. (2·70) 

(a~t;) =- ~· (2·71) 
__ fir"' 

Tho expressions (2·68)-(2·71) arc known as Gibbs-Helmholtz 
equations. 

(b) Maxwell's relations. An additional crop ofusefnl idontities, 
known a.'i Maxwdi'H rol1Ltions, iH obtained by applying a theorem of 
tho cn.lculu1:1 concerning oxact diffenmtialH. ConHid(lr (2·60) in which 
U is expl'('.st~od as a function of the variable11, 8, V and tho nj. From 
this equation we obtain 

T- (a~ P __ (au) 
- a8}v ... ,' - av R ... ,· 

Now U is a. function of sta.tc and thus forma an oxn.ct differential. 
It iR also known oxpcrimonto.Jly to be a. smooth function of the 
va.riablos R, V and ni, except at points of phase change. If we dis
regard suoh points, tho second partial differential of U wit\1 respect 
to any pair of varia.bl<'.s is independent of the order of differentiation. 

Thust [ a (au) J [ a (a") J 
aV aS Y,n R,n1 = ()8 fJV R,n1 Y,n,' 

and therefore from the previous relations 

(:~ s .... = - (:) "·"'. 

t Tho moaning of [a~ {~~) Y 1 may bo aoen more cloarly by imagining 

U, •'-~ and V BR tlu'OO CartoRian co-ordinates. ll, as a function of 8 and I', is a 
surface in tho throo-dimo1111ional spaco. (IJllfiJS)y is the gradient, fly of this 
Rurfooo with rospoot to 8, at any plane of constant V. Wu can now think of gy 

plottod M a function of Sand V, again forming a surfooe. [.,.,v(~~),]s 
is tho gradient of tho gradient ""' wit.h rospoct.. to I', at. any plano of 
conetant8. 
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In general, if drp is an exact differential and is given by 

drp=x1dy1 +x1dy8 +x8 dy8 + ... , 

then (~;;ti = (~;:ti, (2·72) 

where the subscript y,. denotes constancy of ally's other than the one 
considered in the differentiation. Conversely, a necessary and 
sufficient condition for drp to be an exact differential is that (2·72) 
shall hold for all independent combinations of the variables Y;· 
Equation (2·72) is known as the reciprocity relation or cross-differ
entiation identity. 

The full set of Maxwell's relations, obtained by applying (2·72) 
to (2·60)-(2·63), are as follows: 

(a~ - -(~) av s,,.,- as v,,.,' 

-(~!L.,..= (:;L.~· 
(2·73) 

(~~B,nt = (~~ p,,.,' 

(~~t.~ = (~;)V,nt • 
Additional reciprocity relations which give the temperature and 

pressure coefficients of p; may also be obtained. Thus from (2·61) 

(:~) p, n,, n,,= - (!!) T, p, fiJ '} (2.74) 

(~it."tfiJ = (!ft.p.~. 
A large number of new equations may be built up by use of the 

Maxwell relations. Thust from (2·60) 

(~~T.~ =T(:~)T,n1-p, (2·75) 

t In more detail, the derivation of (2·75) is carried out by expanding (2·60) 
as a function of T, V and the n1: 

dU=TdS- pdV + l:p1dn1 

=T{(:~v,,.1dT+(~~t ... /V+E(:!),.,v, .. /n1}-pdv + Ep1dn1, 

and therefore (2·75) is obtained by considering a change of state such that T 
and the n1 are constant. 
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and substituting in this one of the Maxwell equations we obtain 

(a~ = T(ap) _ 1) 
oV} T,n1 oT v,,.. . 

(2·76) 

This particular equation gives a useful relationship between the vari
ables U, V, T and p and is known as the 'thermodynamic equation 
of state'. 

(c) Change of variable. In a number of problems it is necessary 
to transform formulae from one set of variables to another. Suppose, 
for example, that it is required to calculate (8Uf8T) 11 from experi
mental data. Now U is more readily obtained from experiments in 
terms of T and V rather than in terms of T and p. For example, 
(8Uf8V)-r may be obtained from (2·76) and (8Uf8T)v is a. measurable 
heat capacity. We therefore commence by expressing U as a. function 
ofT and V (assuming the amounts of substances are constant): 

U=U(T, V), 

dU=(!~v dT+(!~t dV. 

Therefore (2·77) 

which is the required expression. 
Another· useful type of transformation is obtained from the pen

ultimate equation by considering a change of state a.t constant 
internal energy. Thus 

O=(:~v(:~u +(!~T' 
and therefore (!~ v (!~t (:~) u = -I. (2·78) 

The reader may note the cyclic order of the variables in this expres
sion. Each of them occurs in all three of the positions, 'upstairs, 
downstairs and outside'. 

(d) Integration of the basic equations. Consider the equation 

(2·60) dU =TdS-pdV +I:p4dn4• 

We wish no~ to prove that the variables which occur in this equation 
must also satisfy the relation 

U=TB-pV+I:p.ni. 
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In order to show this, let it be supposed that the phase under 
discussion is enlarged in size, its temperature, pressure a.nd the 
relative proportions of its components remaining unchanged. Under 
such conditions the p,, which are intensive variables like T and p, 
must also remain unchanged. Thus the direct integration of (2·60) 
gives 

AU =TAB- p6.V +l:p,An,. 

Let the original values of the internal energy, entropy, etc., of the 
system be U, S, V, n,. If the system is enlarged tO' k times its original 
size then the final values of the internal energy, etc., are kU, kS, k V 
and kn,. This is because the extensive properties are proportional to 
the size of the system. Thus 

AU=kU- U=(k-1) U, 

etc. Substituting in the previous equation we obtain 

(k-1) U =T(k-1)8-p(k-1) V +l:p,(k-l)n,, 

and therefore (2·79) 

which is the required result. By an analogous integration of equations 
(2·61)-(2·63) we obtain 

G=l:n;p;, 

H = TS + l:n,p,, 

A=- p V +l:n1p,, 

(2·80) 

(2·81) 

(2·82) 

and these equations are clearly consistent with the relations which 
define G, Hand A in terms of U, p V and TS. 

It ma.y be remarked that the process by which equations (2·79)
(2·82) are obtained is not a. purely mathematical one but depends on 
an item of physical knowledge; namely, that the intensive variables 
are not affected by the size of the system, whereas the extensive 
properties are directly·proportional to its size. 

The same physical information implies that there is a. certain 
relationship between the simultaneous changes in the imensitJe vari
ables. This may be obtained by taking the complete differential of 
any one of the equations (2·79)-(2·82) and comparing with its 
'parent' equation. Thus from (2·80) we have 

dG = l::n, dp; + l::p, dn,, 

and, comparing this with (2·61), we obtain 

-SdT+ Vdp -:I:n,dp,=O. (2·83) 

This relation, known as the Gibbs-Duhem equation, shows the 
necessary relation between simultaneous ohange8 of temperature, 
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pressure and the chemical potentials. Thua, if there are n substances 
in the particular phase, out of the n + 2 intensive variables only n + 1 
can vary independently. 

Equation (2·80) helps to give additional significance to the concept 
of the chemical potential. If each chemical potential is multiplied 
by the amount (mols) of the particular substance and summed over 
all the species, the result is the Gibbs function of the phase. (Of course 
the absolute value of G, like U, H, S and A, is unknown and the same 
is therefore true of#;· Thermodynamics deals only with the changes 
in these quantities, or their values relative to some standard state.) 

For a pure substance we obtain from (2·80) p,=G/n;, and the 
chemical potential is thus simply the value of G per mole. Let it be 
supposed that this pure substance is in equilibrium with a. mixture 
through a membrane which is permeable only to the substance i. 
On account of the condition of equilibrium, Jl-;4 = p,1, the chemical 
potential of i in the mixture is equal to its value in the pure substance. 
We thus obtain a useful new interpretation of the meaning of p;: the 
chemical potential of a component of a mixture is equal to the value 
of G per mole of the same substance in its pure state, under the 
conditions of pressure which would put the mixture into equilibrium 
with the pure substance through a semi-permeable membrane. 

2•11. Measurable quantities in thermodynamics 

The measurable quantities are mainly as follows: 
heat capacities; 
compressibility and expansion coefficients; 
entha.lpies of phase change, of mixing and of chemical reaction, 

and the corresponding changes of volume; 
equilibrium constants of reactions and e.m.f.'s of cells; 
vapour pressures, solubilities, etc. 

The present section is concerned mainly with the first two groups 
above, and in particular it will be shown how the various partial 
differential coefficients of the previous section may be expressed in 
terms of experimental magnitudes. 

(a) Heat capacities. If a. body absorbs a finite quantity of heat, 
q, it usually rises in temperature by a finite amount, liT. The average 
heat caJKUity of the system over the range of temperature is defined by 

Oav.=qfliT. (2·84) 

The instantaneous heat capacity at the temperature Pis the limiting 
value of this ratio as the qua.ntities q and liT become infinitesimals: 

O=.dqfdT. (2·85) 
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There are several points to be noted a.bout this ra.tio. In the first 
pla.ce 0 becomes infinitely la.rge a.t points of pha.se cha.nge, for a.t such 
points hea.t is absorbed without giving rise to a.ny cha.nge of tem
perature. For this rea.son the term hea.t capacity is usually applied 
only to changes of state not involving a pha.se change. 

Secondly, if any chemical reaction were to take place in a body 
during the temperature change, dT, heat would be absorbed or 
rejected by the body on account of this reaction, in addition to that 
required to change the temperature of the various substances present. 
If the heating were carried out so rapidly that reaction equilibrium 
did not have time to establish itself, a. different value for 0 would be 
obtained than if the heating were carried out slowly. t In order tha.t 
0 shall have a definite value it must be specified that the heating is 
slow enough for the internal equilibrium to be maintained. Thus what 
is called the heat capacity of wa.ter includes the heat absorbed in the 
change in proportions of the various species. For similar rea.sons the 
mea.surement must always refer to a closed system. 

Finally the value of 0 remains indefinite until the path of heating 
is specified. This may be seen by noting that, in the above expression 
for 0, the heat dq may be replaced by dU +dw, in accordance with 
the first law. However, the mere statement that there is a. tempera
ture change dT is insufficient to fix the va.lues either of d U or of dw; 
some other variable must be changed in a known ma.nner, or held 
constant. It is therefore customary to define two particular kinds 
of heat capa.city,Ovand OP, which refer to constancy of volume a.nd 
of pressure respectively. Thus 

Ov=(!~)v= (~v' 
since in this ca.se dw=O. In the case of constant pressure 

dq=dU + pd Y =dU +d(p Y) =dH, 

a.nd therefore OP = (;:,) 21 = (:;} 21 , 

provided tha.t pd V is the only form of work. 
The heat capacities ma.y a.lso be expressed in terms of the entropy, 

since dS = dqfT for a reversible heating process in a closed system. 

Thus Ov=(:~v =T(:~)v'} 
Op= (:;t =T(:~t. 

(2·86) 

t One of the methods of measuring· the rate of very rl'pid reactions, e.g. 
2N01 =N10,, is based on the determination of the velocity of sound in the 
system, which depends on the II&Dle "ft'eot. 
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It may be noted that a., a.ndOvrefer to the heat ca.pa.city of the 
whole 11ystem whatever its size. The mean molar heat capacities are 
obtained by dividing by the total amounts of the various substances 
which are present: 

Ov Ov (2·87) ey=l:n,' c.,=l:n/ 

a.nd these are intensive properties of the system. If the latter contains 
only one substance we speak of its molar heat capacity. 

(b) ExpansiPity and isothernud compressibility coeJ!icients. These 
coefficients a.re defined by the relations 

«= ~ (:~ Jl. (2·88) 

Ka-~(~it: (2·89) 

Both « and K refer to fractional changes in volume, d VfV, and are 
thus intensive properties which are independent of the actual volume 
of tli.e system. The reciprocal of the isothermal compreBBibility, K, is 
called the lndk modulus of the material. t 

The 'pressure coefficient', ; (:;} v, of a. body may be ca.lculated 

from values of « and K. Using a transformation formula simila.r to 
(2·78): 

and therefore (2·90) 

For example, in the case of liquid mercury a:=l.81 X IO-' and 
~t=3.9x I0-8, in units of atmospheres and kelvin degrees. Hence 
( 8p/CY.l')v=46, and the heating ofa sample of mercury through 1 °C at 
constant volume would cause the pressure to rise by 46 a.tm, if a: and 
K remain constant over this small range. 

(c) Relotlons between C11, C Jr• u and K. Between some or a.ll of 
these quantities a. number of relations can be established. As an 
example we shall prove the relation 

O.,-Oy=TV«9/K. 
t 11: can be shown that K, and also C I' and c,, must always be positive quan

tities. See, for example, Munster, loo. em. 
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Using a transformation equation of the type of (2·77), 

(:~t = (:~) T (~~ p + (:~t, 
and therefore from (2·86) and (2·73) 

~=(:;)y(:~p + ;. 

and finally using (2·88) and (2·90) 

Op-Cy=T(!~)v (:~ P 

cxll =TV-. 
K 

(2·91) 

It will be noticed that the proof depends on the existence of entropy 
as a function of state. The experimental verification of (2·91) is thus, 
in a certain sense, a confirmation of the second law, and the same may 
be said of any of the other quantitative relations based on this law. 
For practical purposes the value of equations such as (2·91) is the 
calculation of one quantity, sayCy, from known values of the others. 

Another important relation which is easily proved is 

(2·92) 

The quantity on the left of this equation is the isentropic com
pressibility, and it measures the fractional change in volume of a 
system in a reversible adiabatic compression. 

The derivation of the relationship between the temperature 
coefficient of K and the pressure coefficient of ex is instructive: 

or 

dV=(8~ dp+(8~ dT fipJr fii'JP 
= -KVdp +cxVdT, 

dln V = -Kdp +cxdT. 

Now In Vis a function of state and therefore the reciprocity relation 
(2·72) may be applied: 

(2·93) 

(d) Heats of pluue change and of reaction. When these 
quantities are measured under conditions of constant volume they 
are equal to the change in internal energy in the process in question. 
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More usually, however, they are measured at constant pressure and 
are _then equal to the change in enthalpy (provided that pd V is the 
only form of work). For example, in the vaporization of a pure 
liquid at constant pressure, the latent heat, as it used to be called, is 

L=H11 -H1, (2·94) 

where the subscripts g and Z denote gas and liquid respectively. The 
corresponding entropy change is LfT, provided that the vaporiza
tion takes place under equilibrium conditions. (Under such conditions 
p11 =p1a.nd therefore dS=dHfT, from equation (2·62).) 

2·12. Calculation of changes in the thermodynamic functions 
over ranges of temperature and pressure 

In order to compute the change of, say, the enthalpy it is desirable 
to use temperature and pressure as the independent variables and 
also to express the various partial differential coefficients in terms of 
experimental ma.gnitudes. This may be illustrated as follows. 

For a phase which is a closed system and remains in internal 
equilibrium. 

dH=TdS+Vdp 

=T{(:t dT+(~!)r dp}+ Vdp 

=T(!~), dT+{V+T(~!)Jdp. 
Using (2·73), (2·86) and (2·88) this gives 

dH=O,dT+{v-T(:~Jdp 
=OpdT+ V(l-c:tT) dp. (2·95) 

Therefore for a. finite change (T1, p1 )-+ (T1,p1) 

Jr. J11• H1-H1 = OpdT+ V(l-c:tT) dp. 
r, 11, 

(2·96) 

fr.o JJI• 81 -B,. = TdT- Vc:tdp. 
r,. "' 

Similarly (2·97) 

By use of these expressions it is possible to calculate the enthalpy 
and entropy of a fluid relative to any chosen reference state. In the 
steam tables this reference state is usually chosen as liquid water 
at 0 °0. In calculating the relative value of the enthalpy or entropy 
of steam it is necessary, of course, to carry out two distinct integra-
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tions, one for the liquid water and the other for the vapour. To these 
must be added the discontinuous increments of enthalpy or entropy 
which occur at the phase change between the liquid and vapour 
states (§ 2·ll d). 

It is to be noted that the quantities 0», V and Gt which occur in the 
above integrals are themselves functions of temperature and pressure, 
and these functions must be known before the integrations can be 
carried out. For example, in (2·97), the first integral refers to constant 
pressure and the second to constant temperature; it is necessary to 
know either 0» as a function ofT at the lower limit p 1 of the second 
integral, together with V Gt as a function of pressure at the upper limit 
T1 of the first integral, or Op as a function ofT at the upper limit P?J 

p 

T 
Fig. 15 

together with V Gt as a function of p at the lower limit T1 (or the 
corresponding quantities for any other alternative path). This may 
be seen from Fig. 15. 

The calculation of the steam tables, or comparable tables for other 
fluids, thus requires a very complete knowledge of the p· V-T rela
tions of the fluids and also of (f » as a function of T and p. Graphical 
integration may be adopted, or alternatively it may be possible to 
carry out a direct integration if the experimental data can be ex
pressed as empirical power series. e.g. 

O»=a+bT+cTB+ .... 

2•13. Molar and partial molar quantities 

The symbols U, 8, V, H, A and G, as used previously, all refer to 
the whole of the homogeneous phase which is under disCUBBion. Since 
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they a.re a.ll extensive properties, their values a.re a.ll doubled when
ever the phase is doubled in size. For this reason it is convenient to 
introduce a.n additional set of thermodynamic quantities which 
represent, the total internal energy, entropy, etc., as equal to the sum 
of the Bpecific contributions of each pa.rticula.r species. 

Consider first of a.ll a. phase which consists of a. single component. 
For such a. system equation (2·60) reads 

dU=TdB- pdY+pdn, (2·98) 

the last term being the increase in U due to the addition of dn mols 
of the substance a.t constant entropy a.nd volume. Let the molar 
values of the internal energy, etc., be defined by 

u= Ufn, 8=8/n, t1= Vfn, (2·99) 

where n (mols) is the amount of the particular substance in the 
system. From (2·99) dU- d + d -u n n u, 

dB=sdn+nda, 

dV =t1dn+ndt1, 

Substituting these in (2·98) we obtain 

ndu=Tnda- pndv+(p-u+Ts-pv)dn. 

The quantity in brackets is clearly zero, since it wa.s shown in con
nexion with equation (2·80) that the value of p for a. pure substance is 
equal to Gfn. Thus fina.lly we obtain (as ma.y be obvious) 

and similarly 

du=Tds- pdv, 

dk=Tda+ vdp, 

da=-sdT-pdv, 

dg=dp= -sdT+vdp, 

(2·100) 

(2·101) 

(2·102) 

(2·103) 

where h=Hfn, a=Afn a.nd g=Gfn. Equation (2·103) is seen to be the 
same as the Gibbs-Duhem equation, (2·83), when the latter is applied 
to a. single component phase. The equations (2·100)-(2·103) a.re, of 
course, fully a.ppliea.ble to open systems (of a. single component) 
beca.use they refer to unit quantity of the substance in question a.nd 
not to the system as a. whole. 

In the above we ha.ve defined the mola.r intema.l energy etc. by the 
rela.tiona (2·99), U =un etc., which express the fact that the total 
intema.l energy etc. is proportional to the size of the phase. These 
mola.r quantities, u, etc., depend only on temperature a.nd pressure. 
TW'Iling now to the ca.se of multicomponent phases, we wish to define 
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similar quantities, which will be denoted U4, etc. such that the total 
internal energy etc. of the phase may be expreBBed as the sum of the 
contributions of the various species. Thus U = I:n4U4 etc. However, 
it is evident that this equation could serve to define only one of the 
quantities U4 in terms of the remainder. We therefore proceed rather 
differently as follows. 

Let E stand for any of the extensive properties, such as internal 
energy, enthalpy, etc. Then the partial molar value of the property E, 
for the ith substance, is defined by 

Et={8E) 
- \ani T, p,"' 

(2·104) 

For example, in the case of the partial molar volume 

which may be expressed in wocds as follows: the partial molar volume 
of component i in the system ia equal to the infinitesimal increase in 
the volume of the system divided by the infinitesimal number of 
moles of this substance which are added, the temperature, preuure and 
quantities of the other BUbstanceB re100ining constant, Similarly with 
regard to the partial molar enthalpies, etc. 

Let the property E be expressed as a function ofT, p and the 
amounts of substances (mols). Then 

dE= (8!\dT+ (8!\dp +I:(8E) dn, 
a'i'}p,nt a"P}T,nt an, T,,."~ 

= (:~ dT+ f:!\dp +I:E1dn4• 
T} P•"' \; p} T,n1 

(2·105) 

This equation may be integrated in the same way as in § 2·10d. 
We obtain 

E=I:n1Et, (2·106) 

which expresses,. in the desired manner, the value of E for the whole 
phase, in terms of the contributions of each substance. In detail we 
have u =I:n1U1, B=I:n181,} 

H = I:n1H1, A =l:n1A 1, 

V=I:n1JT1, G=I:n1G4• 

(2·107) 

In the case of a. single component system the partial molar quantities 
are clearly identical with the molar quantities (equation (2·99)). 
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The absolute values of the various extensive properties (except V) 
are, of course, never known, and the same applies to the partial molar 
quantities E1• Therefore the latter must all be calculated with respect 
to the same reference state as in the case of E itself. Moreover, the 
E1, although they are intensive and therefore independent of the size 
of the system, are still dependent on the relative proportions of the 
various components (e.g. on the mole fractions), and also on the 
temperature and pressure. 

It may be noted that the partial molar value of G is identical with 
the chemical potential. This arises from the fact that in the equation 
(2·61) 

the independent mriablea are T, p and the n1, which are the Bame as are 
wed in the definition of the partial nwlar quantitiu. Thus 

p,=(=) =:G,. 
I T, p, "J 

(2·108) 

The symbol p, will always be used in place of G1• 

Between the partial molar quantities there are relations entirely 
analogous to those between the parent extensive quantities. For 
example, 

H=:U+pV, 

and differentiating with respect to n, at constant T, p and amounts 
of other species, 

{2·109) 

Similarly p1=:G1=:H1-'T81 (2·110) 
and other identities. 

Two particularly important relations are obtained as follows. 
From the equation (2·61), 

dO= -8dT+ Vdp +I:p1dn,, 

we obtain the two reciprocity rel$.tions 

(8"'') _ (8!:\ _ v 
Of' T, tat, "J- oit,J T, P• "J- 1 ' 

- =-- =-8, (8"'') (88) 
OT p. "" ".1 an, T,p. "J • 

Combining (2·110) and (2·112) 

p 1=B1+T(::) , . 
"'"" "J 

(2·111) 

(2·112) 
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and this may be rearranged into the more compact form 

(0Ptf'!_\ = - lit (2·113) 
aT-J 11,,.,.,.1 Ta' 

The equations (2·111)-(2·113) will be used very extensively in the 
following chapters. They can also be derived from (2·67), (2·66) and 
(2·71) respectively, by differentiation with respect to n1• 

In the case of a pure substance the partial molar quantities are, of 
course, identical with the molar quantities and therefore (2·111 )-

(2·113) may be written (a""') 
.Op T = v1, (2·111 b) 

(2·112b) 

(2·113b) 

Another relation between the partial molar quantities may be 
obtained by taking the differential of (2·106), 

dE= lm.1d.E1 + 'E.E1dn1, 

and comparing this with (2·105), we obtain 

For example 

(:~dT + (8!\ dp-'E.n1dE1=0. 
T J p,.., liP J T,.., 

(2·114) 

As applied to G, equation (2·114) is clearly the same as the Gibbs
Duhem equation, (2·83), since ao{aT= -Sand aojap = v. At COD· 

stant temperature and pressure, and after dividing through by 'E.n1, 

(2·114) reduces to 'E.x,d.E~=O. (2·115) 

The various partial molar quantities, including the chemical 
potentials, may be regarded as functions of temperature, pre88ure and 
the mole fractions. H there are n substances in the system, there are 
n-1 independent mole fractions, and thus the total differential 
of p1 is given by 

ap a 1-n-1a 
dp1=-tdT+ ~~ dp+ :t ~dx1 aT ap ~-1 ax, 

(2·116) 
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using (2·111) and (2·ll2). Similar equations may be obtained for the 
other partial molar quantities. Thus from (2·IIO) 

B1=T81+p1, 

and therefore 

(2·117) 

and similarly dU,=TdS,- pdVi+ "it(ap,) dx,. (2·118) 
i-1 8xi T•.P•AlJ 

These equations may be compared with (2·62) and (2·60) respectively. 

2•14. Calculation of partial molar quantities from experi
mental data 

The most useful partial molar quantities are those which occur in 
equations (2·111) and (2·ll3), namely, the volumes and enthalpies. 
':{'hese may be computed from the volume change on mixing the pure 
components and from the corresponding absorption of heat at 
constant pressure, equal to the enthalpy increase on mixing. One of 
the methods will be discussed briefly for the case of two components. 

Let ~ and k8 be the entha.lpies per mole of the two pure com
ponents and let H1 and H8 be the partial molar enthalpies in a solution 
containing "t moles of component 1 and na moles of component 2. 
Then the heat absorbed at constant pressure in making this mixture is 

("tH1 +naH8)-("t~ +n8ka)=n,.{H1-k1)+n8{H8-ka)· 

The heat absorbed per mole will be denoted by M and is obtained by 
dividing through by ("t + n8): 

M= (1-x8) (H1 -~) +x1(H8-k8), (2·119) 

where x1 is the mole fraction of component 2. If experimental values 
of M are plotted against x8 the result may be of the form shown as 
the curve .AGB in Fig. 16. 

At a. particular mole fraction, x~, the gradient OD of the curve is 
obtained from (2·ll9) ast 

(2·120) 

t The term (1-z1) aaH1+z1 aHa, in, the complete differentiation of (2·119), 
Za aza 

is zero on account of (2·115). (In (2·120) the partial differential coefficient 
refers to constancy of temperature and pressure.) 
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where H~ a.nd H~ a.re the pa.rticula.r va.lues of H1 a.nd H1 a.t the com
position x~. Eliminating (H~-h8) between equations (2·119) a.nd 

(2·120): (8/ik) 
(H~ -h1)=1ih'-x~ -

Ozs c,-z~ 

Similarly 

Ah 

FG 
=EG-AE-

CF 
=EG-FG 

=AC. 

(H~-h1)=BD. 

Kl

Fig. 16 

The values of the pa.rtia.l mola.r entha.lpies in the mixture, rela.tive to 
the values ~ a.nd h1 for the pure components, a.re thus given by the 
intercepts AC a.nd BD, of the ta.ngent CD. 

A simila.r procedure ma.y be used to i:>bta.in the pa.rtia.l mola.r volumes 
from mea.surements of the volume cha.nge on mixing, i.e. from the 
density of the mixture. In this insta.nce the a.bsolute va.lues of the 
volumes, v1 a.nd v8, of the pure components a.re known, a.nd it is 
therefore possible to obta.in the a.bsolute va.lues of the pa.rtia.l molar 
volumes. In some mixtures it ma.y occur tha.t the pa.rtia.l mola.r 
volume of a. pa.rticula.l' component is nega.tive, implying tha.t a.n 
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infinitesimal addition of the substance causes a. decrease in the volume 
of the mixture. Of course, in any two-component system the effect 
of the composition on the value of one of the partial molar quantities 
is not independent of its effect on the other. Thus from (2·115) 

(aE1) (a.E8) (1-:~:1) az +~. ax .... o. 
I 'l',l' 8 'l',l' 

(2·121) 

For more elaborate methods of calculating pa.rtia.l molar quantities 
from experimental data. the reader is referred to the litera.ture.t 

PROBLEMS 

1. Calculate the changes in 8, U and H for the process of converting 
1 mol of liquid water at 0 °C and 1 atm into steam at 200 °C and 3 atm. 
Assume water to have a constant density and heat capacity. Assume 
the steam to behave as a perfect gas and to have a heat capacity given by 

cp={8.81-1.9x IO-BT+2.2x 10-apa {cal K-1 mol-l)) 1.. L! i":L/ }._ 

The enthalpy of vaporization at 100 °C is 40.6 kJ mol-l, ! '' 

2. Obtain the following form of the Gibbs-Helmholtz equation: 

MG 
AG=l:JI+T aT. 

What condition limits the type of change to which this equation may be 
applied? Obtain the following expression for the temperature coefficient 
of the e.m.f. of a galvanic cell 

BE E AH 
aT=T+ zFT' 

3. A cell in which the reaction Pb+Hg1Cl1 =PbC11 +2Hg takes place 
has an e.m.f. at 25 °C of 0. 535 7 V, and this increases by 1. 45 X 

10-' V/ 0 0. Calculate {a) the maximum work available from the cell 
at 25 oc per mol of Ph dissolved; {b) the heat of reaction at 25 oc; 
{c) the entropy change of the reaction at 25 °C; {d) the heat absorbed 
by the cell at 25 °C per mol of Ph dissolved reversibly. 

4. The energy of the radiation which is at equilibrium within an 
enclosure depends only on the volume and on the wall temperature T. 
It is known also that the pressure of the radiation is equal to one·third 
of the energy per unit volume. 

Show that the energy u and entropy • per unit volume of the radiation 
are given by u = a;T' 

•=ta:TI, 
where a; is a constant. [C.U.C.E. Qualifying, 19M] 

t McGlashan, M. L., Chemical Thermodynamics (Academic PreBB, 1979). 
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IS. Prove equation (2·92). 
If a gas obeys the equation ofatate p(v-b)= RT, where b is a constant, 

show that (IN) = _ ~ 0. 
ap • cv+R p . 

[Question modified from C.U.C.E. Qualifying, 1950] 

6. An extended strip of rubber has a length l when subjected to a 
tensile force F. If the volume change on extension may be neglected, 

show that (a~ =F-'I'(aF\. 
aT},. aft}, 

Show that the small temperature rise, liT, which takes place in a slow 
adiabatitt stretching is given by 

liT -f' .!. (a!\ dl 
T- ._c, aT}, ' 

where 10 and l refer to the initial ~d final lengths respectively, and c1 is 
the heat capacity of the rubber at constant extension. 

At moderate degrees of extension it is found that the tensile force at 
constant length is approximately proportional to the thermodynamic 
temperature. Show that (aUjol)'l'=O and point the analogy to the 
behaviour of a perfect gas. [C.U.C.E. Tripos, 1952] 

7. The thermodynamic temperature T and an empirical temperature 
(J are both used in measuring the properties of a substance. 

(a) Show that, providef (iJp/OT)v * 0, 

(:;}, =- v•(!~Laav (~t· 
(b) Show also that (aUjaV)e=O and (aHjaV)8=0 are BUfticient, 

indeJA!ndent and necessary conditions for the substance to obey the 
equation pV=cT. [C.U.C.E. Tripoe, 1952] 

8. With temperature expressed on an empirical scale 6, a gas exists 
for which (8!!\ 

pV=nclJ• and iPie =0. 

Establish from the first and second laws of thermodynamics that for 

any substance (8U\ =~!_ (!!.) .. 
av}, 2 86 61 ,. 

[C.U.C.E. Qualifying, 1952] 

9. The following data, taken from the National Bureau of Standards 
compilation, Selected Values oj Chemical Thermodynamic Propertiu, 
gives the standard enthalpy of formation of hydrogen chloride from ita 
elements at 25 °0 in kg cal mol-1, (Thus the difference between the first 
and third results gives the heat of dissolving l mol of HCl gas in 2 mol 
of water.) Show that the partial molar enthalpy of hydrogen chloride in 
a 10 mol dm-• solution, relative to the elements, is -35.25 kgcalmol-1, 
and that the partial molar enthalpy of water in the same solution, 
relative to pure liquid water, is -0.43 kg cal mol- 1• 
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g -22.063 in 6H1o -37.811 
in 1H10 - 28.331 8H10 - 38.371 

2H10 -33.731 10H10 -38.671 
3H10 - 35.651 50H10 - 39.577 
4H10 -36.691 100H10 -39.713 
tm.o -37.371 ooH;.o -40.023 

10. The diagram refers to the enthalpy relationships of a completely 
miscible binary system at a constant pressure of 1 atm. The mole 
fraction of component B is plotted horizontally from left to right and 
the enthalpy -of the mixture, relative to the pure components in chosen 
reference states, is plotted vertically. Curve CD represents the enthalpy 
of the liquid phase, at its boiling-point, as a function of composition. 
Curve EF represents the enthalpy of the vapour above the boiling 
liquid as a function of its own composition. (Thus CE and DF are the 
enthalpies of vaporization of A and B respectively.) GH and IJ are 
typical tie-lines, i.e. a boiling liquid of composition G is in equilibrium 
with vapour of composition H. 

A feed liquid at a temperature and composition corresponding to 
point K is separated·, by continuous flash distillation, into a residual 
liquid of composition G and a vapour of composition H. Show that 
the heat required, per mole of the vapour, is represented by the 
length PH, where Pis the intersection of the vertical through H with 
the straight line GK. 

£ 

c 

Mole fraction of 8 -
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CHAPTER 3 

THERMODYNAMICS OF GASES 

3•1. Models 

In thermodynamics, as in other branches of science, it is convenient 
tosetupmodelsystemstowhichthebehaviourofrealsystemsapproxi
mates under limiting conditions. The value of this procedure is that 
simple and exact relations may be established for the model, to an 
extent which is impossible for the real systems themselves. These 
relations form a convenient standard against which actual phenomena 
may be compared. 

The important models with which we are concerned are the perfect 
gas, the perfect gas mixture and the ideal solution (gaseous, liquid or 
solid). These may be defined in either of two ways which are entirely 
equivalent: (1) in terms of limiting experimental laws such as the gas 
equation and Raoult'slaw; (2) in terms of expressions for the chemical 
potentials of the various components. These expressions are as foHows: 

a perfect single gas p = p,O + RT In p, 

a perfect gas mixture Pt = P1 + RT ln Pt• 

an ideal solution p,=pt+RTinx,, 

where p0 and p~ are functions of temperature only and p1 is a function 
both of temperature and pressure. The advantage of the second 
procedure is that the mutual relationships of the three models may 
be seen in a much clearer manner. 

3•2. The single perfect gas 

Let p and p0 be the chemical potentials of a pure gas at the pressures 
p and p0 , respectively, and the same temperature T. The gas will be 

said to be perfect if p=pO+RTln pfpo, (3·1) 

where R is a constant. It is convenient to choose p 0 as unity, in the 
same system of units as p. Then the chemical potential at any other 
pressure, p, and the same temperature is 

(3·2) 

and this equation defines the perfect gas. Since it refers to the chosen 
pressure, p0 , pO is a Junction of temperature 01Uy, and it may be called 
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the standard chemical potential (or Gibbs free energy per mole) at the 
temperature T. In the logarithm of (3·2) it is to be noted that p stands 
for pfp-O (where p 0 is unity) and is therefore dimensionless. 

Since (3·2) is an identity it is permissible to equate the partial 
differential coefficients of the left-hand and right-hand sides.t Thus 
from the equation we obtain the pressure and temperature coefficients 
of the chemical potential of a perfect gas 

(ap) =RTdlnp = RT, 
.ap ~ dp p (3·3) 

(3·4) 

Eith:er of these two relations leads immediately to the normal experi
mental criterion of the perfect gas. Now for any single component 
fluid we have from (2·111b) and (2·112b) 

(:t =v, (3·5) 

(8P) = -8 (3·6) 
aT 11 ' 

where v and 8 are the molar volume a.nd entropy respectively. 
Comparing (3·3) with (3·5) we obtain 

V=RTfp} (3·7) 
or pV=nRT, 

where n is the amount of substance (mols) in the total volume V 
of the gas. Our definition of the perfect gas in terms of its chemical 
potential therefore entails the gas W.w (equation (3·7)). 

Similarly, comparing (3·4) and (3·6) we obtain 

dpO 
-s= dT +Rlnp. (3·8) 

Now H =G+TB and therefore, dividing through by n, 

h=p+Ts. (3·9) 

t Compare, for example, the phase equilibrium relation p,,. = p~, which is 
not an identity and holds only at particular pairs of temperatures and 
presaures, in a one-component system. In this instance we cannot write 

a:;=~· but only 

ilp"'dT+ ilp"'d =~dT+~dp. 
CIT ilp .P CIT ilp 
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Substituting (3·2) and (3·8) into (3·9) 

h=p0 +RTlnp+T(-~-Rlnp) 
" dpo dpofT 

=po-T dT = -T2d71' 

which is a. function of temperature only. Similarly 
u=h-pv=h-RT, 

113 

(3·10) 

(3·11) 

and this also is 11 function of temperature only. 'l'lle entha.lpy and 
internal energy of a perfect gas thus depend only on the temperature. 
This may be expressed as 

(3·12) 

The following elementary theorems concerning the perfect gas are 
easily verified: 

(a) The molar heat capacities, c,. and cy, are functions of tem
perature only. 

(b) e,.-cv=R. (3·13) 

(c) The heat absorbed and the work done when an amount n 
(mole) of a perfect gas changes reversibly and isothermally from a 
state 1 to a state 2, are given by 

q=-w=nRT In Pt, 
p., 

v. 
=nRTlnV,. (3·14) 

1 

It may be noted that the definition of a perfect gas, as given above, 
does not imply that the heat capacities are independent of tem
perature. This occurs only in the special case of the mon"'tomic gas. 
However, over small ranges of tempetature, especially in regions where 
the rotational degrees of freedom are fully excited but where the 
vibrational modes are hardly excited at all, it is often permissible to 
take the heat capacities as being approximately constant. Under 
such conditions an important equation may be obtained as follows. 

Since the internal energy per mole is a function of temperature only, 

cv= (:;t = :;. 
or du =cvdT for any change of state. The basic equation 

du=Tds-pdv 
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may thus be rewritten cvdT=Tds-pdv. 

Dividing through by T and using (3·7) 

dT dv 
cv-p=ds-R -;· 

This equation may be integrated directly, because cvis a function of 
temperature only. In particular, ifcvis constant over the range from 
T1 to T1 we obtain T. 

II Vs cvln-=s1-s1-Rln-

or 

Tl vl 

Ta (!!\R/Cy=e<•.-'tliOV. 
T1 v;} 

This equation may be rearranged in terms of pressures by use of 
(3·7) and (3·13) 

(3·15) 

where -y=c,fcv. In the special case of an isentropic change (e.g. a 
reversible adiabatic), the last equation reduces to 

Ptfll=PsVl, (3·16) 

which is to say pv-r is constant along the curve of an isentropic of a 
perfect gas over a range in which 'Y is approximately independent of 
temperature. 

Again, if cv is approximately constant, the work done by a gas in an 
. adiabatic change of state is 

-w= -(U1-U1) 

= -11Cy(T1-T1) 

= -7(ps11z-PtV1). (3·17) 

If the process is reversible (3·16) may be used to eliminate one of the 
four quantities Pup,. v1 and v1 from this equation. 

3•3. The perfect gas mixture 

Certain gaseous mixtures approximate to simple behaviour in the 
· following respects: (a) the gas mixture as a whole obeys the equation 

of state p V = nRT, where n is the total amount (mole) of all sub
stances; (b) two such mixtures are at equilibrium with each other 
through a semi-permeable membrane when the partial pressure is 
the same on each side, for each component which is able to pass 
through the membrane; (c) there is no heat of mixing. The molecular 
conditions which must exist in order that the mixture shall have 
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these properties are the same as in the case of the perfect single gas ; 
namely, the gas must consist of freely moving particles of negligible 
volume and having negligible forces of interaction. 

The above properties may be taken as defining the perfect gas 
mixture. Alternatively, we can proceed as in the previous section and 
put forward a definition in terms of the chemical potential. Pro
ceeding in this manner a gaseous mixture will be said to be perfect 
if the chemical potential of each of its components is given by the 
following relation, in which p7 is a function of temperature only, 

p1 =p~+RTlnp+RT1ny1, (3·18) 

where p is the total gas pressure and y1 is the mole fraction of com
ponent i.t Now since .u7 is independent of composition it retains the 
same value when y1 is brought up to unity. It is thus precisely the 
same as p0 in equation (3·2) and is the value of the Gibbs free energy 
per mole of the gas i in its pure state at unit pressure.t 

The defining equation (3·18) can be put in a more compact form by 
means of the partial pressure p,. Thus 

p1=p7+RT1np1, (3·19) 
where p1:ay1 p. (3·20) 

This choice of definition of the partial pressure makes the sum of all 
the partial pressures equal to the total pressure, even if the mixture 
is not perfect. Thus I;p,= I;y, p=p I;y, =p. (3·21) 

i 

The properties of the perfect mixture are as follows. 

(a) The equation of state. From (3·18) we obtain the pressure 
coefficient of p 1, at constant temperature and composition: 

(8p1) = RTd In p 
op T, ,, , 1 dp 

RT 
(3·22) =-

p 

But for any type of substance there is the general relation (2·111) 

(a"'') = v, 
a.p T, "" "J , 

RT 
and therefore V1 == -. (3·23) 

p 

t The symbol :1:1 is reserved for a mole fraction in a liquid or solid mixture. 
t As in the case of equation (3·1 ), thE' equation (3·18) is more correctly 

written p.,=p.~+RT In pfpo +RT In y1, 

where P 0 is unit preBBUre. 
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Now the total volume of the mixture is given by (2·107) 

V =1:n1V1, 

and therefore, provided that (3·18) holds for all components, as is 
essential if the mixture is perfect, 

RT 
V=:I:n,

p 

nRT 
==--

p 
(3·24) 

where n is the total amount (mols) of all species. The defining 
equation thus ensures that the mixture shall obey the gas law. 

It may be noted from (3·23) that V1 is the same for all components 
and is equal also to V Jn, by (3·23) and (3·24). The pure gas i at the pres
sure p would also have a volume per mole, v1, equal to RTJp. Thus 

V1= Vfn=v1, (3·25) 

and this implies that there is no volume change when the separate 
gases, each at pressure p~ are put together to form a mixture at total 
pressure p (and the same temperature). 

The 'law of partial pressures' is obtained by ellminatingp between 
equations (3·20) and (3·24), 

(3·26) 

where n, is the amount (mols) of species i. This is, of course, the same 
relation as would hold if the gas i were contained in the volume V 
in a·pure state. Thus each component behaves as if no other gases 
were present; Gibbs remarks, 'It is in this sense that we should under
stand the law of Dalton, that every gas is as a vacuum to every other 
gas.' It arises because the molecules all move independently in the 
whole volume of the container. 

It may be noted that (3·20) is true by definition and (3·26) is a 
deduction which holds for a perfect gas mixture. On the other hand, 
some authors use (3·26) as the defining equation for the partial pres
sure and thereby deduce (3·20). The choice is of no consequence as 
regards the perfect mixture, but in the case of imperfect mixtures the 
alternative definitions of partial pressure, (3·20) and (3·26), are not 
equivalent and would imply different numerical values. 

(b) Membrane equilibrium. Consider two perfect gas mixtures, 
Gt and fJ, which are at the same temperature and separated from each 
other by means of a membrane. For each gas i which is able to pass 
through the membrane, the equilibrium relation is (equation (2·53)) 

P.t« = P.tP• 
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Using (3·19), and noting that p~ depends only on temperature, we 
obtain 

RT In Pua = RT In P11 

or p14 = p 11• (3·27) 

At equilibrium the gas i must therefore have the same partial pressure 
on each side of the membrane. It seems that this relation has not been 
very adequately confirmed, although Planckt reported a partial 
verification using a hydrogen-palladium system. It is possible that 
a more complete test of (3·27) could be carried out by use of the 
remarkable zeolites which have been shown by Barrer to act as 
molecular sieves. 

(c) The enthalpy of miring. Equation (3·18) may be written 

0 

~=~ +Rlnp+Rlny1, 

and therefore (ap,f'!J = d,u: JT, 
aT-I p. "'· n; dT 

(3·28) 

Therefore, using (2·113) (3·29) 

The right-hand side is a. complete differential, since p? is a. function 
of temperature only. The partial molar enthalpy H1 of any component 
i of the mixture is thus independent of composition and pressure. It 
follows that H1 remains unchanged as y1 is brought up to unity and in 
fact the right-hand side of (3·29) is equal to -h1fTI, where h1 is the 
enthalpy per mole of pure i at the temperature T ( cf. equation (3·10)). 
Hence 

(3·30) 

and it follows that the total enthalpy, En,H1, of the mixture is equal 
to the total enthalpy of the gases before mixing, prov:ded that they 
are at the same temperature. The heoJ. of mixi719 i8 uru. 

Similarly it can be shown that 

(3·31) 

and there is no change of interna.l energy on mixing at constant 
temperature. 

t Planck, Treotwe em Tllmnodynt~mic.r, tranal. Ogg (Srd ed.: London, 
Longmans Green, 1927), p. 218. Palladium &t a white heat all~ the -.y 
paaage of hydrogen, but not other .-. · 
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(d) The free energy and entropy of ml$ing. Using (2·80) and 
(3·19), the total Gibbs free energy of the mixture is 

(3·32) 

Let it be supposed that before mixing the separate gases were each 
at the temperature T and that their pressures were p;_, p2, etc. Then 
the value of G before mixing is obtained by summing (3·2) over the 
various gases and is 

(3·33) 

Subtracting (3·33) from (3·32) we obtain l::.mG, the increase in Gibbs 
free energy on mixing: 

l::.mG=RTl:n1 ln~. (3·34) 
Pi 

Since l::.mG=l::.mH-Tl::.mS, and by the result of (3·30), l::.mH is 
zero, we obtain l::.mG 

l::.m8= --T = -R~n1ln~. (3·35) 
Pi 

In the special case where Pi =p2 = ... =p~ = p: i.e. where the original 
pressures of each gas are all equal 'to the final pressure p' of the 
mixture (mixing at constant volume), we have 

and thus (3·34) and (3·35) reduce to 

l::.mG= RTl:n1lny1, } 

l::.m8= -R~n1ln y1• 

(3·36) 

(3·37) 

It may be noted that !l.mG is negative and !l.m8 is positive since all 
the y1 are fractions. This is in accordance with the essential irrever
sibility of the mixing process when it occurs at constant volume. 

In another special case where the partial pressures in the mixture 
are all equal to th6 original pressures of the unmixed gases, i.e. where 
p1/Pi = 1, equations (3·34) and (3·35) reduce to 

In this instance the changes in G and 8 due to the irreversible mixing 
process may be said to be exactly cancelled by equal and opposite 
effects due to the reduction in volume of the ·system, which is neces
sary if p 1/ p(= 1 for all components. 
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3·4. Imperfect ~ases 

Gases which are not perfect do not obey the relation (3·2) and 
consequently do not have an equation of state of the simple form 
pv=RT. Up to an atmosphere pressure or more the behaviour of 
most gases and vapours can be represented with fairly good accuracy 
by introducing into the equation an adjustable parameter B: 

p(v-B)=RT. (3·38) 

The quantity B, which has the dimensions of a volume, is usually 
negative at low temperatures, but changes sign at high temperatures. 
For this reason it cannot be correctly interpreted as being propor
tional to the volume occupied by the molecules. 

Larger deviations from the gas law can be represented by means of 
an equation containing a greater number of adjustable constants. 
A typical 'two-parameter' equation is that of van der Waals: 

(p+~) (v-b)=RT, (3·39) 

where the term afv9 has been regarded as an 'internal pressure' 
arising from the attractive forces between the molecules. However, 
this interpretation of the parameter a is intuitive rather than exact 
and (3·39) does not have a sound theoretical basis. 

It is interesting to note that a gas obeying the simpler equation 
(3·38) has an internal energy (hut not an enthalpy) which is a function 
only of temperature, in any region where B is approximately constant. 
Thus using (2·76) 

and applying this equation to (3·38) 

fou) =~- p=O. 
\8v T v-B 

(3·40) 

On the other hand, for the van der Waals gas, as represented by (3·39), 
it is easily shown that 

Large deviations from the perfect gas law may be represented by 
means of the power series 

p = RT (1 +Bfv+Gjvl+ ... ), 
v 

(3·41) 
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where B and 0 are called the· second and third virial coefficients 
respectively and are in general functions of the temperature. Alter
natively, the volume of the gas may be expressed as a power series in 
the preBBure, and this is often more convenient for practical purposes. 

3•5. The Joule-Thomson effect 

A well-known experiment, first carried out by Joule and Thomson 
in the period 1852-62, consists in passing a steady stream of gas 
through ~ thermally insulated tube in which there is a throttle valve 
or porous plug. When the conditions are steady, let p1 andT1 be the 
preBBure and temperature of the gas at one side of the plug and p 1 and 
T1 be the corresponding values at the other side. Let k1 and k1 be the 
enthalpies per mole of the gas under the two sets of conditions. It 
follows from equation (2·8) that 

kt=kz, 

provided that the small changes in the kinetic energy of the maBB 
motion of the gas may be neglected. 

In general there is a change in temperature (T1 =I=T1) whenever the 
gas is imperfect. Since the expansion takes place at constant en
thalpy, this temperature change is appropriately described by the 
JOfi!Rr-Tkomson coeJ!icient, defined as 

(3·42) 

(The coefficient pis not to be confused with the chemical potential.) 
Using the transformation formula 

we obtain (3·43) 

The magnitude of the Joule-Thomson effect is thus determined by 
(8kfop).z. and not by (8uf8vh •. t 

On account of the second law-the existence of entropy as a func
tion of state-the Joule-Thomson coefficient can be related to other 
measurable properties of the gas. Thus from (2·95) 

(!;t =v(1-(%T), 

t Problem. Show that a gas obeying equation (3·38) with constant B has a 
Joule-Thomson coefficient which is not zero, but equal to 

-B/cp. 
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t1 

and therefore, from (3·43) ,a= -(«T-1), (3·44) 
c,. 

where« is the coefficient of expa.nsivity. t 
The Joule-Thomson experiment must be oa.refully distinguished 

from the adiabatic expansion of a. gas in a. piston and cylinder. The 
latter process norma.lly leads to a. cooling, on account of the decrease 
in internal energy consequent on the performance of work. On the 
other hand, the Joule-Thomson effect gives rise to a. cooling only 
when ,a is positive, i.e. when «T> 1. In the oa.se of a. perfect gas ,a is 
zero. In the oa.se of imperfect gases ,a is itself a. function of tempera
ture and pressure and is only positive in certain ranges of these 
variables. This sets a. limit to the possibility of liquefying a. gas by 
expansion through a; throttle. 

Fig. 17 shows the general form of the lines of constant enthalpy of 
a gas.t Along any one of the curves, H has the same value and the 
gradient a.t any point is therefore the value of ,a, in accordance with 
(3·42). The broken line represents the locus of the maxima. of the 
curves, and a cooling effect is therefore only obtainable within the 
region to the left of this locus. It is evident that, at any fixed pressure, 
,a has a positive value only between two limiting temperatures, oa.lled 
the upper and lower inversion temperatures. For example, in the oa.se 
of nitrogen a.t.IOOa.tm. pressure, these are about +277 and -156 oc 
respectively. With rise of pressure these temperatures gradually 
approach each other and become coincident at the point .A of the 
broken curve. This point thus represents the higheat pressure a.t which 
it is possible to obtain a. cooling effect by steady flow through 11o 

throttle. In nitrogen this occurs at about 376 atm and 40' 'C. 
Similarly, the point B is the highest temperature at which a. cooling 

may be obtained. This temperature has a value of about 350 °C in 
nitrogen, but in hydrogen it is -78 °C. In the latter gas the Joule
Thomson effect at room temperature thus gives rise to an increase of 
temperature. In order to liquefy hydrogen by expansion through a 
throttle, the gas must first be precooled to a. temperature below 
-78 °C. This may be done either by use of liquid air or by adiabatic 
expansion of the hydrogen using a. cylinder and piston. 

t It may be noted that (3·44) contains the thermodynamic temperature T, 
together with other quantities all of which are measurable. The equation may 
thus be used for fixing the zero of the thenilodynamic scale. In this way 
Roebuck and Murrell obtained the value -273. 17 °0, in very close agreement 
with values obtained from gas thermometry. For further details the reader is 
referred to Zemansky, Heat and Therroodynamics (New York, McGraw-Hill, 
1968), and to Guggenheim, TherroodynamiCB (Amsterdam, North-Holland 
Pub!. Co., 5th ed., 1967). 

t Only a small number of gases have been studied experimentally but most 
of them seem to have similar curves. See, for example, ·Roebuck and Oster
berg, PhyB. Rev. 48 (1935), 450. 
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3·6. The fugacity of a single imperfect gas 

The perfect gas, as defined by equation (3·2), is one whose chemical 
potential, at constant temperature, is a linear function of the log
arithm of its pressure. In the case of gases which are not perfect it is 
convenient to define a kind of fictitious pressure, called the fugacity, 
to which the chemical potential of the gas bears the same linear 
relationship. 

8 ........ 

\ 

I 

)A 

Pressure 

Fig. 17. Lines of constant enthalpy of a gllB. N.B. The detail 
of the lower left-hand region has not been shown. Here the 
lines of constant enthalpy become very crowded and also 
the dotted curve intersects the vapom· pressure l'urve of 

the liquid. 

Let p be the chemical potential of the pure gas at temperature T 
and pressure p. The fugacity f of the gas is defined by the following 
relations in which p 0 is a function ofT only: 

p = p0 + RT lnf, } 

f/p41 as p40. 
(3·45) 

This limiting relation makes the fugacity equal to the pressure under 
conditions where the gas obeys the perfect ·gas law. Without this 
relation the definition would be incomplete. 
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The qua.ntity p0 is clearly the chemical potential of the gas at unit 
fugacity, since in this case the logarithmic term vanishes and p=po. 
Now for most gases the ratio Jfp does not differ appreciably from unity 
except at pressures greater than atmospheric. Thus, if the units of 
fugacity and of pressure are chosen as atmospheres, the value of p0 

is practically the same as that of the chemical potential at unit 
pressure. 

The fugacity is- a useful function in the study of phase and reaction 
equilibrium, as will be shown in later chapters. It may also be used 
in the computation of the work of expansion or compression of a gas 
in a flow process. As discussed in § 2·4, the maximum shaft work 
which may be obtainedt during the steady isothermal flow of a gas is 
equal to the decrease of its Gibbs function: 

w'= -(G2-G1). 

H the gas in question consists of a single component, then per mole 

w' = - (pz-P.t), (3·46) 
and in the special case where the gas is perfect, the substitution of 

(3·2) in (3·46) givest w' = RTln PtiPa· (3·47) 

H the gas is not perfect, the substitution of (3·45) in (3·46) gives an 
equation of the same form: 

w' = RTln/1//2• (3·48) 
The work of expansion or compression in isothermal steady-flow 
systems may thus be computed by use of tabulated values of f. 

The fugacity is dependent on temperature and pressure, and an 
equation for its calculation from experimental data may be derived 
as follows. For any single component fluid 

(:t=v, 
where v is the molar volume. Therefore 

t For reasons of clarity all of the work terms on this page refer to work 
done by the system, contrary to the I.U.P.A.C. convention of p. iv. 

: This expression is the same as for the total work of isothermal expansion 
or compression of a perfect gas. Whether the gas is flowing or not, the tot.al 

work done by a given maas ofthe gas is w = J: pd V. This may also be written 

w= J: pdV= p 1 V1 - p1 V1 - J: Vdp. 

Consider the application of this equation to a steady flow system; the terms 
Pa v. and P1 V1 represent the work at the inlet and outlet of the system and 
therefore the shaft work is 

t.;~'=-J: Vdp [ =- (G1-G1)]. 

In the special caas of the perfect gas, p 8 V1 = p 1 y 1 and therefore w=w'. 
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[d,a= vdpJT, 

[3·6 

where the subscript denotes constancy of temperature. Similarly 
from (3·45) 

[ d,u = RT d lnflT, 

and thus [RTdlnf=vdplT. (3·49) 

Subtracting RT d In p from both sides of this equation and taking the 
constancy of temperature as being understood henceforth, 

RTdlnf/p =vdp -RTdlnp 

=(v-Rp~ dp, 

or dlnffp= (;T-~) dp. 

Integrating at constant temperature from p = 0 to the particular 
pressure p= p' at which it is required to calculate the fv.gacity, we 
obtain 

In (L) -In (L) = f 1i (~ _ !_) dp, 
p p= p p p=O o RT P 

and therefore, in view of the limiting relation contained in (3·45), 

(3·50) 

This equation gives the fugacity at p' and Tin terms of an integral 
which can be computed from experimental data.. The equation may 
be expressed in a more convenient form by defining the compressi
bility factor 

(3·51) 

and thus (3-50) becomes 

I fp'Z-1 In-= -- dp. 
p' 0 p 

(3·52) 

The ratio// p' may therefore be evaluated either (a) by graphical 
integrationt of (Z-1)/p plotted against p, or (b) by direct integra
tion, if v or Z is known as a power series in the pressure. For example, 
under conditions where (3·38) is a good approximation, the integra
tion is particularly simple: 

I Bp' In-=-· (3·53) 
p' RT 

t The convergency of the integral, and other important aspects of fugacity, 
are discussed by Tunell, J. Phys. Ohem. 35 (1931), 2885. 
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In these integrations, the experimental data. must, of course, refer 
to the aa.me temperature T over the whole of the preaaure range 
0--.fl. 

The ratiof/p ma.y be denoted by x. 
x=l/p, (3·64) 

and ia sometimes ca.lled the actitJity coeJ!icient of the ga.a; a. better 
na.me is fugacity coefficient. The value of this ratio may be regarded 
conveniently a.s a. function of the reduced pressure, pfp0 , and 
reduced temperature, TfT, (where Po and T0 denote the critical 
pressure and temperature, respectively), in accordance with the 
theory of corresponding states. Values of X for a. number of gases 
have been mea.aured, and it was found that the data. could all be 
represented on a single graph, against the reduced temperature and 
pressure, with very fair a.ccura.cy.t 

The fugacity is not to be confused with another idealized pressure 
defined a.a p td. = RT fv. At fairly low pressures, where (3·38) and (3·53) 
are valid a.ndf/p does not differ very much from unity, it is readily 

shown that /ptd.:!::p•, (3·55) 

eo that f and Ptd. lie on opposite aides of the actual preaaure p. 

3•7. Fuaacltles In an Imperfect au mixture 
For the ith component of a.n imperfect ga.a mixture, the fugacity 

f1 ia chosen in such a way a.a to replace the partial pressure in equation 
(3·19). It is therefore defined by the following relations in which py 
is a. function of '1' only: _ 0 + RT In/, } p,-p., ,, 

(3·56) 
f,fp,-+ 1 &8 p-+0. 

In the imperfect mixture it is to be noted that both p.1 a.nd/1 depend 
on the nature and quantities of the other species which are present, 
i.e. they are functions of aU of the partial pressures, a.a well a.a of the 
temperature. 

In equation (3·56) ~~~ has the ea.me value as for the pure gas 
i a.t the aa.me temperature (equation (3·45)). If the mole fraction 
of this component is supposed to be progreBBively increa.aed until it 
becomes equal to unity, the quantity P7 remains unchanged, because 

t The principle of corresponding st~tes has been used extensively by 
Hougen, Watson and Ragatz, Chemical Procest1 Principles, Part II (New York, 
Wiley, 1964). These authors give generalized charts which can be used for esti
mating the corrections to the enthalpy, entropy and heat capacity due to 
deviations from the perfect gas laws. For further discussion of the principle see 
Guggenheim, Thermodynamictl, 1967: Rawlinson, Liquids and Liquid Mi:dures 
(Butterworth, 2nd ed., 1969), and Prausnitz, J. M. MoleCU;lar Thermodynamics 
of Fluid-Pkatle Equilibria (Prentice-Hall, 1969). 
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the fugacity has been defined in such a. way that p~ is a. function of 
temperature only. Therefore it is the chemical potential of pure i at 
unit fugacity. As noted in the last section p~ is not significantly 
different from the chemical potential at 1 a.tm pressure. 

An equation for the calculation of/; from experimental data. may 
be derived a.s in the previous section. From (2·111) 

(op;) . ~ V; 
.ap. 7', fll, fiJ- • 

Therefore, for any change of pressure at constant temperature and 
composition, d _ V: d 

Jt;- i ~· 

Under the same conditions, from (3·56) 
dp1 = RT dIn/;, 

and therefore 

Subtracting RTdlnp1 from both sides 

RTdln(/;/p1)= V;dp -RTdlnp; 

= V;dp -RTdlnp-RTdlny1 

since Y; is constant. 

(3·57) 

Integrating at constant temperature and composition from p =0 
to the particular pressure p =.P' at which it is required to calculate 
the fugacity, and bearing in mind the limiting condition contained 

in (3·56) we obtain fP' ( V; 1) 
In (f,/p;)p=p= 

0 
RT-p dp. (3·58) 

It may be noted that for a perfect gas mixture V1= RT/p, according 
to (3·23). The integrand of (3·58) is therefore zero and the fugacity 
is equal to the partial pressure. 

In order to calculate/; in a. mixture of chosen composition, tem
perature and pressure, experimental values of V; must be available 
over the whole range o{ integration. For example, let it be supposed 
that the mixture in question consists of gases A and B only. At any 
particular temperature and pressure, the partial molar volumes 
VA and VB may be determined, as described in §2·14, by measure
ments of the total volume of the gas in mixtures of several different 
compositions. A repetition at the same temperature and a lower 
pressure will give a. fresh set of values v..~~ an!l VB, and so on over the 
pressure range. If we now pick out the Vltlues of VA which are appro
priate to a particular composition, fA may b~ evaluated by graphical 
integration of (3·58). In this way a set of values off A a.ndfB may be 
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obtained at any chosen temperature and total pressure. H these are 
consistent they must satisfy the Gibbs-Duhem equation. The tem
perature and pressure being the same for the particular set of fugacity 
values, this equation may be written 

or using (3·56) 

:z:A.dl'..t +:z:BdPB==O, 
:Z:..tdlnf..t +:z:BdlnfB==O. 

(3·59) 

(3·60) 

The procedure which has just been described requires such a large 
amount of experimental data on the p, V, T relations of mixed gases 
that it has been carried out in only a small number of examples. t For 
this reason the fugacities of the components of a mixture are usually 
estimated by an approximation method to be described in §3·9. 

3•8. Temperature coefficient of the fugacity and standard 
chemical potential · 

The defining equation (3·56) may be rewritten 
0 

~==~-Rln/1• 
Consider this equation as being applied to conditions of low pressure 
where the fugacity of the gas i becomes equal to its partial pressure. 
Then 0 I 

Pt Pt Rln I -=-- .... T T r.• 
where p; and p; refer to the limiting conditions. Provided that thb 
temperature is the same in each case, p: has the same value in both 
equations, because it is a function of temperature only. 

These equations are identities and can be partially differentiated 
with respect to temperature. Thus 

dp:fT = (ap,f'!j -R(alnf,) (3.61) 
dT oT-}.,,,.,,.1 8T ,,,.,,.,' 

dp:fT = (ap;/'!j -R(alnp;) • (3·62) 
dT 8T -, 11,,., ,.1 8T 11, "'· ,.1 

The final term in the second of these equations is zero. Substituting 
from (2·113) 

dpUT __ H; _ R (a In/,) 
dT - T 8 aT 11,,,,,1 ' 

(3·63) 

dpVT h: 
dT=-pa' (3·64) 

In (3·63) H1 is the partial molar enthalpy in the i.mperfect mixture 
t For more complete details see Prausnitz, loc. cit. 
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where the fugacity is fi· In (3·64) h~ is the partial molar enthalpy in 
the mixture at low pressure and is equal to the enthalpy per mole of 
pure i at low pressure and the same temperature T (§3·3c). Between 
equations (3·63) and (3·64) we obtain 

(& lnfi) = h? -Hi. (3.65) 
&T p, fll, "J RT2 

The pressure coefficient of/; may be obtained in a similar manner: 

(3·66) 

3•9. Ideal gaseous solutions and the Lewis and Randall rule 

· · The perfect gas mixture has been defined in accordance with 
equation (3·18) 

(3·67) 

where p~ is a function of temperature only. The chemical potential 
is thus a linear function of the logarithm of the total pressure, and it 
is because of this that the mixture obeys the equation p V =nRT. 

A much less restrictive model of a gas mixture is one which obeys 
the equation * RTl (3·68) p,=p, + ny;, 

where p~ is a function both of temperature and pressure but is not 
necessarily equal top~ + RT In pin (3·67). t In (3·68) only the depend
ence on composition is made explicit-in particular, the chemical 
potential of i depends only on its own mole fraction Yt• and not on the 
mole fractions of any other components, at constant total pressure 
and temperature. 

A gas mixture for which (3·68) is valid for every component may be 
called an ideal gaaeoua Bolution.t As will be shown below, certain 
mixtures obey this relation fairly accurately at high pressures where 
they do not obey the gas law, p V = nRT. Such mixtures also have the 
property of having a zero volume change of mixing and a zero 
enthalpy of mixing at constant temperature and pressure (provided 
that (3·68) remains valid over the whole range of composition). Thus 
a partial difierentiation of (3·68) gives 

(a"'') (a"'r) 
iJp 2', "" "J = &p 7' • 

t Standard chemical potentials which depend only on temperature are 
denoted p.f, and those which depend both on temperature and pressure are 
denoted p.f. 

l As shown in Chapter 8, the equation (3·68) is also the defining equation 
for ideal liquid and solid solutions. This does not imply, of course, that the 
p· V ·T relations are the same for the three states of aggregation; it is only the 
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The left-hand side is V~ and, since the right-hand side is independent 
of composition, it follows that the partial molar volume is likewise 
independent of composition. v~ is therefore equal to "~· the volume 
per mole of pure i at the same temperature and pre88ure, 

(3·69) 

By a. similar argument H~ = h~. (3·70) 

The equation (3·68) also has an important consequence in regard 
to fugacities in the mixture. Combining (3·56) and (3·68) 

(3·71) 

Now ihe right-hand side is independent of composition, and therefore 
the ratio f~fy~ must remain unchanged as y~ is brought up to unity, i.e. 

~=/:. 
y~ 

or I~=YJ~. (3·72) 

where 1; is the fugacity of pure component i at the same temperature 
and total pressure as the mixture. (This equation may also be 
obtained by noting the identity of (3·50) and (3·58) when"~= v~.) 

Equation (3·72) is also known as Lewis and Randall's rule: in the 
ideal gaseous solution 'the fugacity of each constituent is equal to its 
mol fraction multiplied by the fugacity which it would exhibit as a 
pure gas, at the same temperature and the same total pressure'. t 
Thus the problem of knowing the fugacity of a. component of a mixture 
reduces to the much simpler problem of knowing the fugacity of the 
same ga.s in the pure state. 

The applicability of the ideal solution model (or of the Lewis and 
Randall rule which is equivalent) may be tested on those few mixtures 
whose true fugacities have been obtained directly from (3·58). In 
Gibson and Sosnick'st studies on argon-ethylene mixtures it was 
found that fugacities calculated by means of the rule were not in 
error by more than 20%, up to a. pressure of 50 atm. However, at 
a. pressure of lOOa.tm the error was much larger and was as much as 
100% in certain mixtures.§ The examination of the data. on the 

composition dependence or p1 which is the same. The molecular conditions 
which give rise to the ideal solution (in whatever state or aggregation) will be 
dillouaaed in Chapter 8. 

t Lewis and Randall, Themaodynamica (New York, McGraw-Hill, 1923), 
Chapter XIX. For an assessment of its value see Prausnitz, loc. cit. 

: Gibson and Sosnick, J. Amer. Chern. Soc. 49 (1927), .2172. 
§ Ethylene seems to have a fairly general tendency ~ give rise to large 

deviations from ideality in mixtures with other gases. This may be due to the 
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N1-H11 system by Merz a.nd Whittakert shows tha.t thiS mixture 
obeys the Lewis a.nd Ra.nda.ll rule fairly closely a.nd the errors do not 
exceed 20% at 1000 a.tm. 

:PROBLEMS 

1. Derive equation (3·31) for the entropy of mixing, as applied to 
two gases only, by carrying out a reversible mixing process in the 
apparatus shown in the diagi'&Dl. Piston 1 is permeable only to gas A 
and piston 2 is permeable only to gas B. Initially the two pistons are in 
contact, so that gas A is entirely. to the left and gas B is entirely to the 
right as shown. Finally, the two pistons are at the ends of the cylinder; 
the gases have thus been mixed by passage through the pistons into the 
space between them. 

. 1 2 

2. Show that the partial pressure 1'1 of a component i of the earth's 
atmosphere at a. height h above the earth is given by 

p,=p,o e-MrlltRP, 

where p 10 is the partial pressure. at h=O, and M is the molecular weight. 
What conditions limit the applicability of the equation? 

3. It is desired to make a preliminary very rough estimate for a p}!mt 
producing 790 m•h-1 of nitrogen and 210m1 h-lofoxygen,eachatlatm 
pressure and 20 °0, &om air at the same temperature. Neglecting the 
presence of the rate gases in the atmosphere, calculate the minimum 
amount of power required to operate the process and the corresponding 
amount of heat to be removed. 

4. Obtain the critical volume, critical temperature and critical pres
sure in terms of the coefficients a, band R of the van der Waals equation. 
Obtain a form of the van der Waals equation containing only the reduced 
pressure, temperature and volume together with other pure numbers. 

lJ. Using the van der Waals equation estimate a value for the Joule
Thomson ooeftlcient of nitrogen at 1 atm and 0 °0 given the following 
data: 
'1'0= -147 °0, P 0 =34lJO kPa, c,= 1.031·J K-1 g-1 (at 1 atm and 0 °0). 

fonnation of association complexes arising from the , electrons. Another 
instance of this is discusaed in §6·5. 

t Merz and Whittaker, J. Amer. Ohem. Soc. 50 (1928), 1522. 
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6. Calculate the· fugacity of riitrogen at -100 oc and pressures of 

10 and 50 atm, using the.foUowingvaluea of p VfnRT at -100 °C: 
pfa.tm 0 14 22 30 44 58 68 
z· p VfnRT 1.00 0.96 0.92 0.89 0.84 0-79 0.76 

7. Nitrogen is to be compressed from 10 to 50atm at the rate of 
58 kg h-1, Estimate tile minimum power required for isothermal com
pression at -100 °C (a) if the nitrogen behave&asaperfectgaa; (b) allow
ing far deviations from the gas laws. Why is the work lees in the second 
c&Be and would thie always be tr.ue for a non-perfect gas! 

8. At 20 °C the value of pv fmr o:xyge~~. (in appropriate units) may be 
approxintated at pressures up to 100 atm by the equation 

pv= 1.0'74 15-0.753 X 10-1p-f-O.l50X IO-&p•, 

where p is in atmospheres. Calculate tlie fugaoity of oxygen at. 20 °C 
il.lld 100 a*m. 

9. An ideal gas is expanded from state 1 to state 2. If y, the ratio of 
the specific heats, may be assumed constant, show that 

p 1 vl e-ll.!'r= p 1vl e-11.!',, 

where 8 1 and 8 1 are the entropies in the two states. 
Show that the curve pvY =constant divides the f'" diagram into two 

regions, one of which represents states which cannot be attained in any 
adiabatic expansion or compression commencing from an initial state 
represented by a point lying on this curve. 

[C.U.C.E. Qualifying, 1951] 

10. Show that 

oP-0,= v(:), + (:;L (:~p 
= [ v- (~~) J (!;L = T(:~t (:) ,' 

and distinguish which of the equalities is conditional on the temperature 
being measured on an absolute scale. 

For a. certain gas cp-ev = R, while a.t constant volumep is proportional 
to T. Obtain the general form for the equation of state of the gas. 

[C.U.C.E. Qualifying, 1951) 
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11. (a) Show that 

(b) Isentropic changes of state of a certain gas are represented by 
equations of the fonn ]P=fJT, where oc is a. constant and fJ is a. function 
of the initial conditions only. If 0, is assumed constant show that the 
general form of the equation of state of the gas is 

p[V -J(p)]=a.O~T. 

[C.U.C.E. Qualifying, 1963] 



CHAPTER 4 

EQUILIBRIA OF REACTIONS 
INVOLVING GASES 

4•1. Introduction 

133 

The subject-matter which is included under the above title is 
actually more comprehensive than it might seem, because a reaction 
which involves liquid or solid substances may be regarded, from a 
thermodynamic standpoint, as a reaction between the vapour a of these 
substances. The condition of reaction equilibrium in the vapour phase, 
together with the conditions of physical equilibrium between the 
vapour and the condensed phases, will clearly imply reaction equi
librium between the latter phases themselves. The advantage of this 
point of view is that whenever the vapour phase is approximately 
perfect, the equilibrium constant for this phase can be expressed in 
a particularly simple form. 

4•2. The stoichiometry of chemical reaction 

In the earlier part of this chapter it will be supposed that there is 
only a single independent stoichiometric process in the system of 
interest; the extension of the theory to the case where there is more 
than one will be given in § 4·17. But first we must consider what is 
meant by the number of such processes. 

Consider a system containing hydrogen, chlorine and hydrogen 
chloride molec1,1les, together with hydrogen and chlorine atoms in low 
concentration. Between these species it is seen on inspection that 
there are three independent stoichiometric equations. These may be 
chosen as 

H 1 =2H, 

Cl1 =2Cl, 

H1 + 0111 = 2HCI, 

(A) 

(B) 

(C) 

and the form of these equations is determined by the fact that there 
is conservation of atoms in the chemical processe8. t 

t This is no longer true of nuclear reactions. The way in which the stoiobio
metrio relations are written is always based on a knowledge of what types of 
particles are conserved in the particular process. 
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Of course other equations can also be written but all of them are 

simply linear combinations of (A), (~) and (C). For example, the 

equation Cl+Ha=HCI+H (D) 

may be obtained by adding (C) to (A), followed by subtraction of (B), 
rearrangement and division by two. Therefore there are only three 
stoichiometric processes between the species of interest. These may 
be chosen quite arbitrarily; thus (A), (B) and (D) is an equa.lly valid 
choice. The important point is that three is the number of such equa
tions which are independent. t 

The same point can perhaps be made more clearly without the use 
of chemical equations; in some respects they tend to obscure the iBBue. 
Let &nu1, &nu, etc., be the changes in the amounts (e.g. as. mols) 
of H 1, H etc., during a certain period of time. The conservation 
of the two types of atom, H and Cl, implies the following relations 
between the five &'s: 

~nu+~nuc1 = - 2~nu.. 

~ncr +~nu01 = - 2An01 •. 
Inspection of these equations shows that the fixing of three of the 
A's, say ~nu_. ~n01• and ~HCl• will determine the other two. In brief 
the amounts of only three substances can be varied arbitrarily, &Bd 
it is this, and only this, which is meant by the statement that there 
are three independent stoichiometric processes. 

On the other hand, if the concentrations of hydrogen and chlorine 
atoms were regarded as being too small to be of interest in a particular 
problem, then ~nu and Anc1 are effectively zero and the above 
relations reduce to 

Anu01= -2Anu.= -2An011, 

and therefore the change in any one of these variables determines 
the other two. This is equivalent to the statement that there is now 
only one significant stoichiometric proceBS, namely, (C) above. 

A useful notation is as follows. The chemical equation 
2A +3B=40 (E) 

me.y e.lso be represented 
0==40-2A-3B, 

or, more generally, as 
0== v.M.+ v11M11 + v_M0 , 

where M., etc., are the chemical symbols of the various species and 
v., etc., are stoichiometric coe.fficientll. These &re negative for those 
substances which are on the left of the equation as usua.lly written 
e.nd are positive for those substances which &re on the right. For 

t On the other hand, the number of elementary reactions which is needed 
in order to represent the lrinelic mec1MmiBm of the procesa may be larger tban 
three. For example, it. might. occur that. all four of t.he react.ions (A) t.o (D) 
bave significant. rates. 
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example, in the equation (E) the coefficients are V4 = -2, v6= -3 
and 110 =4, and the stoichiometry is expressed by 

An4 An.6 An0 
-=-=-

Quite generally a single stoichiometric process may be represented 
equally well by the chemical equation 

O=~v,M,, 
or by the algebraic equations 

An0 An6 Anm 
-=-= =--

(4·1) 

The summation in (4·1), or this set of equations, may be taken 
as extending over all species present in the system; however, for any 
which are inert, the corresponding v is zero. 

It may be remarked that the set of equations only represents the 
changes in the amounts of substances if the system in question is 
a closed one; if there is an auxiliary inflow or outflow of substances 
the equations apply merely to the conservation of atoms in the 
chemical changes, and auxiliary equations must be written for the 
conservation in the transfer processes. 

A useful parametert is the extent of reaction, £. Since the quotients 
fln,/v; are equal for all species, the set of equations may be 
written: 

tlna tlnb Llnm A 1:. 
-·=-= ... - =u~, 

lla "b 11m 
(4·2) 

where fle is called the change in extent of reaction. Alternatively 
e may be defined as e=(n;-n;o)fv, where n;o is some reference 
amount of species i, e.g. the amount at the commencement of 
reaction. 

4·3. Preliminary discussion on reaction equilibrium 
Consider the reaction A + B = 20, 

and let it be supposed that at a. given moment during the process 
na, nb and n0 are the amounts (mols) of A, B and 0 respectively. 
The Gibbs function of the system is 

G=naPa+nbpb+ncPc· 

Our present purpose is to give an illustration of the way in which G 
varies during the course of the reaction and in particular to show that 
it has a minimum value at a certain composition. 

For simplicity it will be supposed that the substances are present 

t Munster (loc. cit.) describes [; as an 'internal parameter' of a reacting 
system. 
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as a perfect gas mixture. Using (3·18) the equation above may 
therefore be rewritten 

G=[nc.a:+n11pg+nc.a:+RT(n11 +"-ll+nc)ln p] 
+RT(n11 lny11 +n,Iny,+nclnYc), 

where p is the total pressure and the y's are the mole fractions. Now 
the square bracket is the value of the total Gibbs function of the three 
gases if each existed in a separate vessel at the prestmre p. The 
remaining term on the right-hand side is therefore a free energy of 
mixing (cf. equation 3·37). 

If the system before reacting consisted of, say, 1 mol each of A 
and B, then at the given moment 

"-ll=nc, 

nc=2(1-n11). 

Therefore n11 and nc can be eliminated from the last equation to give 

G= [n11(.tt:+ J4) +2(1-n11) .a:+2RTin p] 

+2RT[n11 ln!n11 + (1-n11) In (1-n11)]. 

In this expression the p0's are properties of the pure components, and, 
if the temperature is constant, they do not change during the course 
of the reaction. Thus, at constant temperature and pressure, G is a 
function of the single variable n 11, which is capable of variation 
between I and 0. 

If lihe pressure is chosen as being, say, unity, the equation can be 
rearranged to give 

G-2.a:=n11(.tt: +J4-2.a:) +2RT[n11 ln!n11 +(1-n11)ln(1-n11)]. (4·3) 

The left-hand side is the amount by which the Gibbs free energy of the 
reaction system exceeds that of two mols of 0, when there are still 
n11 mols of A left in the system. Of course this falls to zero when 
n11 =0, corresponding to complete conversion to O.t 

It follows that (G-2.a:> can be plotted as a function of n11 for a 
given value of the quantity (.a:+.ag-2.a:), which can be determined 
experimentally. A typical plot is the curve PTS of Fig. 18, and it 
will be seen that there is a considerable range of compositions for 
which the value of (G-2.a:) is negative, i.e. compositiona for which 
the free energy of the mixture i8 even smaller than if there were complete 
conversion into the reaction product. 

The characteristic shape of this curve is due to the second term in 
equation (4·3) which, it has been mentioned already, represents a free 
energy of mixing. (In fact, if this term were not present the value of 

tIt may be noted that when n.,=l, the right-hand aide of (4•3) has the 
value p.:+pg-2p.:+2RT In 0·5. The last term, which has a negative value, 
is due to the free energy of mixing of A with iJ before e.ny reaction hae 
occurred. The student is advieed to work out Problem 1 on p. 177. 
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'(G-2;u~) would be given by the straight lineRS and would thus fall 
continuously with increasing degree of reaction.) 

The important point is that the curVe of the Gibbs function of a. 
homogeneous phase in which there is a reaction always shows a 
minimum; its existence is due to the fact that the orea.tion of a 
mizture is a.n irreversible process a.nd gives rise to a. free-energy 
decrease of mixing. For let it be supposed tha.t A a.nd B were com
plelily converted into C. The end-sta.te of the system would therefore 
correspond to point S on the dia.gra.m. However, a.s soon a.s this 
complete conversion had taken pla.oe, it would be poBBible for the 
va.lue of G to fa.ll to a.n even lower value T, if some of the C were to 
diBBooia.te a.gain, on a.ocount of the free energy of mixing of C with the 
A a.nd B which would result from this dissociation. 

R -'f"ii'·----------,----

~ 
·~ 
z 

.5 I 
X I 
Eoa 
0'0 
~:; I 
'-'< lo.,. 
U ..._ I ::( 

50 ·~ to• 
,:::t. 
IO+~ 
1::(. 

I 
I 

I 
I 
I 

-------- _______ J ___ _ 

T 
1.0 -n. O.S 0.0 

Fig. 18. Gibbs function of a reacting system. 

As discuBSed in §§ 2·4 a.nd 2·8 the most stable sta.te of a. system, if 
it is held a.t consta.nt temperature and pressure, is the one for which 
G ha.s its lea.st value. In ·the example under discuBBion the equili
brium composition therefore corresponds to the point T. The position 
of this minimum is determined by the value of the term (p: + J4- 2p:) 
in equa.tion (4·3) which represents the difference of free energies of 
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reactants and products in their pure states. On the other hand, what 
might be caJled the 'driving force' of reaction, tending to ma.ke the 
system approach this minimum, is determined partly by this differ· 
ence but also by the additional free energy of mixing, as discussed 
above. 

In all cases the lowest value of G never occurs either a.t absolutely 
zero or at absolutely complete conversion. The term 'irreversible' as 
applied to a. reaction is merely descriptive and implies that a reaction 
proceeds to such a degree that the residual amounts of unchanged 
reactants are almost immeasurably small. In such a case the minimum 
.value of G could not be represented at all conveniently on a. diagram. 

The position of the minimum may be obtained by differentiation 

of (4·3) and by putting (aG) =O. (4·4) 

Ono T,p 

A more general but entirely equivalent procedure for finding this 
minimum is as follows. For the reaction system as a whole 

dG= -SdT+ Vdp +p0 dn0 +pbdnb+.Uodn0 • 

On account of the stoichiometry of the reaction dnb and dn0 may be 
expressed in terms of dn0 : 

and therefore - dno = - d~ = ldnc, 
dG= -SdT+ Vdp+(p0 +p,-2p0)dn0 • (4·5) 

At constant temperature and pressure, G has its minimum value when 
8Gf8n0 =0 and therefore when 

~+~=~. ~~ 

This is therefore the condition of reaction equilibrium and is seen to 
be of the same form as the chemical equation 

A+B=2C, 

with the chemical symbols of the compounds replaced by their 
chemical potentials. · 

It will be noted that the derivation of (4·6) does not imply any 
assumption with regard to the system being a perfect gas mixture; 
it is a condition of equilibrium which is applicable to any state of 
aggregation. However, if it is now assumed that each of the sub. 
stances A, B and C has a chemical potentiR.l of the form appropriate 
to a perfect gas mixture, then it may ·be readily verified that (4·6) 
gives rue to precisely the same equilibrium composition as is obtained 
by minimization of (4·3). 

Prior to the attainment of equilibrium if 

Po+ l'b > 2Pc• 

then it is evident from (4·5) that 8Gf8n0 is positive or 8Gf8n0 is neg&· 
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tive. The formation of C therefore causes. the Gibbs function of the 
system to diminish, and the reaction thus proceeds from left to right 
of the chemical equation. Conversely, if the direction of the inequality 
is changed, the reaction proceeds from right to left. 

In conclusion, it may be useful to give fresh emphasis to remarks 
already made in §2·8 to the effect that a minimum value of G (or F) 
implies a compromise between the effect of the attractive forces on the 
one hand and of 'randomness' on the other. Since G = H-TS a low 
value of G will occur if the value of H is small and if the value of TS 
is large. Consider in this connexion the simple ·reaction 

Cl1 =2Cl. 

Now small values of H will be attained when there is little or no dis
sociation. This is because the combination of chlorine atoms to form 
molecules is an intrinsically exothermic process, on account of the 
attractive forces. On the other hand, the largest value of the entropy 
will occur when there is almost complete dissociation; this gives rise 
to two particles having random translational motion in place of the 
single original one.t 

The equilibrium degree of dissociation, which minimizes H-TS, 
thus occurs as a. compromise between the effect of the molecular 
forces, which favour the formation of 0111 with decrease of enthalpy, 
and the tendency of the system to attain maximum 'spread', which 
favours the existence of free atoms. 

Moreover, the effect of an increase of temperature will clearly be to 
increase the degree of dissociation. The temperature rise is equi
valent to an increase in the energy content of the system, and this 
increment of energy will be most completely 'randomized' within the 
system if, in addition to a mere heating of the two species, it causes 
reaction to be displaced in the direction corresponding to an uptake 
of energy, i.e. towards chlorine atoms. Thus the increase of tem
perature causes the composition to change in the endothermic direc
tion (cf. Le Chatelier's principle). 

4·4. Concise discussion on reaction equllibrium 

In the previous section the special case of the reaction A + B = 20 
was discussed. We shall continue to suppose that only a single reaction 
takes place in the system, but it will now be written in the generalized 
form (4·7) 

t This effect is counterbalanced to some extent by the disappearance of 
the randomness of the vibrations and rotations of the chlorine molecules. 
However, the energy levels for the latter types of motion are much more 
widely spaced than for translation and therefore a given amount of energy 
can be distributed over them in a much amaller number of ways. 
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a.s discuBBed in §4·2. This equation implies the algebraic equalities: 

dn11 dnb dn,. d i: 
-=-= ... =-= s 
v11 vb Vm 

It follows that the change of G in the system can be written 

dG=-SdT+ Vdp+14adn11+ •• ·JLmdnm 

=-SdT+ Vdp+(v11p.11+ .. . vmJLm)de 
and therefore 

(4·8) 

(4·9) 

The negative of the quantity I: v1p; has been called by de Donder 
the affinity of the reaction. As is !"vident from the discussion near 
the end of §4·3, the affinity must be positive if the reaction is to 
proceed spontaneously from left to right of the chemical equation 
as usually written, and it must be negative for reaction in the reverse 
direction. 

The condition of chemical equilibrium is obtained by minimizing 
G with respect to e' at constant temperature and preBSure, i.e. by 
putting 

(4·10) 

This is the most general condition of the equilibrium of a. single 
reaction and is applicable whether the reactants and products are 
solids, liquids or gases. It is to be noted that it is obtained from the 
chemical equa.ticn (4·7) simply by replacing each chemica.l formula. 
by the corresponding chemica.l potential. 

4•5. The equWbrium constant for a gas reaction 

We consider first of all a. reaction in a. perfect mixture.t For each 
component of such a. mixture, as in equation (3·19), 

p, = p? + RT1n p,, 

where P7 is a. function of temperature only. Substituting in (4·10) 
we obtain 

-RTI:lnp~•=Ev,p?, 

ort -RTiniTp~•=Ev,,t;f. (4·11) 
( 

t As shown in §3·3c, in a perfect mixture there is zero enthalpy of mixing 
and this may seem incompatible with the existence of a heat of 1'!3action. 
However, the zero enthalpy of mixing applies orily when there is conservation 
of the mole numbers; thus in the reacting system the result (3·30), H,=h,, 
remains true, but the total enthalpy of the system, H = En1H 1 changes during 
the reaction on account of changes in the n;. Only if the reactants and products 
were mixed in their equilibrium proportions would there be no. heat effect. 

~~' t The symbol II stands for a continued product. Thus II :~:1 = :~:1:~:.pa:~:,. 
' (=1 
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H we define K,=ITP:', (4·12) 
then (4·11) may be written 1 

-RTlnK,=I:v,,u?. (4·13) 
The right-hand side of this equation is a function only of tempera

ture. Therefore the quantity K,., called the equilibrium constant of 
the reaction, is also a. function only of temperature. In brief the above 
theorem shows that there exists a certain function of the equilibrium 
partial pressures which ha.s a constant value, a.t a. given temperature, 
whatever are the individual values of these partial pressures. 

For example, in the reaction A +B=20 we have V0 = -1, v11= -1 
and 110 = +2, and therefore from (4·ll)t 

pi 
-RTlnK,= -RTln-0-

PaP• 
=2.a:-.u:-.u:. (4·14) 

It may be noted that the equilibrium constant, as conventionally 
defined, contains in the numerator the partial preJsures of those sub
stances which are on the right-hand side of the chemical equation, a.s 
usually written, and in the denominator the partial pressures of 
those substances which are on the left-hand side of this equation. 
Notice also that equilibrium C011.8tants are always dimensionless and 
this is so even in the case of reactions such as A+B=O where 
the number of molecules changes. This is because of (3·1); the 
standard pressure p 0 has subsequently been taken as unity and has 
therefore not been included explicitly in the equilibrium constant; 
in ~act each p1 in K 11 is really a ratio Pifp0• 

The significance of K,. may perhaps be seen more clearly when it is 
brought to mind that there is a.n infinite number of sets of chemical 
potentials and partial pressures which satisfy the condition of 
reaction equilibrium a.t a. given temperature Let p1 and p1 be members 
of one such set and let ,a; and p; be members of another set. For the 
first set 

and for the second 

Thus I:v1p1= I:v,,u;, 
and therefore, using (3·19), 

RT'E.v1 In p 1 = RTI:v; In p;, 

or 11 p:'= 11 p;"'= 11 p:"'= ... = K,. 
i I i 

t The student should verify that (4·14) is equivslent to the minimizing of 
(4·3), when the partisl pre81l1l1"911 are expressed in terms of mole numbers. See 
Problem 1 on p. 177. 
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This shows, perhaps more clearly than in (4·11), that the product of 
any set of equilibrium partial pressures, each to the power of the 
appropriate stoichiometric coefficient, is a constant at any particular 
temperature. 

Turning now to the case of the imperfect mixture the chemical 
potentials must be expressed in terms of fugacities in place of partial 
pressures. Using (3·56) p, = p~ + RT Jnf,, 
and substituting in the general condition of equilibrium (4·10), we 
obtain -RTJnK,='I:v,p~, (4·15) 

where K1=llf~'· (4·16) 
t 

For reactioils in imperfect mixtures it is therefore K1, rather thanK,, 
which is the true equilibrium constant, in the sense of being a function 
of temperature only. It is, of course, entirely permissible to continue 
to define K,=flp~', 

t 

but it is a quantity which is no longer independent of pressure or 
composition. The numerical difference between K, and K1 is often 
quite large at elevated pressures, as in ammonia synthesis. 

Consider now the quantity 'I:v;p~ which occurs in (4·13) and (4·15). 
As noted in §§ 3·3 and 3·7, the p0's are the free energies per mole of 
the pure components at unit pressure (or at unit fugacity in the case 
of the imperfect mixture). The quantity 'I:v;p~ may thus be called 
the atandard change of free energy in the reaction at the temperature T. 
It is often denoted~~. 'I:v;p~=~~. (4·17) 

For example, if the reaction is 

A+B=20, 
~()0 has the significance 

~~=2p:-p~-pg. 

where 2p: is the Gibbs free energy of two moles of 0 at unit pressure, 
etc. ~G~ is therefore the increase in G when 1 mole of A and 1 mole of 
B, each at unit pressure, are completely converted into two moles of 0, 
at unit pressure, at the particular temperature under discussion. 

Collecting together equations (4·13), (4·15) and (4·17), 

- RT 1n K, = I:v;p~= ~~. 
-RT1nK1 =I:v;p?=A~. 

(4·18) 

(4·19) 

The equilibrium constants of all reactions between a set of compounds 
can therefore be calculated if the relative values of the p 0's of these 
compounds are known. In any of these r~actions a high degree of 
conversion from left to right corresponds to a value of Kp (or K1) 
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which is large compared to unity and, in such cases, aa~ must be 
negative. But even when aa~ is positive there is always some conver
sion of the reactants, as discuBBed previously. 

The relative values of p.0 are usually tabulated in the literature at 
a standard preBBure of 1 atm. With this convention it follows that the 
partial pressures which appear in K11 should also be expressed in atmo
spheres.t In the case of an imperfect gas mixture the quantity p.0, 

as discussed in §3·7, actually refers to unit fugacity. However, for 
most gases and vapours this differs very little from the value at 1 atm 
because deviations from the perfect gas laws are small in the range 
0-1 atm. In using (4·19) to evaluate K1 it is usua.lly a. sufficiently good 
approximation to use the tabulated p.0 's at atmospheric pressure. 
For the sake of comparability with other thermodynamics texts it 
may be added that if the equation p.1=p.f+R'l' lnfi had been 
substituted in (4·9) [rather than in (4·10), as has been done] we 
should have obtained 

(FJGfo~)T ,=I:v,P-i=I:v,p.f+RT In Tin' 
• i 

and therefore at any stage of reaction, including nonequilibrium 
conditions, 

aGT=aG~+RT In Tin' 
i 

where aGT:s I:v1p.1• This is the negative of de Donder's affinity and 
of course is zero at equilibrium. It is is to be noted however that 
(4·16) applies only when the/1 refer to a. set offugacities at chemical 
equilibrium - i.e. when aGT is zero. 

4•6. The temperature dependence of the equillbrlum constant 

In equations (4·18) and (4·19) KP and K1 necessa.rily refer to the 
temperature T and so also do the p.0's. The extent to which the 
equilibrium constant varies with temperature is readily obtained in 
terms of the heat of reaction. 

Equation (4·18) may be written 

1 ("'0) lnKp= -R:tv, ~ , 
and ita differentiation gives 

d 1n K p __ .!_ ~ d(p.7/T) 
dT - R "'v' dT ' 

Substituting from (3·29) and (3·30), 
dlnKp 1 
~== RT•:tv,h,, (4·20) 

t Of course the partial pressures could readily be expressed in 81 unite 
provided that a numerical foetor were included in (4·18) imd (4·19) to allow 
for the fact that a standard pressure of 1 atm = 101 . 325 kPa. 
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where h, is the enthalpy per mole of pure i at the temperature T, and is 
a function only of temperature. The term I:v,h1 is clearly the increase 
in enthalpy, liH, when the reaction takes place from left to right. 
It is the negative of the heat evolved when reaction takes place at 
constant temperature and pressure, provided that volume change is 
the only form of work. Thus (4·20) may be written 

dlnKp liH 
~= RTZ' (4·21) 

and this is known as van't Hoff's equation. t 
Similarly in the case of an imperfect gas mixture, a differentiation 

of (4·19) and substitution of (3·64) gives 

dinK, ..,._1_I:v,h' 
dT RT2 

liB' 
5 RT2' 

(4·22) 

where h~ is the t>nthalpy per mole of i at a pressure low enough for 
the gas to approach perfection and liOO is the corresponding enthalpy 
change in the reaction. In the application of (4·22) it is usually a 
satisfactory approximation to use the values of the molar enthalpies 
of gases at atmospheric pressure, as tabulated in the literature. 

It may be noted that the differentials in (4·21) and (4·22) are com
plete differentials because KP and K1 are functions only of tem
perature. These equations may be used either to calculate liH from 
the measured temperature coefficient of the equilibrium constant, 
or alternatively, if liB is known, to calculate the equilibrium constant 
at one temperature from a knowledge of its value at some other 
temperature. 

Over small ranges it may be assumed, as an approximation, that 
liB is independent of temperature and therefore 

In KPI= liB (2.- 1_\. 
K 91 R T1 TJ 

For the purpose of integration over an extended range it is not satis
factory to assume that liB, or even lie,, is constant. The procedure 
for integration is as follows. 

The molar heat capacity at constant pressure is 

(ah,) 
8T f1 =cf1,. 

t The physical significance of the equation, which implies that K, increases 
with temperature in endothermic reactions, may be considered in relation to 
the remarks at the end of §4·3. 
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For the present purposes this may be written as a complete differential 
because the Tl1 and"' which appear in equations (4:·20) and (4:·22) refer 
to the gas i in a state of perfection where the enthalpy is independent 
of pressure (§ 3·2). Therefore 

d.AH d 
dT 5 dT (:Ev,h,) 

(4:·23) 
which is Kirchhoff's equation. 

The heat capacities of esch of the pure gases i are usually expressed 
in the literature as empirical power series in the temperature:t 

c,.1=a1 +b1T +c1TZ+ .... (4:·24:) 

The use of the first three terms of this series is usually sufficient. 
Therefore from (4:·23) and (4·24:) 

~ =:Ev1(a1+b1T+c1TI), 

and the integral of this is 

AH-AH0=:Ev1 (a,T+ 6•;'1 + c,~). 

(4:·25) 

(4·26) 

In this equation, AH0 is simply a.n integration constant; it might be 
interpreted as the heat of reaction at the absolute zero if (4:·24:) 
continued to remain valid down to this temperature, but this is not 
usually the case. 

Substituting (4·26) in (4·21) 

Rdln:K,. /lll0 :E (a• b1 c1~ 
dT 'J'I + 111 T+2+3}' (4:·27) 

and the integration of this equation gives 

RinK,.=O-~0+:Ev, (a,InT+ 6'{ + c,~), (4:·28) 

where 0 is a. second integration constant. A similar relation can be 
written for K1• 

Combining equations (4·18) and (4·28), we obtain a.n equation which 
gives a~ 88 a function of temperature: 

( b1T 1 c1~ 
a~=:Ev1p'= -0T+Illl0 -:Ev1 a1TlnT+ 2 +--if}. (4:·29) 

t For data on several gases- Spencer et al., J . .<tmer. O'Mm. Soc. 56 (1934), 
2311; J.Amer. O'Mm. Soc.M (1942), 21111; J. Amer. O'Mm. Soc.67 (19411),18119; 
J. R. Partington, An Adva71Ced Treatise on Physical Ohemiaery, vol. 1, p. 807 
(Longman&, 1949); and K. A. Kobe et al., articles in Petroleum Refiner, 1949 
omvarda. 
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This equation could also have been obtained by integration of the 

relation d(~OI-/P) AH 
dP - pa, (4·30) 

which follows from (3·29). 
The equations (4·26)-(4·29) may be used in a variety of ways. For 

example, if measured values of x. are available at fairly widely 
spaced temperatures it is possible to evaluate both of the integration 
constants Jlll0 and 0. For this purpose (4·28) may be rearranged 
a.s follows: 

( biT ciP8) flH0 
RinK.-:Evi ailnP+2+6 =0-----p. (4·31) 

A plot against 1/T of the experimental values of the left-hand side 
of this equation should therefore be a straight line, if the data are 
consistent. The value of M 0 may be obtained from the gradient and 
0 from the intercept. fl~ at any desired temperature, e.g. 25 °C, 
may then be obtained from (4·29). 

Alternatively, if there is available a value of llil, for example at 
25 oc, the value of M 0 may be evaluated from (4·26). The constant 
0 may then be obtained from (4·28) by use of only a single measure
ment of x., a.s a minimum requirement. 

Of course these equations can only be applied over the range of 
temperatures for which the power series (4·24) is valid, with constant 
and known values of a,, b, and c,. 

4·7. Other forms of equilibrium constant for perfect gas 
mixtures 

For the reaction 

in a. perfect mixture, the equilibrium constant bas been defined in 
(4·12): 

For the ith component we have, by (3·26), 

p1=n1RPJV 

=c1RP, 

where c1 is the molar concentration. Therefore 

(4·32) 

K,=(RP):t''TI c~•. (4·33) 
I 

H we define a. new equilibrium constant, Ka, in terms of the con-
centrations, · 

Ka=TI c~•, (4·34) 
i 
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the relation between Kc and K, is evidentlyt 

K. = K ,(RT)-l:VI. 
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(4·35) 

This equation shows that K., like K,, depends only on temperature, 
and the magnitude of its dependence may be obtained from (4·35) 

and (4·20): dinK. dinK, ~~~~ 
---cw- = dr-T 

1 ~~~-
= RT2~v,h4- T• 

1 = RT2 ~v,(h1 -RT). (4·36) 

Now for a perfect gas, the internal energy, enthalpy and volume per 
mole are related by 

=h1-RT. 

Therefore (4·36) may be written 

dlnKc 1 
dT= RT~~v,u, 

t::.U 
= RT2 ' 

(4·37) 

where t::.U is the change of internal energy in the reaction and is the 
heat absorbed when reaction occurs at constant temperature and 
volume. It may be noted that KP and Kc become equal when 
"I:v;=O, as in reactions of the type H 2 +Cl2=2HCI. 

Another equilibrium constant may be defined in terms of mole 

fractions: K,=llY~'· (4·38) 
4 

Since y, = p, fp, where p is the total pressure, the relationship between 
K 11 and K, is given by 

K,= rr (p,Jp>v• 
= P -Ev•n P~' 

4 

= p-'E.vtK,. (4·39) 

The equilibrium constant K 11 therefore depends on the pressure as 
well as on the temperature, and for this reason is less useful thanK, 

t F<ft example, for the reaction 2A+3B-=4C, I:v1= -2-3+4= -1, and 
~ ~ . 

K(sy8=RTK,. 
c.c6 
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for application to gas reactions. On the other hand, it is one of the 
most convenient forms of equilibrium constant for application to 
liquid and solid mixtures. Because of the small molar volumes of 
condensed phases their equilibria are very insensitive to changes of 
p~ure, in accordance with the relation 8p-f8p = V1 .• 

4•8. Free energies and enthalpies of formation from the 
elements 

Consider the following reactions, in each of which one mole of a 
compound is formed from its component elements: 

iNa+fH11 =NH8, 

!Na+i01 =NO, 

H1 +i01 =H20. 

From measured values of the equilibrium constants the values of 
fl.(}O may be calculated by use of equation (4·18). H the temperature 
to which this calculation refers is, say, 1000 K, the result is denoted 
ll.P?ooo and is called the standard free energy of formation of the par
ticular compound at 1000 K. The word 'standard' refers not to any 
particular temperature, but to unit pressuret of 1 atm for each 
of the pure reactants and products. However, by use of (4·28) or 
(4·29), the value of fl.1~ may be reduced to a reference temperature 
and this is usually chosen as 25 °C. The result is then called the stan
dard free energy of formation at 25 oc and is denoted fl.,PB98, which 
is an abbreviatio~ for ..11Gg98•15• These figures always refer to 1 g 
formula weight (i.e. 1 mol) of the compound in question. Thus if 
we write 

NHa (g), .fl.~9s= -3976 cal moi-1 

it is meant that the formation of 17.033 g of gaseous NH8 at 1 atm 
pressure, from gaseous hydrogen and nitrogen each at 1 atm pressure, 
would be accompanied by a decrease of G of 3976 cal. The extent to 
which these conventions may need modification if any of the elements 
or compounds are not gaseous at 25 oc and 1 atm (as in the third of 
the above reactions) will be discussed in §4·10. 

Consider now the reaction 

4NHa+ 501 =4N0+ 6H10. 

The value of fl.(}O for this reaction will have the same value whether 
it occurs directly as written, or as a process involving several steps. 
This is because G is a function of state, and its change in any process 

t More correctly unit fugacity, but see §4·5. Although in the Sl system 
the unit of pressure is the Pascal (or N m -•), most existing thermodynamic 
data continues to refer to a preBBure of 1 atm= 101.325 kPa. 
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depends only on the initial and final states. Now the reaction can be 
written as compounded of the three reactions already discussed: 

4NH8 =2N2 +6H1 

2N2 +202 =4NO 

6H2 + 302 = 6H20 
-----

4NHa + 502 = ~1'{0 + 6H20 

The value of AG~ for the overall process is therefore 

AG~= -4Ap~(NH3)+4Ap~(N0)+6Ap~(H10), 

where A1G~(NH3), etc., denote the standard free energies offormation 
of the compounds. 

From this example it will now be clear that A~, and therefore 
also the equilibrium constant, may be calculated for any conceivable 
reaction provided that the free energies of formation of the various 
compounds are already known. This property of additivity applies 
also, of course, to internal energies, entropies, etc., and in the case of 
the enthalpies it is known as Hess' a law. 

It is to be noted that we do not assert that the Gibbs function or 
enthalpy of the elements is zero. This may be adopted as a convention, 
if it is desired, but it is quite unnecessary and is often misleading. 
The reason for choosing the elements against which to refer the values 
of G and H is because the atoms remain unchanged in chemical 
reactions (excluding nuclear reactions). However, it is clearly neces
sary to specify the physical state of the elements in question; for 
example, the above figure for the free energy of formation of NH3 

refers to its formation, not from atomic nitrogen and hydrogen, but 
from the stable molecules N11 and H 11 • In general, the reference state is 
the normal condition of the element-gaseous, liquid or solid-as it 
occurs at 25 "C and 1 atm. 

In place of a list of standard free energies and enthalpies of forma
tion, it is equally satisfactory to tabulate the standard entropies 
and enthalpies of formation because at any particular temperature 

AP= A,H -TAtS. 

4·9. Some examples 

The following examples have been chosen, not so much for the pur
pose of exemplifying the most recent or most accurate data, but in 
order to illustrate some of the approximations which must often be 
used in the application of the equations of§§ 4·5 and 4·6. 



150 Principles of Chemical Equilibrium [4·9 

(a) The free energy of formation of nitric oside. In the work 
of Briner, Boner and Rothent air was heated in a vessel to a tem
perature of 1873 K for a time sufficient to approach equilibrium in 
the reaction 

Samples of the gas were rapidly cooled and were allowed to remain in 
contact with concentrated potassium hydroxide solution for a day. 
The nitrite and nitrate which were formed were subsequently esti
mated. The volume percentage of nitric acid which is in equilibrium 
with air at 1873 K was thus found to be 0.73-0.85%, the mean value 
being o. 79 %· 

Air contains 78.03% N2 and 20.99% 0 2• The mean composition of 
the equilibrium gas must therefore have been 77.63% N 2, 20.59 % 0 2, 

0.79% NO. Hence 

The enthalpy of reaction is known to be 

fl1H=21 600 cal mol-1 

With regard to the heat capacities there seems to be no accurate data. 
on nitric oxide at high temperatures. However, N 2, 0 9 and NO are all 
diatomic molecules and may be expected to have almost equal heat 
capacities at any particular temperature (see § 12·12). Since there is 
no change in the number of molecules when reaction takes place, it is 
reasonable to suppose that Acp is small or zero. With this assumption 
it follows from equation ( 4·23) that AH is approximately independent 
of temperature. 

Using (4·28) we obtain 

RlnKp=O- 21600 , 
T 

and substituting Kp=l.98x 10- 2 at T=l873 K, it is found that 
0=3. 7. Finally, from (4·29) 

apg9s=-3. 7x298.16+21600 

= 20 500 cal mol-l 

the standard free energy of formation of nitric oxide at 25 °0. By 
an independent spectroscopic method, to be described in Chapter 12, 
Giauque and Claytont obtained a value of !lpg98=20 650 cal moi-l 

It may be remarked that in some earlier experimental work Nernst 
had found the equilibrium percentage of NO in air at 1877 K to be 

t J. Ohim. Phys. 23 (1926), 788. 
! Giauque and Clayton, J. Amer. Ohem. Soc. 55 (1953), 4875. 
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only 0.42%, about half the value used in the above calculation. If 
this figure had been used the value of ~1GU98 would have been cal
culated as 20 850 calfmoi-1, which is very little different from the 
value based on Briner's experiments. This is a good example of what 
Lorentz (in a different context) called 'l'insensibilite des fonctions 
thermodynamiques ', and it arises from the logarithmic relation 
between KP and ~G0• Conversely, in order to make a close estimate 
of K" it is necessary to have available very accurate values of aao. 

(b) The free energy of formation of N011 and N110 4• Having 
established the free energy of formation of NO, it is now possible to 
calculate the value for N02 ~utilizing the experimental results of 
Bodenstein and Katayama on the equilibrium of the reaction 

NO+l02 =N02• 

The calculations were carried out by Lewis and Randall. The heat 
capacities of NO and N02 were not available, but were assumed to be 
equal to those of 0 2 and C02 respectively, on account of similarities 
in molecular structure. Equation (4·28) was used and the constants 
0 and AH0 were evaluated as described in §4·6. They obtained 

NO+l02 =N02, AGg98 = -8930cal moi-1 

Combining this with the value, 20 500 cal, for the free energy of 
formation of NO, we obtain 

lNa+01=N02, ~pg98=11570 cal mol-1• 

This figure is therefore the standard free energy of formation of N02 

at25 °C. 
By utilizing the data on the equilibrium of 

2N02 =N20,, 

it now becomes possible to calculate the free energy of formation of 
N20 4• The process by which a table of standard free energies is built 
up needs no further elaboration. 

(c) Ammonia synthesis equilibrium. This example is chosen in 
order to illustrate the necessity of using fugacities in the case of 
high-pressure gas reactions and also to show the use of the Lewis and 
Randall rule. The follcwing discussion is based on Dodge. t 

At 450 oc the experiments of Larson and Dodge gave the values of 
KP=PNH,IPi,Pl. shown in Table 4. It is evident that the deviations 
from constancy of K" increase rapidly as the pressure is raised above 
lOOatm. 

t Dodge, Ohemical Engi;nu;ring Tllemwd~ (New .York, McGraw.BilJ, 
1944). 
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Total pressurefatm 
K,.x lOS 

TABLE 4 

[4·9 

The true equilibrium constant for imperfect gas mixtures is not 
K, but K1• By using the fugacity coefficient, Xi=!t/Pi• K1 may be 
expressed in the form f 

K,=~ 
ft.Jl. 
PNH. XNHa =-.--t
PN.P~. XN.Xl. 

K XNH, 
= "TT' 

XN.XII. 
Let it be assumed, for purposes of trial, that the mixtureN 2-H2-NH3 

behaves as an ideal gaseous solution, equivalent to assuming that it 
obeys the Lewis and Randall-rule, equation (3·72). This rule may be 
expressed /i ~~ 

Pi=p 

or 

where the left-hand sides of each equation refer to the mixture and 
the right-hand sides to substance i in its pure state at the same 
temperature and p1'El,88ure as the mixture. 

As discUBBed in § 3·6 the values of x; for a. considerable number of 
pure gases can all be represented by approximately the same function 
of the reduced temperature and preBBure. The critical data of hydrogen, 
nitrogen and ammonia. are given in Table 5, and these will be used, 
together with Newton'st graph, to estimate the fugacity coefficients 
of these gases. 

TABLE 5 

H, N, NHa 

T 0 /K 3:1.2 126.0 406 
Pcfatm 12.8 33.6 111.6 

Consider the ammonia synthesis equilibrium at 450 oc (723 K) 
and 300 atm. The reduced temperaturest and preBSures are as given 
in Table 6, together with the interpolated values of x' from the graph. 

t Newton, Inclustr. Engng Ohe:n. 27 (1935), 302. 
t In thecaseofH1 andHeNewtonusesasreduced t-emperatureT,=T/(T0 +8) 

and as reduced pressure P,=P/(P0 +8). 
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TABLE 6 

Ha Na NH1 

Tr 17.53 5.73 I. 78 
Pr 14.4 8.94 2.69 
x' 1.09 l.l4 0.91 
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At 450 oc and 300 atm the value of Kp from Table 4 is 8.84x 10-8• 

The value of K" as estimated by use of the Lewis Randall rule, 
is therefore , 

8 0 . 91 
K1 =8.84x 10- x l f 

1.14 X 1.09 
=6.6x 10-8 

Proceeding in the same way with the other figures from Table 4, we 
obtain the values of K1 given in Table 7. These are seen to be nearly 
constant up to 300 atm. The assumption of the ideal solution model 
therefore represents a considerable advance on the supposition that 
the mixture is perfect. 

Total pressurefatm 
K, X lOS 

TABLE 7 

4·10. Free energies of formation of non-gaseous substances 
or from non-gaseous elements 

As defined in § 4·8, the standard Gibbs free energy of formation of 
a compound at 25 °0 is the increase in G when 1 mol (1 g formula 
weight) of the substance at 1 atm pressure is formed from its 
elements, each at 1 atm pressure. The question arises whether any 
modification needs to be adopted when the substance in question, 
or the elements from which it is formed, are not in a stable gaseous 
state at 25 °0 and 1 atm. This can best be discussed by use of an 
example, and we shall take the case of the free energy of formation 
of water. 

At sufficiently high temperatures water vapour is appreciably 
dissociated (e.g. about 1 % at 2000 K) and measurements on the 
equilibrium of the reaction 

Hs+lOs=HaO(g) 
were made by Nernst, Langmuir and others. Using experimental 
results of this kind, together with the available data on the heat 
capacities, Lewis and Randall used equation (4·29) to obtain AG' a.s 
a function of T: 

A1G~=3.92T-57 410+0.94T In T+1.65x I0-3:1'2-3. 7 x I0-7T3 • 
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In this equation if we put T=298.16 K we obtain 

.:lpg98=-54 507 cal mol-1• 

This is therefore the valuet at 25 °0 of 

.u¥r.()(p)-.ut.. -l.u~ •• 

[4·10 

and it refers specifically to gaseous water at 1 atm pressure. This is 
because the result has been obtained by extrapolation from the high
temperature data. and because K, for the reaction has been expressed 
in atmospheres. 

I 
I 
I 

-----:-------- -----------'P 

23.8 -----

Temperature/°C. 100 

Fig. 19. Vapour presaure of water. 

Thus whenever the above equation for .:l,G0 is applied to a tem
perature below 100 °C it refers automatically to a metastable state 
where the water vapour is supersaturated. However, the free energy 
of formation of water in its stable state as a liquid at 25 °C and 1 atm 
may be readily calculated by considering a change of state in three 
successive steps. 

A diagrammatic representation of the vapour pressure of water is 
shown in Fig.19; the stable state to the left of the curve is liquid and 
to the right is vapour. The metastable vapour state to which the 
figure .:l1Gg88= -54 507 refers is marked P. Consider the isothermal 
expansion of one mole of this vapour from the pressure 760 mm to 
the pressure 23 .8 mm (point Q) at which it would be in stable equi
librium with liquid water at 25 °C. Using the relation (2·111b), 

t A more recent value is -54 636 cal mol-1• 
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(opfop)-r=v, and assuming the water vapour to be a perfect gas, we 
obtain for the change of G in this process 

6.G= vdp =RTln-J23·8 23.8 

?eo 760 

= -2053cal mol-1 

The second step is the condensation of the vapour at 23.8 mm and 
25 oc to give liquid water at the same temperature and pressure. 
Since this is a phase change at equilibrium there is no change of G 
(pg=p}, as shown in §2·9b). 

The final step is the compression of the liquid water from 23.8mm 
to the standard pressure of 1 atm. In this process the change of G is 
negligible. Thus J760 

6.G= vdp, 
23·8 

where vis now the molar volume of liquid water. Its value may be 
taken as I8 cm3 and independent of pressure. The value of the integral 
is thus 

6.G = I8 (760- 23.8)/760 = I7 cm3 atm mol- 1 

which is equivalent to a mere 0.43cal. It may be noted as a general 
result that a change in preBBure of a few atmoBphereB ha8 a negligible 
effect on the free energy of a condenBed pha8e, on account of its small 
molar volume. 

As a. result of these calculations we can now obtain the free energy 
of formation of liquid water at 25 oc and I atm: 

H 2 +!02 =H20 (g, latm), ll,P= -54 507, 
H 20 (g,"Iatm) =H20 (g, 23.8mm), 6.G= -2 053, 
H20 (g, 23.8mm)=H20 (l, 23.8mm), 6.G=0, 

H20 (l, 23.8mm) =H20 (l, 1 atm), 6.G= 0.43 

Thus adding the equations 

H 2 +!02 =H20 (l, 1 atm), 

.1pg,8 = -56 560 cal mol- 1 

Exactly similar considerations apply if one or more of the elements 
from which the compound is formed is solid or liquid at 25 oc and 
1 atm. In general, the values of the standard free energies of formation 
which are quoted in the literature are equal to the increase in G when 
I g formula weight of the substance in question is formed from its 
elements at 25 oc, the substance and the elements each being in their 
normal stable states at 1 atm pressure. Similar considerations apply 
to the enthalpy change of reaction. 
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4•11. Preliminary discussion on reaction equilibria involving 
gases together with immiscible liquids and solids 

We now consider chemical reactions in which one or more of the 
products or reactants is a. solid or liquid. In the present chapter the 
discussion will be limited to cases where each of these solids or liquids 
is present in the system a.s a. pure phase, i.e. when they do not take 
into solution appreciable amounts of the other components. Under 
these conditions the free energy of mixing, which has been shown to be 
a.n important part of the 'driving force' of reaction, is limited to the 
gaseous phase. (The discussion of the case where there is a.n additional 
free energy of mixing in the condensed phases depends on a. know
ledge of the chemical potentials in solutions and will be deferred to 
Chapter 10.) 

Examples of the type of reaction under discussion are 
ZnS + f0 2 = ZnO +8011, 

Ca.C03 = Ca.O + C011• 

Now every substance has a. finite vapour pressure and therefore the 
reaction equilibrium may be thought of as being established in the 
gaseous phase, according to the principles already discussed. If the 
various solids or liquids which take part in the reaction are in phase 
equilibrium with their va.pours, there will be reaction equilibrium 
throughout the entire system. 

For example, in the second of the above reactions, the condition 
of reaction equilibrium is 

Pcaco, = Pcao + Pco1• ( 4·40) 
The conditions of phase equilibrium for the oxide and carbonate 
between their solid phases and their va.pours are 

PcaCOa<lll = Pce.COacal• 
PcaOitll = Pcaoca1• 

In equation (4·40) it is therefore immaterial whether Pcaco1 and Pcao 
are taken to refer to the solids, or to the va.pours in equilibrium with 
these solids. 

Consider the second of these alternative ways of regarding the 
problem. If the gaseous phase is assumed to be a. perfect gaseous 
mixture, then we can write, in accordance with (3·19), 

PCaCOallll = .U~aC031111 + RT In Pce.C01 • 

together with similar equations for the Ca.O and C02• Substituting 
these in (4·40) we obtain the equilibrium constant in its normal form: 

RTI Pce.oPco. 0 o. o 
- n = Pce.Oct~l + Pco1 - Pce.C01ct~l' 

Pce.co, 
(4·41) 
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Therefore K, :/ca.oPco, (4·42) 
Pca.co, 

is a function only of temperature. 
Now the quantities P~a.O(g) and P'ba.COa(g) which appear in equation 

(4·41) refer to highly metastable states, that is, to gaseoUB calcium 
oxide and carbonate each at 1 atm pressure. To be sure these quantities 
are calculable (by the methods of §4·10), but only if the vapour 
pressures of the oxide and carbonate are known, and in many 
instances of this type of .. reaction the vapour pressures may be 
immeasurably small. 

This difficulty may be avoided by noting that the pressures Pca.o 
andpca.co which occur in (4·41) are the aaturation vapour preaaurea, 
because of the supposition of phase equilibrium. These terms there
fore have fixed valuea at any particular temperature.t Therefore it is 
possible to remove these particular terms from K, and to define a 
partial equilibrium conatant, K~, which does not contain them. Thus 

K , K Pca.COs 
,=;Pco.= "---, 

Pcao 

and this has a definite value at any particular temperature.t 

(4·43} 

The value of K~ may be expressed in terms of standard free energies 
by returning to (4·40). As mentioned previously it is immaterial 
whether Pca.co, and Pcao are taken as referring to the solids or to 
the vapours of the carbonate and oxide. We now adopt the first of 
these alternatives and in equation (4·40) 

Pca.C08 = Pcao + PC(•• 

we substitute Pco1 =p~01 + RTlnpc01 , 

but no longer make the corresponding substitution for the oxide and 
carbonate. Hence 

Pcaco, = Pca.o + P'bo. + RT In Pco1 

or -RTlnK~=Pca.o+P~o.-Pca.co,· (4·44} 

In this equation only the term p~0 refers to the standard state of 
1 atm; the terms Pca.o and Pca.co, refer to the chemical potentials of 
solid oxide and carbonate at the particular pressure p of the reaction 

t These statements are correct only because CaO and CaC08 do not form 
with each other a solid solution, i.e. there is no free energy of mixing in the 
condensed phases. Also it ma.y be noted that vapour pressures are affected 
very slightly by the total pressure on the system, as will be discussed in Chapter 
6. This dependence of Peao a.nd Peaco, on the total pressure is equivalent to the 
pressure coefficient of the chemical potential of a condensed phase, as discussed 
in the present section, and is quite trivial. 
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system. However, it will now be shown that these quantities may 
usually be taken as equal to the chemical potentials of solid oxide 
and carbonate respectively at unit pressure. Let these latter quantities 
be denoted .U~a.O<sl and P~aco31,1 (and these are to be distinguished 
from the quantities appearing in (4·41)). Now since the calcium oxide 
is present in the system as a pure phase, and not as a solution, we 
have from (2·1llb) (·~ ) cJPcao 

-~- = VcaO• ( 4·45) 
up T 

where Vca.o is the volume per mole. Integrating this equation at con
stant temperature and disregarding any change of Vcao• 

Pcao- P~a.O<sl = VcaoC.P - 1) • (4·46) 

where p is the pressure of the reaction system. 
As noted in the calculations on water in §4·10, this kind of integral 

is usually trivial compared to the free-energy change of the reaction. 
For example, Vcao=16.5 cm3 mol-1, and therefore at 100 atm 
1-Lcao-P.~O<•> has a value of only 40 cal mol-l. Similar considera
tions apply to the calcium carbonate. Thus, provided the pressure p 
is not excessive, (4·44) may be written as follows with negligible 
error: 

- RT InK~= P~aO<sl + P~o1 -P~aCOs<•>· (4·47) 

As compared to (4·44), the useful result has been to obtain quan
tities on the right-hand side of this equation which refer to the stable 
states at unit pressure. These standard chemical potentials may be 
replaced by the standard free energies of formation at the appropriate 
temperature, in accordance with the discussion of§ 4·8. 

It follows from the above that K~=Pco1 is a function only of tem
perature to a normally sufficient degree of approximation. In 
particular, it is independent of the quantities of calcium oxide and 
carbonate which are present in the system (providen that at least 
some of each of these solids is present, as otherwise there would not 
be an equilibrium). 

Let it be supposed that Pco1 is below its equilibrium value K~, 
for example, by means of a current of hot air as in limestone burning. 
This would result in complete reaction from left to right of the equation 

CaC03 = CaO + C02• 

Conversely, if Pco1 were maintained above its equilibrium value, the 
oxide would be completely converted into the carbonate. 
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4·12. Concise discussion on reaction equilibria involving gases 
together with immiscible liquids and solids 

The discussion of the preceding section will now be presented in 
more general terms. For a reaction 

N 

I; v,M,=O, 
i=l 

involving N species, the condition of equilibrium is 
N 

~ V;}t;=O, 
(=1 

and this is applicable to phases in any state of aggregation. In this 
equation there is evidently no need to substitute any more relations 
of the formt _ 0(T) + RT 1 }t;-P; np,, 

than is desired or is found convenient. Let it be supposed that the 
substances 1 ton are present in the gaseous phase only, whilst the 
substances n + 1 toN are also present as solids or liquids. The condition 
of equilibrium may then be written 

n N 
I; V;}t;+ I; V;p,=O. (4·48) 
i=l i=n+1 

In this expression we make the substitution in terms of partial 
pressures (or fugacities if the vapour is not perfect) only for the 
substances l to n. This gives 

" n N 
RT ~ lnp~•+ ~ V;P~ + ~ v,p,=O. (4·49) 

i~1 i=1 i=n+l 

Defining the partial equilibrium constant 
,. 

K~= fip~t, (4·50) 
(=1 

the equation (4·49) may be written 
i=n N 

-RTlnK~= ~ v,p~+ ~ v,p,. (4·51) 
i=l i=n+1 

The first term on the right-hand side refers to the standard chemical 
potentials, at the temperature T, of those substances which are present 
only in the gaseous phase and whose partial pressures are contained 
in K~. The second term refers to the chemical potentials of all the 
remaining substances, and these chemioal potentials are the values 
as they actually occur in the reaction system, that is, at a. particular 
pressure, composition and temperature. 

t The notation pf(T) means that pf is a function only of T. 
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So far no assumption has been made with regard to the various 
solids and liquids, substances n+ 1 to N, being present in a pure 
state. If this assumption is now made, each of the p, which occur 
in the second summation of (4·51) is a function of temperature and 
pressure only and is independent of the composition of the system. 
Thus for each of the substances n+ 1 toN we have 

(a"'.) ap' T=v,, (4·52) 

where v, is the volume per mcle. As shown by a numerical example in 
§4·11, the integral of (4·52) between unit pressure and the pressure p 
of the reaction system is usually quite trivial. It follows that each 
of the P,; in (4·51) may be replaced by p~, the chemical potential of 
the pure liquid or solid at unit pressure. Equation (4·51) may there
fore be written N 

-RTlnK~= l:: II;Jl~=LlG~. 
,=1 

(4·53) 

the term on the right-hand side being a summation of the standard 
chemical potentials of aU the substances in their normal stat~s of 
aggregation at unit pressure and the temperature T, and is equal to 
the corresponding summation of the standard free energies of for
mation at this temper&.ture. 

The above theorem shows that, to a satisfactory degree of approxi
mation, K~ is a function only of temperature and also that its value 
may be calculated from the free energies of formation of the various 
substances at the temperature T. The temperature coefficient of 
K~ is the same as in equation (4·21) and the precess of extrapolating 
from one temperature to another, or of utilizing the tabulated free 
energies of formation at 25 °0, is the same as was discussed in § 4·6. 

It is perhaps worth discussing in more detail the significa.nce of the 
assumption that the various solids or liquids a.re each present as pure 
phases. If this were not the case it would not be possible to neglect the 
difference between p, and p~ for these substances, as ha.s been done above. 
For example, in the reaction 

Ca.C08 = Ca.O + C08, 

let it be supposed that the calcium oxide and carbonate a.re miscible with 
each other and form a. solid solution. Then, in B'idition to their depend
ence on pressure and temperature, Po.o and Jlc.K:o1 will also depend on 
the mole fractions of the two components of the solution, and this ma.y 
be quite a. large effect. It gives rise to a. free energy of mixing in the 
condensed phase, and in such instances it is quite inappropriate to use 
a. pa.rtia.l equilibrium constant. Instead it is necessary to adopt a. different 
procedure, involving the thermodynamics of solutions, as will be described 
in Chapter 10. 

In general, it ma.y be remarked that whenever a. reaction ta.kes place 
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in a mia:ed phase, the chemical potentials of the various components of 
this phase modify themselves during the course of the reaction on account 
of the change in composition. For example, in the perfect gas mixture 
the chemical potential of a component is related to its partial pressure 
by the relation 

and is infinitely negative for zero Pt· There would therefore be an infinitely 
large 'driving force' in any gas reaction which tends to raise this partial 
pressure above zero. 

A similar effect occurs in solutions. In general, in any mixed phase the 
magnitude of the 'driving force', -!:.VtPt• alters during the course of the 
reaction because the p's are themselves dependent on the composition. 
As discussed in § 4·3 there is always some composition, short of complete 
conversion, at which the driving force falls to zero and gives rise to a. 
state of equilibrium. 

On the other hand, in a. process such as the dissociation of calcium 
carbonate, the two solid phases are practically immiscible and their 
chemical potentials depend only on the temperature (and to a very slight 
extent, the pressure). These potentials are therefore unable to modify 
themselves as reaction proceeds. The condition of equilibrium is 

Peaoo1 = Pcao + Pco1 • 

and if the pressure of the C01 is maintained at such a value that 

Pc..oo1 > Pcao + Poo, • 
the carbonate will disappear entirely. Conversely, the oxide will be com
pletely lost if the C01 pressure is maintained above equilibrium. Such 
reactions have an 'aU-or-nothing' character. 

In brief, whenever a pure solid or liquid phase participates in a 
reaction it may disappear entirely, and this is because its chemical 
potential is not affected by the composition of the system. On the 
other hand, the concentration of a component of a mixture cannot 
fall to zero, since this would give rise to an infinite driving force 
tending to form this substance. 

4·13. Example on the roasting of galena 

For the purpose of illustrating the principles discussed above it is 
of interest to calculate the equilibrium constant of the reaction 

PbS+ f02 = PbO + 802, 

at a temperature of, say, 800 K. 
The free energies of formation at 25 °0, and the enthalpies of for

mation at 18 oc are as follows: 

S01(g) 
PbO(s) 
PbS( a) 

a1o~., 

-69 660 
-44 900 
-18 000 

/!;'/H~et 
-70 920 
-52 060 
-22 300 
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Assuming the gas phase to be perfect, the partial equilibrium constant 
is K~ = Pso1!p!_, 
and its value is given by (4·53): 

- RT InK~= .U~bo + .U~o1 -Phs- f.U~1 • 
At 25 oc, using the data on the free energies of formation, we obtain 

-RinK'= - 96560 = -324 
p 298 . 

Equations for the molar beat capacities of a number of gases have 
been collected by Spencer.t The equations for oxygen and sulphur 
dioxide are 

Oil, c,.= 6.148+3.102x 10-ST-9.23 x IQ-7T2 cal K-1 moJ-1, 

SOil, c,. = ll.895 + 1.089 x I0-3T-2.642 x 105fT2 cal K - 1 mo}-1 

In order to illustrate a useful approximation we shall assume that the 
beat capacities of the lead compounds are not available and instead 
apply Kopp's rule.t This states that the molar heat capacity of a 
solid compound is the sum of the atomic heats of its component 
elements (6.4 caiK-1 mol- 1 for most elements). With this approxi
mation the heat capacities of the lead oxide and the lead sulphide 
clearly cancel. 

Noting that the last term in the heat capacity equation for S02 is 
in T-2, the equation analogous to (4·26) is 

fl.H -M0 =T(1l.895-f x 6.148)+!T2 x 10-3(1.089-f x 3.102) 

+ f X tT3 X 9.23 X 10-7 + 2.642 X 105T-1 

=2.673T-1.782 X IQ-3T2+4.61 X 10-7T3+2.642 X IQ5T-1. 

From the data on the enthalpies offormation we have fl.H = -100 680 
cal at T= 291.15 K. Substituting in the last equation we obtain 
.6.H0 =-102 230 cal moi-1. Van't Hoff's equation, 

RdlnK~ fl.H 
dT T 2 ' 

can therefore be put in the form 

Rd~~K~ !0~~30 + 2·~3 - 1.782x I0-8+4.61 x I0-7T 

+ 2.642 x 105T-8 

t Spencer and Justice, J. A mer. Chem. Soc. 56 (1934), 2311; Spencer and 
Flannagan, J. A mer. Chem. Soc. 64 (1942), 2511; Spencer, J. A mer. Chem. Soc. 
67 (1945), 1859. 

f This rule is also known by the names of Woestyn and Neumann. For a 
diacussion of its basis see § 13·9. 
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This may be worked out as a definite integral between the limits 
298.16 and 800K. Using the value RlnK;=324 at T=298.16K 
we finally obtain 

K~= 101''at 800 K. 

It may be concluded that reaction from left to right of the equation 

PbS+ f08 =PbO +808 

is essentially complete at 800 K. For example, if oxygen were heated 
with an excess of lead sulphide, the partial pressure of oxygen would 
fall to a value given by (p80,/102&)f. Alternatively, if the oxygen 
were in excess, the lead sulphide would disappear entirelyt, even 
though the concentration of sulphur dioxide in the gaseous phase 
enormously exceeded the concentration of oxygen. 

It is instructive to consider the reverse reaction. In principle, if a 
steady stream of pure S01 were passed over lead oxide, it would be possible 
in time to achieve a complete conversion to lead sulphide. However, the 
concentration of oxygen as an impurity in the inflowing 801 would need 
to be less than one part in (1014)1, if the S01 were at latml 

As far as the roasting of galena is concerned it may be remarked that 
the above is not a complete discussion, because alternative products 
such as lead sulphate and metallic lead need to be considered. By 
utilizing the known free energies of these substances it may be established 
by similar reasoning that the main products of reaction at 800 K are 
lead oxide and lead sulphate. 

4·14. Measurement of the free enerl\y of reaction by use of 
1\alvanic cells 

Four important methods of measuring the free energy of reaction 
are as follows: 

(a) the direct measurement of equilibrium constants as discussed 
above; 

(b) the determination of the e.m.f. of galvanic cells; 
(c) the measurement of the spacing of molecular energy levels by 

spectroscopy; 
(d) the use of the 'third law'. 
The third and fourth of these methods will be discussed in Part ill. 

The present section is concerned with a short outline of the method 
based on the galvanic cell. 

The essential aspect of the cell is the fact that the equilibrium 
composition of the reaction system is not the same as it would be in 
the absence of a potential difference between the two electrodes; if 
the potential difference is E the reactants and products come to a 

t Always assuming that the lead oxide and lead sulphide are not mutually 
soluble. 
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certain sta.te of equilibrium, whereas if the cell is short-circuited 
they come to a quite different state of equilibrium. This state of affairs 
is in no way contrary to the correctness of the relation Ev1p1=0, but 
arises from the fact that electrons participate in the reaction process 
as it occurs in the cell. Whenever the cell is on open circuit the 
electrons in the one electrode do not have the same chemical potential 
as those in the other electrode, and this difference of chemical poten
tial can exist only because the liquid phase of the cell is a very poor 
eledronic conductor. The existence of the e.m.f. thus depends on the 
cell being in a state of metastable equilibrium as regards the internal 
pa.ssa.ge of electrons. 

These points will be made clearer in § 4·15. For the moment it ma.y 
be remarked that the important feature of the cell is simply this: 
it is possible to discover what value of the potential difference across 
the electrodes will cause a.ny arbitrary compoBition of the chemical 
system to be a. state of equilibrium. 

As a.n example we consider the reaction 

!H11 (g, 0.9 a.tm) + HgCI (B) = HCI (g, 0.01 atm) + Hg (l). 

This process could be carried out electrochemically in a cell in which 
one of the electrodes consists of mercury covered with a. layer of solid 
mercurous chloride. The latter is in contact with a solution of hydro
chloric acid of a concentration such that its partial pressure of 
hydrogen chloride is 0. 01 a.tmt Dipping into the acid is a piece of 
platinum (or other inert metal) and hydrogen, a.t a partial pressure 
of 0.9 atm, is released as gas bubbles in close proximity to the 
platinum to form the hydrogen electrode. 

The cell is represented symbolically in the sequence of the electrical 
contacts: 

Pt, H1 (0.9 atm) I HCI (0.01 atm) HgCII Hg; E198=0.011 0 Y, 

where each vertical line represents an interface betweeen the phases. 
E818 is the measured potential difference across the electrodes at 
25.00 °C when the cell operates reversibly (the current flowing 
through an externa.l circuit being infinitesimally small). This rever
sible potential difference is called the electromotive force (e.m.f.). 

Convention. The cell is written in the above sequence, and not in 
the reverse, on account of a generally accepted convention; the 
electrode at the right-hand side is the one which would tend to 
become positively charged if the chemical reaction were to take place 
spontaneously, i.e. without opposing potential difference. 

t The cell reaction is here regarded aa involving gaseotuJ hydrogen chloride 
in equilibrium with ita aqueous solution. This is for· reaaona of simplicity since 
the atandard states of substances in solution have not yet been diacUIIIIMI. 
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Now, in the above reaction, the direction of spontaneous change is 

from left to right; that is, the pa.rtia.l pressure of 0.9 a.tm of hydrogen 
is greater than would be in equilibrium with a. pa.rtia.l preBBure of 
0.01 a.tm of hydrogen chloride, together with mercury a.nd mercurous 
chloride, if there were no electrical constraints. Thus, if the cell were 
short-circuited, the reactions 

lH2 -.H++e, 
H++HgCI-.HCl+Hg+, 

Hg++e-.Hg, 

would Octl1ll" a.t the hydrogen electrode, in the body of the solution 
a.nd a.t the mercury electrode respectively. The first a.nd third of these 
would give rise to a.n exceBB of electrons on the platinum a.nd a. deficit 
of electrons on the mercury. The latter electrode would thus become 
positively charged. It ma.y be noted that a.s soon a.s the above con
vention ha.s been adopted there is no further need to state the direc
tion of the potential difference, a.nd the e.m.f. is a.lwa.ys taken a.s 
being positive. 

Let it be supposed that the cell performs work by driving a. current 
through a.n external circuit under reversible conditions, the rate of 
flow of electricity being vanishingly small. Over a. certain period of 
time let dn mole of hydrogen pass into solution as ions. In order 
to preserve electroneutralityt in the system, dn mole of Hg+ ions 
a.re simultaneously discharged a.t the mercury electrode, a.nd a. corre
sponding amount of electricity flows through the external circuit. 

As discussed in §2·5b 
-dG=-dw'=zFEdn, (4·54) 

a.nd in this equation z ma.y be taken a.s the valence of a.ny ion of which 
dn mole paBB from left to right through a cross-section of the cell. t 
dG is the change in the Gibbs function of the entire system including 

t Even a very small disparity in the number of positive and negative ions 
would give rise to an enormous coulombic force tending to restore electro· 
neutrality. According to Schriever and Reed (Naeure, Lond. 165 (1950), 108) 
the disparity between the number of positive and negative ions in an electro
lyte solution does not exceed one in 10', even when an appreciable current 
passea through the solution. 

t Suppose that the cell reaction is such that the two electrode processes are 
iH1-+H++e and Zn1++2e=Zn, the latter involving a divalent ion. Then one 
zinc ion is discharged for every ewo hydrogen ions passing into solution. Thus 
dna=2dnz... Also zu+=izz0a+. Thus the expression zFEdn is the same for 
both ions. If the electrode reactions are iH1-+H++e and iC11 +e-+Cl-, then 
for dn hydrogen ions passing from left to right, dn chloride ions pass from 
right lo ZeJt, i.e. -dn chloride ions pass from left to right. Also Za-= -zu+• 
since t must be taken as negative for negative ions. Thus the expreasi.on 
zFE dn is again the same for both ions. 
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the external circuit, but, since the latter is unchanged, dG is simply 
the change in G of the reactants and products in the chemical process. 

In the reaction in question dn mole each of mercury and hydrogen 
chloride a.re produced, and dn and tdn mole of mercurous chloride 
and gaseous hydrogen respectively are used up. Therefore, at con
stant temperature and pressure, we have from (2·61) 

dG = (pBg+ PuCl-Psac1- iPu1) dn. (4·55) 
Between the last two equations we obtain 

I'Bg + I'BCliO.Ol atm1-PBaC~-lPu.<o.t atm1 = - zFE, (4·56) 

and z is + 1 in the reaction in question. Inserting the numerical values 
E=O.OllO V and F=23 052 cal v-1, we obtain 

.1.0818=-254 cal mol-l (4·57) 

where ll.Gm is merely a symbol for the left-hand side of (4·56) at the 
particular temperature (and is not ll.~ea>· n is the increase in the 
Gibbs function of the ~ystem when half a mol of gaseous hydrogen 
at 0. 9 atm completely reacts with 1 mol of solid mercurous chloride 
to give 1 mol of liquid mercury and 1 mol of ga.seoust hydrogen 
chloride at 0.01 atm. The negative value of ll.G corresponds to the 
fact that this reaction takes place spontaneously, in the absence of 
any potential difference. This is consistent with the convention. 

In (4·56), Puc and Pug01 may be taken as equal top~ and PlaCJ.• 
even if the quoted e.m.f. refers to the cell operating at a pressure 
somewhat different from 1 atm; this is because the free energy of 
condensed P.hases is insensitive to pressure, as discussed a.lre1,1,dy in 
§§ 4·1 0 and 4·11. 'fhe chemical potentials of the hydrogen and hydro
gen chloride may be corrected to atmospheric pressure by assuming 
that they a.re perfect gases. Thus from equation (3·2) 

Pl1 =Pu1<o.eatm1 -RTln0.9 

=pu.<o.eatm> +62cal mol-l 

Pl01 = PBCl!O,Olatml - RTln 0.01 

=JLBCl<O.Oiatml. +2730cal. mol-1 

Combining these equations with (4·56) and (4·57) we fina.lly obtain 
the Btandard change in free energy in the reaction 

iH1 (g,1 atm)+HgCl(B)=HCl (g, 1 atm)+Hg(l), 

ll.~88=2445cal mol-1 

t Alternatively, one mol of hydrogen chloride in solution at the concen
tration which is in equilibrium with gaseous hydrogen chloride at 0.01 atm. 
The chemical potentials are equal. 
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It is of interest to use the above figure for !1G0 to calculate the 
partial pressure of hydrogen which would be necessary to achieve 
chemical equilibrium in the absence of the electrical constraint. 

We have at 25 oc -RTlnK~=l1Gg98 =2445ca.l mol-l 

and thus K~=Pac1fpt=0.016. 
For the same hydrochloric acid solution, equilibrium would therefore 
have been attained with a. hydrogen pressure of 

(0.01/0.016)2 = 0.39 atm. 

In brief, the effect of the potential difference of 0·0 110 V is to raise the 
equilibrium partial pressure of hydrogen from 0·39 to 0·9 a.tm for 
a. constant concentration of acid. 

In general (4·56) may be written in the form 

Pl1 + Plm + RT In Puc1-PYige1 -!PYI, -!RT In Pu, = - zFE T• 

or -RTln (P~cl) =l1~+zFET, (4·58) 
Pfl, 

where !1G~ has the value 2445 cal moi-1 at 25 °0. Thus for the 
particular value of the electrical constraint E 198=0.0110 V, the 
equilibrium condition is satisfied by an infinite set of values of p 81 
andp80., ofwhichp811=0.9 a.tm a.ndp8 ct=O.Ol a.tm is merely one 
possible choice. For ET=O, (4·58) reduces to the normal condition 
of reaction equilibrium in the absence of a. potential difference within 
the system. 

4·15. Alternative discussion of the galvanic cell 

In the last section the cell was discussed under conditions where it is 
in process of performing external work reversibly and the equations 
were based on the relation -dG= -dwmax. of §2·4. An alternative 
method is to consider the cell on open circuit, not performing work. This 
method has the advantage of showing that the cell obeys the condition 
of reaction equilibrium 

provided that proper allowance is made for the electrons. 
Consider the same cell a.s in the last section and let dn be any variation 

in the number of moles of hydrogen chloride. Because of the stoichio· 
metry of the reaction 

tH1 +HgCI=HCl+Hg, 

the corresponding variations are dn mols of mercury, -dn mols of 
mercurous chloride and -!dn mols of gaseous hydrogen. In addition, 
the two electrode processes involve the gain of dn mols of electrons on 
the platinum and the loss of dn mols of electrons from the mercury. 
The reaction should thus strictly be written 

B:as+iHa+HgCl=HCl+Hg+eJ•t• (4·59) 
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where Bs;1 and en are symbols for 1 g mol of electronst in the mercury 
and the platinum respectively. These two terms do not cancel in the 
chemical equation because the electrons are not in an equivalent state 
in the two metals. In particular, they have different chemical potentials 
and these may be denoted p:• and p~. 

When the cell is held at constant temperature and pressure, but 
performs no work, the condition of equilibrium is a minimum of G. Using 
equation (2·61) we have for the change in Gin the above process 

dG = - S dT + V dp + (PH1 + PHa + p~-Pu.a- !PH.-p:S) dn. 

Putting (~ =0, 
n/ "·P 

we obtain Pur+ PHc1 + P~-Pu.a- !Pu1 - p"/'' ::-: 0, (4·60) 

which is seen to be the normal condition of reaction equilibrium 

I:v1p 1 =0, 

when proper allowance is made for the electrons as in ( 4·59). The reason 
why the electrons did not appear explicitly in the discussion of the last 
section was that the cell was there supposed to be in process of per
forming work; the passage into solution of hydrogen gas did not cause 
any actual variation in the number of electrons on the two electrodes, 
because these electrons were able to pass round the external circuit 
with the performance of work. 

Equation (4·60) may be written 

Pur+ PHa-Pu,.a- !PH.= p";•-P~· 
Let it be supposed that the mercury is connected to a copper terminal I. 
Since electrons are able to pass freely between the mercury and the 
copper they have the same chemical potential in each. Similarly, let it 
be supposed that the platinum is connected to a second copper ter
minal II. Then the last equation may be written 

Pxr + PHa- PBsC~-lPH. = Pr.-Pn• ( 4•61) 

where Pr. and Pu. denote the chemical potentials of electrons in the two 
terminals. Since these have identical composition their electrical poten
tial difference has a definite meaning, as discussed in§ 2·9c. Using (2·58) 
we obtain ,~. Pr.-Pu.= -F(f/11 -~11), (4·62) 

the valence of the electrons being - 1. The question arises whether we 
should take f/11 - f/10 = E or f/111 - f/11 = E. The first of these choices is 
consistent with the convention of the last section. For in this case we 
obtain from the above equations 

Ps,+Pua-PH.a-!PH.= -FE, (4·63) 

and it is evident that, since E is always to be taken as positive, this 
corresponds to spontaneous reaction from left to right of the chemical 

t I.e. the Avogadro number of electrons. 
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reaction, whereby the terminal I becomes positive and the terminal II 
becomes negative. 

Equation (4·63) is the same as (4·56) of the last section. This important 
equation has therefore been obtained by a. method which is in harmony 
with the theory of reaction equilibrium of the present chapter. 

4·16. Number of independent reactions 

The discussion so far in this chapter has been based on the supposi
tion that there is only a single stoichiometric process in the system of 
interest. As noted in §4·2, this means simply that the changes in the 
amounts of all substances in the system can be expressed as small 
multiples or submultiples of the change in the amount of any one 
of them. For example, if the only stoichiometric process is 

H1 +Cl1 =2HCI, 

the decrease in the amounts of hydrogen and chlorine are each 
equal to one-half the increase in the amount of hydrogen chloride. 
This would no longer be true if bromine were also present in the 
system. 

When only a small number of substances are present it is usually 
quite easy to write down by inspection the minimum number of 
chemical equations which will represent the complete stoichiometry. 
In more complex systems it is desirable to use a. more systematic 
procedure. For example, it would be time-consuming to determine, 
by trial and 'error, what are the minimum number of independent 
chemical equations involving, say, a. dozen hydrocarbons, as in a. 
cracking process. 

A simple rule for determining this minimum number is as follows. 
Chemical equations are first written down for the formation from their 
component atoms of all compounds which are regarded as being pre
sent in the system.t These equations are then combined in such a 
way as to eliminate from them any free atoms which are not actually 
present. The result is the minimum number, R, of chemical reactions 
which are sufficient to represent the stoichiometry (although not 
necessarily the k.inetics)t of the system. 

By way of a simple example let it be supposed that the system of 

t By 'present in the system' is meant 'present in significant amount'. 
Within the context of any particular problem it is always necessary to decide 
which of the various possible species may be neglected. 

t Free radicals or other intermediates may be important in regard to the 
kinetic mechanism, but thess may be insignificant in regard to the overall 
stoichiometry. 
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interest comprises the species Hz, CH,, C2H8 and C3H8• We write 
down the equations 2H =Hz, 

C+4H=CH4, 

2C + 6H = C2H8, 

3C+8H=C3H8• 

Since, by hypothesis, the system is not regarded as containing free 
hydrogen atoms in significant amount, the first equation may be 
used to eliminate H from the other three. This gives 

C+2Hz=CH,, 

2C+ 3H2 =C1H8, 

3C + 4H2=C3H8• 

Similarly, eliminating the carbon atom, which is also not present 
~the above sense, we finally obtain 

2CH4 - H2= C2H8, 

3CH4 - 2Hz= C8H8• 

There are thus only two independent equations and R = 2. Any third 
equation made by combination of the last two, for example, 

5CH4 -3H2 =C8H8 +C8H8, 

does not represent an independent stoichiometric process. It is, of 
course, quite immaterial which two out of all the possible linear com
binations are chosen as the independent ones. 

The following method for determining the number of independent 
reactions is very instructive, although it is less simple in practice than the 
method already described. Any chemical equation is simply a concise 
statement of the conservation of the atoms. This conservation may be 
expressed equally well by means of algebraic equations and the number, 
R, of independent reactions can be determined by finding the number of 
independent variables in these equations. Consider, for example, a 
closed system consisting of the five species CO, H 1, CH10H, H 10 and 
C1H1 , and let .100, .18 ,, etc., be the changes in the mole numbers due to 
reaction over a given interval of time. The three equations 

-1co + 0.::\a, + 0.1a,o + 6ca.oa + 2.1c.v, = 0,/ 

0.1co + 2.::\a, + 2.::\a,o + 4.::\cn,oa + 6.::\c.a, = 0, 

6co + 0£\B, + £\B~O + 6cH,OB + 0£\r1 tr1 = 0,. 

(4·64) 

are based on the conservation of C, Hand 0 atoms respectively. An 
examination of these equations shows that any iwo of the .1's will deter-
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mine the other three. t Thus if we choose 11CH,oll and 11c,~~, as the two 
independent variables, the solving of the equations (most conveniently 
by determinants) gives the changes in the dependent variables 11co. 
11a, and 11u,o: 11co = - 11cs,oa- 211Collo'} 

1111, = - 211cn,oll- 511c,ll,• ( 4•65) 

11n,o = 211c,H,• 

Because two of the 11 's determine the other three, there are just two 
independent reactions. On account of the above choice of the independent 
variables, these two reactions may be conveniently chosen as those which 
represent the formation of CH10H and C8H 1 from the other three 

substances: C0+2H, =CHaOH,} 
(4·66) 

2CO + 5H1 - 2H10 = C1H 8• 

The question may now be asked, what are the number of components of 
the above system? By the number of components is meant the minimum 
number of substances which must be available in the laboratory in order 
to make up any chosen equilibrium mixture of the system in question. 
Thus, suppose it is required to prepare a mixture containing n00 moles 
of CO, ~~ moles of H 1, etc. It would be possible to do this by starting 
with the three substances CO, H 1 and H 10, whose mole numbers we have 
chosen to regard as the dependent variables in the above equations. For 
if we make up a mixture of these substances only, and allow it to react, 
the mole numbers n0118011 and na.8 of CH10H and C1H 8 , when reaction 
is complete, are equal to the inC:.eaau 11c11 011 and 110 8 respectively, 
because neither of these substances were pr~ent origin~l\y. Equations 
(4·65) show that these increases completely determine the amounts of 
CO, H 1 and H 10 which must react. 

Expressed alternatively, the equations (4·65) may be written 

n8o -nco = noHsOII + 2nCtlle'} 

n&1 - n111 = 2n0118011 + 5na.u,• 

n&.o- nu.o = - 2Rc.~~a• 

(4·67) 

where the n°'s are the initial mole numbers of CO, H 1 and H 10. It is 
evident from these equations that the choice of the particular mixturet 
which it is desired to prepare (i.e. the choice of the five n's), requires 
definite values of the three n°'s. The mixture can therefore be prepared 
from three componentS. 

t In this instance the number of independent 11's, namely, two, is equal to 
the total number of .i's, leBB the number of equations between them. The 
fact that this is by no means generally true may be seen by setting up the 
corresponding equations for the system composed of NH1, HCl and NH•Cl 
in which there is one independent .i (and therefore one reaction) despite the 
fact that there are three .i's and three equations between them, one for each 
type of atom. Only two of these three equations are independent. 

: However, this mixture must also be 'accessible • within the conditions of 
reaction rate or equilibrium. 
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In general, it may be shown that if there are N species present in the 
system at reaction equilibrium, and if there are R independent reactions 
between them, the number of componentst is a= N- R. For the present 
purposes it is not necessary to give a. general proof of this relation. The 
matter has been discussed by Jouguet, Brinkley and others,t and it has 
been shown that the number a of components in a. system of N reacting 
species is equal to the rank of the matrix of the subscripts to the symbols 
of the elements in the formulae of the N substances. The number, R, of 
independent reactions is then given by R=N-a. This procedure is 
mathematically the same as is involved in obtaining the solutions (4·65) 
of the equations (4·64), in the example already discussed, the deter
mination of the rank of the matrix involving the same steps as in the 
sorting out of the dependent variables in the equations (4·64). For 
practical purposes it is easier to determine the number R of independent 
reactions by use of the rule which was formulated at the beginning of the 
section. 

4·17. Conditions of equilibrium for several independent 
reactions 

In § 4·4 we obtained the important condition of equilibrium 

l::Vt,Ut= 0 

for the case where there is only a single reaction in the system of interest. 
Its derivation was based on minimizing the total Gibbs function of all 
species which are present. Therefore it cannot be taken for granted that 
when there is more than one reaction there will be a relation of the above 
type for each of them, but it will now be shown that this is the case. 

Consider the system compriding the species CO, H 1, H 10, CH80H and 
C1H 8 , as discussed in the last section. For this system the equation for 
a change in G is 

dG = - SdT + V dp + Pco dn00 + PJr1 dnH1 + PJr10dnH1o 

+ POH3on dnOH1on + Pc1H 1 dncsn.· 

In this equation only two of the dn's are independent; using (4·65) the 
changes in the mole numbers of CO, H 8 and H 10 can be expressed in terms 
of the changes in the mole numbers of CH80H and C8H 8• The above 
equation may therefore be written 

dG = -8 dT + V dp + (,u0 H 1on-Pco- 2PJr1) dnmr8on 

+ C,uesne + 2PJr1o- 2,u00 - 5PJr1 ) dnc.x.• ( 4·68) 

t But see §5·4 concerning electroneutrality. 
t Jouguet, J. Eo. Polyt., PariB, (2), 21 (1921), 62; Defay, Bull. Acad. Roy. 

Belg. 17 (1931), 940; Brinkley, J. Chern. Phys. 14 (1946), 563; Prigogine and 
Defay, J. Chem. Phys. 15 (1947), 614; Peneloux, C.R. Acad. Sci., Paris, 228 
(1949), 1727. See also R. Aria, Introduction to the Amllysis of Chemical Reactors, 
Prentice-Hall (1965), Chapter I. 
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in which the variations dnou 011 and dnc,11 are quite independent. This 
being the case, there are two ~onditions of :quilibrium 

-- -0 ( aG ) 
/mOHaOII 2'ofh ........ -

0 

(_!!!__) =0. 
(miJsllla f',p, IIOIIoOB 

These give the equations 

Pmr.,oK- Jtoo - 2PK, = O,l 
Pc111a + 2PK1o - 2Poo - 51'111 = 0, f 

which correspond to the chemical reactions ( 4·66). 

(4·69) 

By generalizing the above it is readily seen that, for a system in which 
there are R independent reactions, there are R independent conditions 
of chemical equilibrium of the form 

I:v1p1=0, 

and there will also be R independent equilibrium constants. 
It may be noted that the equilibrium constants of reactions which are 

not independent may be expressed a.s products or quotients of those 
whicli are. For example, the K,. of the reaction 

3CO + 7H1 = 2H10 + CH80H + C1H 8 

is the product of the K,.'s of reactions (4·66). Similarly, the value of 
b.GJ for this reaction is the sum of the values for the reactions ( 4·66). 

4·18. General remarks on simultaneous reactions 

Section 4·17 was concerned with the problem of ca.lcula.ting the 
equilibrium composition of a system when it is already known what 
are the substances which a.re present in significant amount. On the 
other ha.nd, the following rather different problem will often present 
itself: given an initial set of rea.cta.nts wha.t are the various products 
which might be obtained 1 This question really precedes the one 
already discussed, for we a.re here concerned with finding which are 
the N species to be considered. 

As a.n example we sha.ll consider a project for the production of 
methanol from a mixture of carbon monoxide and hydrogen-as is 
actually done on the industria.l scale. From these reagents it would 
obviously be possible to form many thousands of organic chemicals, 
some of which might be formed in much higher yield than the methanol 
itself and might be quite valueless, due to difficulties of separation. 
As a prelimi.ns.ry to such a. project it is therefore necessary to carry 
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out a. thermodynamic analysis, based on available free-energy data., 
to determine: 

(a} at what temperature and pressure methanol would be formed 
in appreciable yield; 

(b) what other compounds might be formed under the same 
conditions. 

An investigation of this sort is not always such a. large undertaking 
as it might seem. In each homologous series there is usually a. fairly 
constant change in the free energy of formation from one member to 
the next. Therefore it might be possible to eliminate from considera
tion, as possible products, all members of a particular homologous 
series by examining the poBBibility of the formation of only two widely 
separated members. Conversely it is evident that almost all water 
forming reactions, e.g. 

C0+3H1 =CH,+H10, 
will be thermodynamioa.lly favoured beQ8.use the free energy of 
formation of water has a. large negative value, corresponding to its 
great stability. 

The result of the preliminary survey would establish the optimum 
conditions of temperature and preBBure for the required product and 
also what other compounds might be formed under the same con
ditions. t In general let it be supposed that a total of N substances 
are likely to be present at approximate equilibrium. It would then 
be a question of determining the number, R, of independent reactions 
between these substances, as described in § 4·16, and finaJJ.y of setting 
up R equations of equilibrium. For example, if the system in question 
is a. perfect gas mixture, there will be R simultaneous equations of 

thetype -RTlnK.,=A~, 
and their solution, together with the conservation equations such as 
(4·67}, will give the equilibrium composition of the system. 

However, the solving of this family of equations is often a. matter 
of considerable algebraic complexity. One method is to obtain a first 
approximation by treating each reaction as if it were the only one to 
occur in the system. This rough solution then becomes the basis for a 
second approximation and soon by successive steps. UsefuldisCUBSions 
on the solving of complex equilibria. are given in the literature.t 

t In the methanol example a large number of alternative products are 
pOSBible; successful manufacture therefore depends on the discovery of a 
selective catalyst which speeds up the required reaction to the exclusion of 
others, i.e. a kinetic rather than a thermodynamic effect. 

t Dodge, Chemical. Engineering Tlwrmodynamics (New York, McGraw-Hill, 
1944), p. 526; idem, .Amer. Inst. O'Aem. Engng, 34 (1938), 529; Taylor and 
Turkevitoh, TraM. Faf"Gil<cy Soc. 35 (1939), 921; Brinkley and Kandiner, 
lndustr. Engng Olun11. 42 (1950), 850; Hutchison; Chem. Eng. Science, 17 
(1962), 703. 
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4·19. General remarks on maximum attainable yield 

A large positive value of tl.G0 at 25 oc implies a small value of 
K 11 at this temperature, in accordance with 

- RT InK 11 =tl.G~. 
This does not necessarily mean that the reaction in question is un
suitable for preparative or manufacturing purposes. In the first place, 
it may occur that the equilibrium becomes more favourable at 
some other temperature; in endothermic reactions, for example, the 
equilibrium is favoured by a rise of temperature, as follows from the 
equation dInK, l:lH 

dT=RT2 ' 

and conYersely in the case of exothermic reactions. t 
Secondly, although the total pressure does not have any influence 

on K, (in perfect gas mixtures), it may have a large effect on the yield. 
Whenever a. gaseous reaction takes place with decrease in the number 
of molecules, a rise in pressure increases the fraction of the reactants 
which are converted. 

Consider, for example, the reaction 

.A+2B=0, 
which will be supposed to have a very unfavourable value of AOO, 
namely, 10 000 cal mol-l at 500 K. Then, at this temperature, 

K,= Po 8 =4x10-11• 
p,.pb 

Let x be the number of moles of 0 which are obtained at equilibrium 
from a reactant mixture containing originally one mole of .A and two 
moles of B. The equilibrium gas therefore consists of (1-x} moles 
of .A, (2- 2x} moles of Band x moles of 0 and the equilibrium relation 

can be expressed as x(B _ 2x}2 _ 4 -& 

4P2(l-x)•- x10 , 

where P is the total pressure. Solving this equation, we obtain the 
values of P which result in a given value of the yield x. The results 
are given in Table 8 and they show that a yield of as much as 50% 
may be obtained at 316atm, despite the apparently unfavourable 
value of f:l(JO. 

It may be remarked that incomplete reaction does not necessarily 
imply wastage of the unused reactants. Ammonia synthesis is usually 

t It follows that both exothennic and endothermic reactions give rise to a 
reduced equilibrium yield when conducted adiabatically, u compared to 
isothennally. This point is discUBBed quantitatively by Aria, roc. cil. 
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operated at a conversion of only 20-30%, but the unused nitrogen 
and hydrogen are recirculated to the inlet of the reaction vessel, after 
condensation of the ammonia which has been formed. 

a: 
plfatm 

TABLE 8 

o.o1 
24 

0.1 
82 

0.5 
316 

The converse situation to that which has been discussed above is 
where there is an increase in the number of molecules. Gas reactions 
of this type are favoured by a decrease of pressure, or alternatively 
by dilution with an inert gas. Under practical conditions the advan
tages of such a procedure might be seriously offset by decreased rate 
of reaction. 

Some other factors concerning the yield of a reaction are as follows: 
(a) The effect of an excess of one of the reactants is to decrease the 

yield relative to this reactant and to increase the yield relative to 
the other. For example, in the reaction discussed above let it be 
supposed that recirculation of unconverted A and B is for some 
reason impracticable. Then, if A is a more valuable raw material 
than B, it might be found advantageous to operate with an excess 
of B, in order to raise the degree of conversion relative to A. 

(b) Whenever it is desired to achieve maximum partial pressure of 
the reaction products in the equilibrium gas, the reagents should be 
present in their stoichiometric proportions. Consider, for example, 
the reaction A+2B=C; by setting up the equilibrium equation for 
an arbitrary mixture, followed by differentiation and maximization, 
it can be readily proved that the highest partial pressure of 0 is 
obtained when Pb=2Pa·t 

(c) In the case of exothermic reactions the equilibrium becomes less 
favourable with rise of temperature, but it may occur that a. high 
temperature is neoessary in order to obtain a. sufficient rate. There is 
therefore a conflict between the thermodynamic requirements for 
maximum yield at equilibrium and the kinetic requirements for the 
approaching of that equilibrium with a sufficient speed. In such 
instances there are considerable advantages in reducing the tem
perature progressively, from an initially high value, along the path 
of reaction. If kinetic data is available it is possible to make a quan
titative evaluation of the optimum temperature at any stage of the 
reaction process.t 

t This l'esult is strictly true only if the gas mixture is perfect. Sell Pings, 
Chem. Eng. Science, 16 (1961), 181; Sortland and Prausnitz, ibid. 20 (1965), 
847. 

t Denbigh, Tmfl8. Faraday Soc. 40 (1944), 352; Chemical Reador Th«1f71 
(Cambridge, 1965). · 
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(d) Finally it may be remarked that thermodynamic predictions 
of the effect of temperature and pressure on reaction yield apply 
accurately only under conditions of reaction equilibrium, such as are 
seldom actually attained in industrial practice. The extent to which 
such predictions are in error, as a function of the fractional degree 
of attainment of equilibrium, has been examined by Rastogi and 
Denbigh (Chem. Eng. Science 7 (1958), 261) and are often rather 
surprisingly large under typical conditions. 

PROBLEMS 

1. The gaseous reaction lA a+ JB 2 = AB at 500 K has a standard free
energy change of -1000 cal moi- 1• A reaction system consists initially 
oft mol of A 1 and l mol of B 2 at 500 Kanda total pressure of 1 atm. 
Calculate the free energy of the system, relative to the elements A 1 and 
B 1 in their standard states, at 10, 20, ... , 100% conversion to AB, and 
plot tho values. Show that the lowest point on tho curve agrees with that 
calculated from the equation 

RTlnK11=-~G~. 
2. A catalyst has been found which gives adequate velocity at 500 °C 

in the reaction CO+ 2H2 = CH30H. Estimate the ordor of magnitude of 
the pressure which would be required to make this reaction feasible as 
an industrial process. The free energy and heats of formation are as 
follows (cal moJ-l fl'JG0298 !l H f 298 

-32810 -26420 
-38 690 -48 080 

3. Prove that the maximum concentration of NH3 is obtained in an 
ammonia synthesis process when the ratio of nitrogen to hydrogen is 
1 : 3, provided that the gas mixture may be assumed to be perfect. In 
what respect will deviations from perfect.ion cause this conclusion to be 
modified? 

4. At 450 °C the equilibrium constant for ammonia synthesis is 

fNns 6 6 10-8 ft,Jt= ,5 X • 

Using the Lewis and Randall rule and the fugacity data of Newton 
(lnduatr. Engng Ohem. 21:/ (1935), 302) calculate the maximum per
centage yield of NH8 in a I: 3 nitrogen-hydrogen mixture at 450 °C and 
200 atm pressure. 

5. What are the thermodynamic conditions under which the equi
librium constant of a chemical reaction passes through a maximum or 
minimum value? 

6. Gaseous nitrogen peroxide consists of a mixture of N01 and N 10 4, 

a.nd the chemical equilibrium between these substances is established 
very rapidly. It has been suggested that this gas should be used as a. 
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heat-transfer medium. Show in outline that the effective heat capacity 
per unit mass of the mixture may be expected to be much larger than for 
either of the pure components and that it pi:ISSes through a maximum 
at a certain temperature. ·[Modified from C.U.C.E. Qualifying, 1954) 

7. A producer gas contains 7 % C02, 22% CO and 14% R 8• In order 
to increase its hydrogen content the gas is mixed with steam, and the 
water gas reaction, H 20 +CO= C08 + H 8, is carried out over a ca.talyst 
at a temperature at which KP equals 8.0. It may be assumed 'that 
equilibrium is attained. The hydrogen which is formed has a monetary 
value which is n times the value of the added steam, mole for mole. On 
the assumption that the material costs are predominant, obtain an 
equation or equations for determining the most economic ·ratio of steam 
to producer gas, as a function of n. [C.U.C.E. Qualifying, 1949] 

8. A nitrous gas obtained by oxidation of ammonia is analysed 
(a) for total nitrous gas content, by absorption in alkali; (b) for degree of 
oxidation to equivalent N08, by use of an oxidizing agent. 

It is thus found that the total nitrogen .oxides, expressed as equivalent 
NO, amount to 10% by volume and that the gas is 80% oxidized to tloie 
higher valence state. Assuming that the nitrogen oxides are entirely 
present as NO, N08, N 80 3 and N 10 4, calculate the percentage of each of 
these constituents in the gas. The temperature and pressure are 25 °C 
and 1 atm respectively, and the standard free energies of formation are 
as follows: 

NO N08 N 80 8 N80 4 

~pg98 ( calfmol) 20 650 12 275 33 130 23 350 

[C.U.C.E. Qualifying, 1949] 

9. At 1200 K the equilibrium constants of the reactions 

C (graph)+ C01 = 2CO, 

C08 +H8 =CO+H80, 

are 63 and 1. 4 respectively (atmosphere units). The standard free energy 
and enthalpy of formation of water vapour at 25 °C are -54 640 and 
-57 800 cal/mol respectively. Heat-capacity data are as follows (in 
cal K-1 mol-1): 

H 1, cp=6.947-0.2x 10-BT+4.8x 10-7TB; 

0 1 , cP= 6.148 + 3.1 x I0-8T- 9.2 x 10-7TS; 

H 80(g), cP=7.256+2.3x IO-BT+2.8x 10-7Ta. 
Use the data to evaluate the equilibrium constant, at 1200 K, of the 
reaction 

C (graph)+ t01 =CO. 
[C.U.C.E. Qualifying, 1952] 

10. It is required to estimate the maximum percentage conversion 
which might be expected in the gas reaction A+ B = 0 + D when carried 
out in mild steel equipment. 



Equilibria of Reactions Involving Gases 179 

It is known that the changes of standard Gibbs free energy and of 
enthalpy in the reaction are AGg88 =4000 cal moi-1 and AH888= 10 000 
cal moi- 1• No data are available on heat capacities, but A and 0 are 
diatomic molecules, B is a linear triatomic molecule and D is a non-linear 
triatomic molecule. 

Estimate probable values for the upper and lower limits of the difference 
of heat capacity of products and reactants. Calculate the corresponding 
upper and lower limits for the degree of conversion which might be 
expected under practicable conditions in a mild steel vessel. Assume 
that the initial gas is an equimolal mixture of A and B. 

[C.U.C.E. Tripos, 1952] 

11. Outline the steps necessary to establish from the laws of thermo· 
dynamics, and the minimum other necessary postulates and definitions, 
the conditions under which the equilibrium constant of a gaseous reaction, 
expressed in terms of partial pressures, is independent of total pressure. 

[C.U.C.E. Tripos, 1951] 

12. The equilibrium C + 2H8 = CH4 was studied experimentally by 
Pring and Fairlie and the following rather discordant values were 
obtained for K~ = Pca/P'i1 : 

TempfK 1473 1573 1573 1648 1648 1673 1723 
K~ X 108 2.44 1.46 1.58 1.00 1.17 0.89 0. 75 

Carbon c,.= 1.1 + 4.8 x I0-3T-I.2 x 10-spa, (cal_K-1 mol-1) 
Ha c, = 6.88 + 0.07 X I0-3T + 0.28 X I0-6T 2,_(cal K-1 mol-~ l 
CH, c,.=3.38+ 17.91 x I0-3T-4.19 x I0-8T1, (cal K-1 mol-1 ) 

Estimate upper and lower limits for the standard free energy and 
enthalpy of formation of CH4 at 25 °C. 

13. A gas consisting of CO and H 1 in the proportion I : 2 is heated to 
500 °C at 250 atm in the presence of a catalyst. Assume that only CH80H, 
C2H 10H and H 20 are formed. Estimate the ratio of these products at 
equilibrium using the following data: 

co 
CH30H(g) 
C2H 10H(g) 
H 80(g) 

6/}Yss 
-32 810 
-38 900 
-38 700 
-54 640 

6rHaea 
-26 420 
-48 100 
-56 300 
-57 800 

14. The standard free energy of formation of methanol vapour at 
25 °C is -38900 cal. Calculate the standard free energy of formation of 
liquid methanol, assuming the vapour to behave as a perfect gas. 

The vapour pressure is 122mmHg. 

15. A system consists initially of N08 and water at 25 °C. Consult 
tables of free energies and determine what substances might be formed 
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in significant amounts. Which of these can be excluded on account of 
the known slowness of reaction? What are the minimum number of 
relations required to determine all the equilibria which are bkely to be 
established in a. short period of time? 

16. A gas obtained from ammonia oxidation enters a counter-current 
absorption system with the composition 10% N01 and 1% NO, the 
remainder being nitrogen, oxygen and water vapour. The predominant 
reaction is 

3N01 + H 10 = 2HN08 +NO. 

Estimate the maximum concentration of nitric acid which can be 
obtained by absorption in water at 2o·oc and 1 atm total pressure. Use 
the following data for the free energy and heat of formation and the 
partial pressures of nitric acid: 

N01 (g) 
NO(g) 
HNOa(U) 
H 80(g) 

% HN08 by weight 
PHNo3/mmHg 
pH1ofmmHg 

49.94 
0-183 
7.9 

ll,oo2us 

12.275 
20 650 

-17.900 
-54 640 

53.83 
0.345 
6.77 

t11H2us 

8.030 
21 600 

-32 000 
-57 800 

60.12 
0.93 
4.80 

69.62 
2.86 
2.tio 

76.5 
6.89 
1.33 

[Modified from C.U.C.E. Tripos, 1951] 

17. A cell in which the following reaction takes place at atmospheric 

pressure Zn (a)+ 2AgCl (a) =ZnCl1 (1 M)+ 2Ag(a), 

has an e.m.f. of I.005V at 25 °C and of l.Ol5V at 0 °C. Assuming the 
temperature coefficient to be constant, estimate the following at 25 °C 
and atmospheric pressure: 

(a) the change in enthalpy in the reaction, 
(b) the amount of heat absorbed, per mole of zinc reacting, during 

the reversible operation of the cell. 
Explain clearly the relation between these quantities. How would 

they compare if the cell were not operating reversibly? 

18. In the manufacture of formaldehyde a mixture of air with methanol 
vapour is brought into reaction on a silver catalyst. In this process the 
silver slowly loses its metallic lustre and partially disintegrates. Use the 
following data to examine whether this might be due to the formation 
of silver oxide: 

Gas pressure: 1 atm. 
Operating temperature: 550 °C 
Standard molar free energy of formation of silver oxide: - 2590 cal 

at 25 °C. 
Standard molar enthalpy of formation of silver oxide: -7310cal 

at 25 °C, 
The following mean heat capacities may be used: silver 6.4, silver oxide 

15. 7, oxygen 7.5 cal K- 1 mol-1 • [C.U.C.E. Qualifying, 1953] 
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19. It is proposed to prepare barium oxide by heating witherite 
(BaC08 ) in a furnace open to the atmosphere. Use the data below to 
show that a first estimate to the lowest temperature at which the process 
could be carried out is about 1400 °C. It may be assumed that BaO and 
BaC08 do not form a solid solution. Indicate in what respects the discus· 
sion of the system would need to be modified if this were not the case. 

The standard free energies and heats of formation are as follows in 
kg calfg mole: ~fG~88 df H BtS 

C02 - 94 - 94 
BaO -126 -133 
BaC08 -272 -291 

The heat capacity of barium carbonate is about 21.7 cal K-1 mo)-1 
and that of barium oxide may be estimated as about 10. 4. To the same 
accuracy, the heat capacity of carbon dioxide may be taken as 9. 0 
cal K-1 mo)-1, [C.U.C.E. Tripos, 1951] 

20. Zinc sulphide is roasted in a current of dry air at atmospheric 
pressure and at a temperature of 1700 K. Determine whether zinc 
oxide or zinc sulphate is the more stable solid reaction product under the 
above conditions. In such a process the outgoing gas is fou1l.d to contain 
7 % by volume of sulphur dioxide. What percentage of sulphur trioxide 
would this gas contain if the trioxide were in equilibrium with the dioxide 
at the above temperature? What statements could be made with regard 
to the mechanism of the reaction, if the actual content of sulphur trioxide 
in the gas was found to exceed the calculated equilibrium figure? 

The free energies of formation in calfg mole at 1700 K and 1 atm 
pressure are as in the following table: 

ZnO ZnSO, 808 808 

-43 300 -94 300 -69 700 -55 900 
[C.U.C.E. Qualifying, 1950] 

21. It is desired to produce the substance B by the gas reaction 

A=B+C. 

For technical reasons it is required that the process shall be carried out 
in a single·stage flow system, without recycling, at a total pressure of 
1 atm and a temperature of 500 °C. The catalyst which is used in the 
reaction chamber is sufficiently active to bring the gas to equilibrium 
and no appreciable reaction takes place in the absence of the catalyst. 
The substance B may be readily condensed to a liquid, without dissolving 
appreciable amounts of A or C, by cooling the gas after it has left the 
reaction vessel. 

By what device would it be possible to attain, from a single-stage 
reactor, a maximum yield ofliquid B, relative to the quantity of A which 
enters the system? Estimate its value. 

The increase in the standard Gibbs free energy in the reaction process 
at 500 °C is 3530 cal moJ-1. The vapour pressure of Bat the temperature 
of condensation is 0. 01 atm. [C. U .C.E. Tripos, 1952] 
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CHAPTER 5 

PHASE RULE 

5·1. Introduction 

Two phases which are in equilibrium must always have the same 
temperature (§§ 1·4 and 1·13). In addition, they must have the same 
pressure, provided that they are not separated by a rigid barrier or 
by an interface having appreciable curvature (§ 2·9a). Finally, any 
substance which is able to pass freely between the two phases must 
have the same chemical potential in each of them (§2·9b). These 
important criteria o£ equilibrium, expressed in terms of the intensive 
properties T, p and p,lead directly to the phase rule of Willard Gibbs. 

The origin of the phase rule may be understood most clearly if we 
consider, in the first place, a pure substance. Now the state of each 
of its phases is completely determined by temperature and pressure 
(at any rate when external fields have a negligible effect). The fixing 
of these variables completely determines all other intensive properties 
of a pure phase. In particular, therefore, it completely determines 
the value of the chemical potential. It follows that if p is plotted as 
a funct,ion of T and p in three dimensions, the continuum of the p 
values for a particular phase will all lie on a certain surface. Different 
phases of the same substance will be represented by different surfaces; 
for example, for the phase a the equation t.o the surface will be a 
function, Pa.(T, p), of temperature and pressure, and for some other 
phase fJ it will be a quite different function, pp(T, p). In general, 
such surfaces will intersect, as shown in Fig. 20. 

Now, as has been said, the state of phase a is determined by its 
temperature T a. and pressure Pa.· Similarly, the state of phase fJ is 
determined by T p and Pp· Thus the state of the combined system of 
two phases is completely determined by the four varia blesT a.• .•. , Pp· 
But, if there is equilibrium, there are three equations between these 
four variables. These aret T T a.= P• 

Pa.=Pp, 

Pa.(Ta.•Pa.)=pp(Tp, Pp)· 
It follows that only one of the four variables can be chosen arbitrarily; 
there is one degree of freedom. For example, if we choose the tem-

t The fact that the third equation is also a relation between the tem
peratures and pressures, like the first two, may perhaps be seen more clearly 
by imagining that P.m(Tm, Pml and P.(J(TfJ, P(J) are known explicitly, e.g. 
p.,.=RT(conatant-ln Tifp). Cf. footnote to §1·16. 
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perature of one phase as being 20 oc, the other phase will have the 
same temperature: the pressures of the two phases will also be equal 
and will have a definite value determined by the nature of the 
particular substance. 

The three relations above are obviously satisfied only along the line 
of intersection of the two surfaces of Fig. 20. This line therefore 
determines the simultaneous values of temperature and pressure 
which allow of the co-existence of the two phases. If one of these is 
a vapour phase, the projection of the line on to the p-T plane would 
give the ordinary vapour-preBBure curve. 

T 
Fig. 20.t Chemical potential surfaces for two phases ex and fJ. 

Similar considerations apply to the equilibrium of three phases, 
~¥, P andy. There are six variables of state, T,1" P., T1, ••• ,p7 , and 
between these there are six independent equations of equilibnum: 

~=~=~; h=h=~; ~=~=~ 

The equations entirely determine the values of the variables and 
therefore none of these can be chosen arbitra.rily-the freedom of the 
system is zero. Considered geometrically, the three phases can only 

t Problem: Professor J. A. Campbell has kindly pointed out that Fig. 20 
is incorrectly drawn, since p. plotted against '1', at constant pressure, is shown as 
having the wrong curvature. Prove that this is the case. 
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be at equilibrium at the point of intersection of three surfaces. This 
occurs at a unique temperature and pressure, known as the triple 
point. 

Considered in a possibly simpler manner, it might be said that there 
are only two variables, the single temperature T and the single 
pressure p, which are assumed in the first place to be equal throughout 
the system. Between these two variables there are two equations of 
phase equilibrium: 

Pa.(T, p)=pp(T, p)=p.,(T, p), 

which therefore determine T and p completely. 

5·2. The phase rule for non-reactive components 

Consider a system containing a number, C, of distinct chemical 
species, none of which enter into reaction with each other. Let it be 
assumed, for the moment, that all of the substances are present in 
all of the phases, although some of the concentrations may be 
extremely low. 

The sta.te of each phase of a mixed system of this type requires a 
specification not only of its temperature and pressure but also of its 
composition. Since, by hypothesis, each phase contains C substances, 
the composition of each phase is specified by C -I variables, e.g. mole 
fractions or weight percentages. Thus, including the temperature and 
pressure, each phase is completely specified by C + 1 variables. Let 
the number of phases be P. Then for the entire system we have 

number of variables =P(C + 1). (5·1) 

It may be noted that these variables specify the state of the phases, 
but not their size. 

If the system is in complete equilibrium there are the following 
equalities between the variables: 

Tr~- =Tp =T., = ... (P-1 equalities of temperature), 

Pa. =pp =p., =··· (P-1 equalitiesofpressuret), 

Pta. =PJ.p=P1y= ... (P-1 equalities of p for species 1), 

Pza. = p2p =Pay= . . . (P -1 equalities of p for species 2), 

etc., for the remaining components. 

t The advantage of not 888UIIling in the first place that the temperatures 
and pressuree are necessarily equal is that it is then easier to eee how the phase 
rule must be modified if the phasee are not at the same pressure, as in osmotio 
equilibrium. The form taken by the phase rule for osmotio equilibrium baa 
been discussed by Guggenheim, Moclf!rft TTtennodgn~Jmics (London, Methuen, 
1933), p. 28. 
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Adding these up we obtain 
number of equations between the Variable8= (P-1) (0+2). (5·2) 

With regard to the relations p14 = Pl/1• etc., it should be noted that 
the chemical potentials in a. mixed phase are functions of the 0-1 
composition variables, a.s well as of temperature and pressure. For 
example, if we denote the mole fractions of species i in the «X and fJ 
pha.ses by :r;ia. and :r:i/1 respectively, the condition of equilibrium of 
i between these phases, when the p's are written out in full a.s functions 
of the independent variables, is 

Pia.(T a.• Pa.• X1a.• Xta.• • • • • Xc-1, a.)= Ptp(T P• lJp, :r;l/1• :r;B/1• • • • • Xc-1, p). 

This is therefore a. relation between the T's, the p's and the x's. 
Now, in general, the number of independent equations connecting 

a. set of variables must not be greater than the number of these vari
ables themselves. Otherwise some of these equations will be in
compatible. Therefore, from (5·1) and (5·2) we have 

P(O+ 1) ~ (P-1) (0+2) 
or 0+2-P~O. (5·3) 

We thus obtain the conclusion that the number of pha.ses cannot 
exceed the number of components by more than two.t For example, 
in a single component system the maximum number of phases in 
equilibrium together is three, as occurs at the triple point. 

The result (5·3) may also be expressed as an equality as follows. 
Let F be the amount by which the total number of variables exceeds 
the number of equations between them. Then subtracting (5·2) 

from (5·1): F=0+2-P. (5·4) 

This is the pha.se rule and F is called the mriance or degreu of freedom 
of the system. It is the number of variables of the system whose 
values may be freely chosen by the experimentalist and must be so 
chosen before the system is in a. determinate state. · 

For example, in a single component system of two phases, we have 
F = 1 and the system is said to be univaria.nt. We can freely choose 

t It is interesting that Gibbs, in his original derivation of the phase rule, 
e:z:preseed this conclusion rather cautiously, aa being probable rather than 
certain. It may be that he had in mind the poBBibility of 'bidden • parameters 
of state (e.g. strain in a solid), or, alternatively, the poeeibility that the 
chemical potential of a component might be the eame in two phases over 
finite ranges of temperature and preBSure. This implies contact of the p 
surfaoea and BSems very unlikely to occur. 

An interesting photograph of seven liquid ph8888 IIDd. a vapour phase in 
equilibrium in a seven-component system is given aa the frontispiece to Hilde
brand and Scott, The Solubility of Non-ElectrolyteB (New York, Reinhold, 
3rd ed., 1964). 
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the temperature of the pair of phases, but not also the pressure. The 
latter has a definite value, at the chosen temperature, and is deter
mined by the nature of the particular substance. In a two-component 
system of two phases we have F = 2; therefore it is necessary for the 
experimentalist to decide on the values of two of the variables, 
e.g. temperature together with the mole fraction of one of the com
ponents in one of the phases, in order that the state of the system 
shall be completely determined. 

In the above derivation it haa been supposed that every component 
is present in every phase. Suppose, however, that a particular com
ponent j is unconditionally absent from a certain phase y. In this 
case the number of composition variables which are required to 
specify the state of that phase (and thus of the whole system) is 
reduced by unity. On the other hand, the number of conditions of 
equilibrium is also reduced by the same amount, since the fact that 
j is not present in the phase implies that 

Piy> Pia.=Pi/l=Pi8= ••·· 

The result (5·4) is therefore unchanged. 

The proof of the phase rule origina.lly given by Gibbs in 187 5 is simpler 
but more sophisticated than the one above. In place of the mole fractions, 
he takes the chemical potentia.ls as independent variables. He regards 
the state of each phase as being determined by its temperature and 
pressure and by the chemical potentials of each of its 0 components, 
i.e. 0 + 2 variables in all. At equilibrium the value of each of these 
variables is constant through all of the phases. The state of the whole 
system is therefore determined by the 0 + 2 variables, T, p and the p 1• 

However, in each phase the possible changes in these variables are 
related to each other through a. Gibb&-Duhem equation (2·83). Thus for 
the 1% phase we have 

. Ba.dT- V4dp+~,a.dp1 =0. 

Since there are P such equations, the number of independent variables 
is only 0 + 2-P. This is the same result as obtained previously. 

It may be remarked that the number 2 which appears in (5·4) is a. 
consequence of the following assumptions: 

(a) the pressure is constant across each phase interface; 
(b) in addition to the variables of composition, two other variables, 

namely, temperature and pressure, are sufficient to determine the state 
of the system. 

Now in osmotic equilibrium the two liquid phases do not have the same 
pressure. In certain problems it may occur also that additional variables 
are significant, such as the magnetic field intensity. The statement 
F = 0 + 2-P is therefore by no means universally true. 
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5•3. The phase rule for reactive components 

Consider a. system in which there are altogether N chemical species, 
some of which may be inert and do not react at all, whilst the re
mainder are at reaction equilibrium with each other. Let R be the 
number of the independent reactions, a.s determined by the method 
described in §4·16. Let P be the number ofpha.ses. 

Proceeding a.s in 5·2, the state of the system is specified by P 
values of the temperature, P values of the pressure and by P(N -1) 
composition variables, such a.s the mole fractions. Thus 

number of variables=P(N + 1). 

The conditions of equilibrium include P- 1 equalities of tempera
ture, P-1 equalities of pressure, N(P-1) equalities of chemical 
potential of theN species between the P pha.ses, and finally, R con
ditions of chemical reaction equilibrium, each of the form 'I:.VtJli = 0. 
Thus 

number of equations between the variables= (N +2) (P-1) +R. 

Therefore F=P(N+1)-(N+2)(P-1)-R 

or F=N-R+2-P. (5·5) 

Comparing with (5·4), the quantity N -R is seen to take the place 
of C, which was the total number of species in the ca.se of a. non
reactive system. The two forms of the pha.se rule, (5·4) and (5·5), may 
be made formally identical if we define the number of components 
of the reactive system by the relation 

C=N-R. (5·6) 

The number of components, in the sense of the pha.se rule, is therefore 
to be taken a.s the total number of chemical species less the number of 
independent reactions between them. In § 4·16 it ha.s already been 
shown (but not in complete generality) that N -R is in fact the 
minimum number of substances which must be available in the 
laboratory in order to prepare any arbitrary equilibrium mixture 
of the system in question. The 'number of components' is therefore 
the same in both senses in which the term is used. 

In the proof a.s given above it may be noted that there are only R 
conditions of reaction equilibrium and not P R such conditions. If 
reaction is a.t equilibrium in any one phase it is necessarily a.t equi
librium in every other phase; a.t any rate whenever the N(P -1) 
equalities of chemical potential between pha.ses are also satisfied. 
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5•4. Additional restrictions 

In certain types of problem there are additiona.l restrictions on the 
system, and the effect of each of these is equivalent to an extra 
equation between the variables and thus reduces the number of 
degrees of freedom by unity. 

As a preliminary example consider a liquid A which is in contact 
with its vapour and also with the atmosphere at its standard pressure. 
Such a system may be discussed in several different ways: 

(a) By disregarding the presence of the air. Then we have 0= 1, 
P = 2 and therefore F = 1. Thus, as we know from experience, the 
liquid has a definite vapour pressure at any chosen temperature. 

(b) By regarding the system as consisting of two components, 
A and air, and allowing for the restriction that the total pressure on 
the system is 1 atm. Thus F = 1, as before. 

(c) By regarding the system as consisting of three components, 
A and oxygen and nitrogen, and allowing for two restrictions, namely 
the constancy of the total pressure and of the oxygen: nitrogen ratio. 
Thus again we have F = l. 

The several alternative ways of considering t.he problem are thus 
entirely equivalent. 

In general, what we have ca.lled an' additional restriction' implies 
that the system under discussion is of a special type, for example, 
that the pressure has a certain value or that the concentrations of 
two species in a particular phase are in a fixed ratio. An important 
instance occurs in the case of ionic solutions; on account of the 
powerful Coulombic forces, the concentrations of the ions must be 
such that the solution as a whole is electrically neutra.l. 

It is evident that whenever a restriction is operative, it is equi
valent to .taking the number of components as being one less than is 
given by the relation C=N -R. For exampie, in the case of ionic 
solutions the number of effective components is N-R -1, on account 
of lihe electroneutrality restriction. t 

5·5. Example of the application of the phase rule 

If the quantities of two substances are present in a fixed ratio in 
any phase, this constitutes an additional restriction. If however the 
quantities are in a fixed ratio only when they are taken as totals over 
two or more phases, this does not constitute an additional restriction. 

This may be illustrated by considering the system comprising 
species A, Band C between which t-here is the equilibrium A=B+O. 

t For example, a. solution of a.cetic a.oid iD wa.ter conta.ins ftve species: 
H 10, H+, OH-, HAc and Ao-. There a.re two independent dissociation reactions 
and there a.re two oomponente. 
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~'or this system (aR follow~ from what was said previously) there 
are t·wo componentR. 

(a) Vapour phase only. If the system consists only of a single 
phase, we obtain F = 3 (i.e. temperature, total pressure and one 
mole fraction may all be varied independently). On the other hand, 
let it be supposed that the system h..a8 been prepared from A onJy, 
e.g. by heating pure A to the appropriate temperature. There is 
therefore the restriction that the partial pressures of B and 0 are 
equal and thus F=2. We should evidently have obtained the same 
result if we had been unaware that the substance A suffered the 
dissociation into Band 0; for we should then have regarded the system 
as consisting of a single component only and have obtained 

F=l+2-1=2. 

(b) Vapour plus ·a liquid phase consisting of pure A. Let it be 
supposed that only the species A is present in the liquid phase, the 
vapour phase consisting of A, B and 0 in equilibrium. We obtain 
F = 2 in the general case and F = I in the special case where the 
system has been prepared from pure A only. 

(c) Vapour and liquid phases each comprising all species. 
We now suppose that all three substances are present in both the 
liquid and the vapour phases. In the general case we have F=2, as 
in the last paragraph. However, in the special case where the system 
has been prepared from A only there i8 no longer the restriction that the 
partial pressures of Band 0 are nece~Jsarily equal; this is because these 
substances will in general have an unequal solubility in the liquid 
phase. Although it remains true that the number of moles of B and 
0 are equal in the total system, there is no longer a restriction on the 
composition of either of the single phases. Therefore F remains equal 
to two and does not fall to unity as in case (b) above. 

It is this point which the present example, otherwise rather elementary, 
has been intended to illustrate, and it is perhaps worth considering the 
matter in rather more detail. We shall suppose that the reaction system, 
prepared from A only, is contained in a. vessel equipped with a. movable 
piston and held at constant temperature. If only the substance A is 
able to be present in the liquid phase, then F = 1 as shown above. It is 
therefore possible to change the relative amounts of the two phases, by 
causing a. change in the volume of the systein by means of the piston, 
without change in the total pressure or of the partial pressures; a.t a. fixed 
temperature each of these variables has a. definite value for a.s long a.s 
the two phases co·exist. 

On the other hand, let it be supposed that either or both of the gases 
Band a can dissolve in the liquid A. Hwe draw out the piston there will 
be a. change in the relative proportions of B and a in the two phases, due 
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to their unequal solubilities. The composition of the phases is thus not 
uniquely determined by the temperature and, in fact, F = 2 as shown 
above. The situation is, perhaps, clearest if we suppose that only B is 
able to dissolve appreciably in the liquid A. If the piston is touching 
the liquid surface, so that no vapour pha.se is present, the reaction 
equilibrium, A= B +a, is entirely to the left, since by hypothesis no a 
ca.n be present in the liquid. As the piston is drawn outwards the vapour 
phase enlarges and some dissociation of A is able to take plB<'.e. Thus the 
composition of both liquid and vapour pha.ses change progressively a.s 
vaporization is continued. In the limit, when all liquid has disappeared, 
the stoichiometric restriction P& = Pc becomes operative. However, 
since a. phase has now disappeared the variance re:ma.ins unaltered at 
F=2. 

In brief, the system prepared from A only is univariant if B a.nd a are 
confined to the vapour phase and is divaria.nt if one or both of them ca.n 
dissolve in the liquid A.t 

The phase rule is not concerned with the quantities of the phases which 
are in equilibrium, only with their intensive variables. On the other hand, 
whenever a stoichiometric restriction applies to a collection of two or 
more phases, rather than to each phase separately, it is often useful to 
introduce the ratios of the quantities of these phases as additional vari
ables. In the r.bove example let there be ng moles of vapour phase, con
taining mole fractions Y& andy. of components Band a, and let'?aJ, z• 
and z. be the corresponding quantities for the liquid phase. Then if the 
system has been prepared from pure A we have 

or (5·7) 

The stoichiometric restriction on the system a.s a whole ca.n thus be 
expressed in terms of a.n additional variable, namely, the ratio ngfn1• An 
application of this type of equation will be discussed shortly in connexion 
with zinc smelting. 

It may be remarked that if we were unaware of the dissociation of A 
to form B and a the system would be regarded as consisting of a single 
component only. We should thus have deduced' that F = 1+ 2-2 = 1; 
as we have seen this is incorrect whenever the products of the dissociation 
are not confined to a single phase. Two systems, each prepared from A 
only and held at the same temperature but of different ratios ngf?aJ, 
would not have the same physical properties. 

t It may seem a pa.ra.dox that a discrete change from F = 1 to F = 2 is deter. 
mined by a quantity such as the solubility which is continuous. However, 
there is nothing absolute about a value F = 1 or F = 2; if the solubilities of B 
and a in the liquid are both small, the system is effectively univariant, although 
not precisely so. In the application of thermodynamics it is always necessary 
to idealize the system under discuseion, by choosing the variables whioh are 
significant and neglecting all othere. 
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5•6. Alternative approach 

Greater physical insight into a particular problem may often be 
obtained by making direct application, not of the phase rule itself, 
but of the conditions of equilibrium on which it is based. As an 
example consider the system discussed under case (c) above. Let 
T and p be the temperature and total pressure respectively and let 
p 11 , etc., be the partial pressures in the vapour and let x 11 , etc., be the 
mole fractions in the liquid phase. If the gas phase may be assumed 
for simplicity to be a perfect mixture and if the liquid phase is an ideal 
solution, then the eight variables are related by the following six 
equations: + + PG P11 Pc=P, 

x 11 +x11 +x.=1, 

P~~=f(T,.p,x~~), 

p 11 =f(T,.p,x11 ), 

Pc=f(T, p, x.), 

p,p.=K11 =f(T). 
PG 

For example, the third equation states that the partial pressure of A 
is determined by the temperature, by the mole fraction of A in the 
liquid phase and also, although only to a small extent, by the total 
pressure (see§ 6·5). The final equation states the condition of reaction 
equilibrium. 

An examination of the equations shows tho.t two of the variables 
are independent. The system. is therefore divariant, in agreement 
with the result of applying the phase rule. If the system had not been 
assumed to have the properties of a perfect gas and of an ideal solu
tion, the equations would have taken a rather more complicated form, 
but the same conclusion would have been reached. 

5•7. Two examples from the zinc smeltin~ industry 

(a) The reduction of zinc oxide by carbon. This reaction gives 
rise to metallic zinc and also to the two oxides of carbon. We shall 
discuss an equilibrium state of the system in which the following 
species are all present: ZnO, C, Zn, CO, C02• Between these there are 
two independent reactionst and therefore there are three components. 

t These may be written formally as 

ZnO+C=Zn+CO, 

2CO=C+C01, 

but the following alternative choice probably corresponds more closely to the 
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Let it be supposed, in the first place, that there are three phases 
present, namely, zinc oxide and carbon as immiscible solids, and a 
vapour phase consisting of CO, C02 and zinc vapour. (The possibility 
of forming liquid zinc as a fourth phase will be discussed later.) The 
system would therefore be divariant if it were an entirely arbitrary 
mixture of the five species in question. However, the fact that it is 
prepared from zinc oxide and carbon implies a stoichiometric restric
tion on the composition of the vapour phase; for every atom of zinc 
vapour there must be one atom of combined oxygen as CO or C01• 

Hence 
(5·8) 

The system is therefore univariant, so that at any chosen temperature 
it has a definite total pressure and vapour phase composition. It 
may be noted that if the process is operated in a furnace open to the 
atmosphere it is impossible for any steady evolution of zinc oxide 
to occur until the condition 

Pzn+Pco+Pco,=1 atm 

is satisfied. This occurs at a particular temperature, '1.'0 , and in this 
respect the system resembles the dissociatioh of calcium carbonate, 
which was discussed in §4·ll. 

The matter may also be discussed by the method of § 5·6. The 
state of the system may be specified by meanR of the five variables, 
p, T, PZn• Pco• Pco1 • Between these there are four equations: 

Pzn = Pco + 2Pco1• 

Pzn + Pco +Pco1 = P' 

PznPco=K~l =fi(T), 

Pco,IP~o = K~z = fs(T), 

(5·9) 

(5·10) 

(5·11) 

(5·12) 

and it is evjdent that only one of the variables can be chosen arbi
trarily. The last two equations refer, of course, to the partial equi
librium constants of the reactions as written in the footnote. 

We consider now the possibility of the presence of an additional 
phase, namely, liquid zinc. If the temperature of the reaction system 
is raised aboveT0 the pressure will rise above I atm. It is found that 
the displacement to the right in the chemical reactions causes the 
partial pressure of the zinc vapour to rise more rapidly, with increasing 
temperature, than the vapour pressure of liquid zinc. The vapour 

actual mechanism of the process, in which it is the gaseous CO, rather than the 
solid carbon, which reduces the zinc oxide: 

Zn0+C0=Zn+C01, 

C02 +C=2CO. 
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phase therefore becomes saturated and liquid zinc makes its appear
ance in the system above a certain tempert\ture and total pressure. 
Under such conditions there is an extra phase but the stoichiometric 
restriction (5·8) no longer holds. The system therefore continues to 
be univariant. 

Under such conditions, of course, the total number of atoms of 
metallic zinc iJ!t the system is still equal to the number of atoms of 
oxygen which are present a.s CO and C08. The following equation is 
analogous to (5·7): 

(5·13). 

where ¢1 is the fraction of metallic zinc which is present as vapour. 
This equation now replaces (5·8) but introduces the additional 
variable f/1. However, there is also the condition that the zinc vapour 
is saturated 

Pzn=f(T,.p), (5·14) 

so that there are altogether five equations between the six variables. 
Therefore the system is univariant and ¢1 has a definite value at any 
chosen temperature. 

(b) The o$jdation of zinc sulphide by air. In zinc manufacture 
the process discussed above is preceded by the roasting in air of the 
mineral zinc sulphide. The substances which may be formed in signi
ficant amounts are ZnO, ZnS04 , S02 and S03. It is readily seen that 
there are three independent reactions and these may be written 

ZnS + J08 = ZnO + S08, 

ZnS+202 =ZnSO,, 

S02 + !02 = S08• 

An examination of the equilibrium constants of these reactions shows 
that zinc sulphate is not formed above a certain temperature whose 
value depends on the S02 partial pressure. Under industrial con
ditions, where a steady stream of air passes through a. bed of the red
hot sulphide, the formation of sulphate may therefore be avoided. 
However, for the present illustrative purposes it will be supposed 
that the conditions are such that all the species occurring in the above 
equations are present in the equilibrium state of the system. 

Let it be assumed, in the first place, that the system is prepared 
from zinc sulphide and from pure oxygen, in place of air. There are 
thus six species in all, and, since there are three independent re
actions, there are three components. Assuming that the oxide, sul
phide and sulphate are present as immiscible solids, there are four 
phases and the system is therefore univariant. 
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In this example the fact that the system is prepared in a certain 
way does not give rise to any stoichiometric restriction on the com
position of the vapour phase. There is no relationship analogous to 
(5·8) between p 01, Pso1 and Psoa· This is because the sulphur and 
oxygen atoms do not originate from the same substance and because 
they are present in more than one phase at the equilibrium state of 
the system. 

If it were now supposed that the system is prepared from zinc 
sulphide together with an oxygen-nitrogen mixture, the number of 
components would be increased by unity and the system would be 
divariant. Its state could be specified by a statement of, say, the 
temperature together with the total gas pressure, or the partial pres
sure of nitrogen. The fact that we might have used a particular 
nitrogen-oxygen mixture, such as air, would not affect this result; 
some of the oxygen, originally present in the gaseous phase, is trans
ferred into the solids, i.e. the zinc sulphate and oxide. Therefore 
there is no necessary relationship between the partial pressure of 
nitrogen and the partial pressures of 0 2, 802 and 803• 

On the other hand, the variance of the system is not further affected 
by the presence in the air of argon, krypton, etc., since the partial 
pressures of these gases stand in a fixed ratio to the partial pressure 
of the nitrogen. 

PROBLEMS 

I. How many independent components are there in the following 
systems? 

(a) any mixture ofN1, H 1 and NH3 at room temperature; 
(b) any mixture of N2, H 2 and NH3 at a temperature at which the 

chemical equilibrium is rapidly established; 
(c) a system obtained by heating ammonia gas to a temperature at 

which it partially dissociates into nitrogen and hydrogen. 

2. An aqueous solution contains n solutes whose mole fractions are 
x1, x8, ••• , x,.. The solution is in equilibrium with pure water through a 
membrane permeable only to the solvent. The temperature of the system 
is T and the pressures on the water and the solution are p 111 and p, 
respectively. How many of these variables are independent f 

3. State the degrees of freedom in the sense of the phase rule in each 
of the following systems. In each example state briefiy the considerations 
on which your result is based: 

(a) A pure substance at its critical point. 
(b) An azeotrope in a binary system. 
(c) The system obtained by heating a metallic nitrite MN01 to a tem

perature at which the substances present at equilibrium in si~mificant 
amounts are as follows: MN01, MN03, M80, N1 , 0 1, NO and N01• Write 
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down sufficient independent chemical reactions to represent all the 
equilibria. Discuss the degrees of freedom of the system on the supposi
tions (i) that the first three substances above are present as immiscible 
phases, (ii) they are completely miscible. The solubility of the gases in 
the condensed phases may be neglected. [C.U.C.E. Qualifying, 1951) 

4. Derive from first principles the form of the phase rule applicable to 
a system containing N species between which there are R independent. 
chemical reactions. 

A liquid-vapour system contains the species H 80, N01, N 80,, NO, 
N 10 8, HN08 and HN01• What are the number of independent chemical 
reactions and the number of degrees of freedom in the sense of the phase 
rule T Show that any property of this system at equilibrium can be repre
sented by means of a surface through a triangular prism. 

[C.U.C.E. Qualifying, 1952] 

5. Establish the number of degrees of freedom, in the sense of the phase 
rule, of the system composed of solid iron, the solid oxides FeO and Fe80, 
and gaseous, CO and C01• 

Show that the following data on enthalpies and free energies of forma
tion and heat capacities, all at 25 °C, suggest that the temperature at 
which all the above substances are at equilibrium together at 1 atm is 
about 1120 °K. Mention briefly the possible sources of error in the 
calculation. Will the equilibrium temperature be dependent on the total 
pressure f Discuss this in relation to the phase rule. 

Fe(s) 
FeO (a) 
Fe80,(s) 
co 
co. 

!lfH298 
(cal mol-l) 

0 
- 63 700 
-267 000 

26 400 
- 94100 

ll1G~oa 
(cal mol-1 ) 

0 
- 58 400 
-242"400 

32 800 
- 94 300 

Cp 

(cal K-1 mol-l) 

6·0 
10.4 (estimated) 
36.4 

7.0 
8.9 

[C.U.C.E. Tripos, 1954] 

6. A mixture of three miscible liquids X, Y and Z is subjected to a 
simple distillation. Component Z is almost involatile. The progressive 
change in the weight percentage composition of the residue is determined 
by sampling and is represented by a curve on a triangular diagram X Y Z. 

On this curve point A represents the initial compositi6n of the liquid 
and point B represents the composition of the residue at a later stage in 
the distillation. Through A aline is drawn parallel to the XY axis and 
intersects BX and BY at C and D. Show that the ratio CDJXY is the 
fraction of the liquid which has evaporated. 

Show also that the composition of the vapour which is in equilibrium 
with the liquid phase at any point P on the curve is determined by the 
intersection of the tangent at P with the X Y axis. 

[C.U.C.E. Qualifying, 1952] 
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CHAPTER 6 

PHASE EQUILIBRIA IN SINGLE 
COMPONENT SYSTEM:S 

6•1. Introduction 

It is a familiar fact that the phase changes 

solid-+ liquid-+ gas, 

in the direction of the arrows, each require an input of heat to the 
system whenever these changes take place under conditions of 
constant temperature and pressure. Only a small part of the heat 
absorption is due to the work which is associated with the change of 
volume and by far the greater part is due to an increase in the internal 
energy. This is because the phase changes, in the directions considered, 
involve a disorientation or a separation of the component molecules. 

The relative smallness of the work may be illustrated by the 
vaporization of water. At 100 °0 and 1 atm the latent heat which 
must be provided is 41.1 kJ mol-1• At the same time there is an 
increase of volume of 3. 02 x 10' cm8 mol-1 and the work done on 
the atmosphere is thus 3. 02 x 10' cma atm mol-1 or 3.1 kJ mol·-1 • 

This is only 8% of the latent heat. The remaining 92% is accounted 
for by the increase in internal energy in the change from water 
into steam: q=!:iU +w, 

or AH=!:iU+!:i(pV). 

This increase in internal energy consists in a change, probably rather 
small, in the translational, rotational and vibrational energyt of the 
molecules, together with a much more substantial increase in their 
potential energy, consequent on an increase in their separation. 
Similar remarks apply to the solid-+ liquid transition, although in this 
case the change in potential energy is much smaller. 

If k, k 1 and k11 denote the enthalpies per mole of a substance in the 
solid, liquid and gaseous states of aggregation respectively, then at 
any temperature and pressure we may expect 

k.<k,<kg, 

and this sequence is due, at least in part, to the relative magnitude 
of the attractive forces in the three states of aggregation. On the 
other hand, the processes solid-+ liquid and liquid-+ vapour are both 

t All these are forms of kinetic (' thennal') energy at the molecular level. 
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characterized by an increase in the 'randomness' of the system, or 
degree of spread over the quantum states. Thus, if Q is the total 
number of distinguishable micromolecular states or 'complexions', 
we have 

or 

where s denotes the entropy per mole. 
At any particular temperature and pressure the stable phase is 

that which has the smallest value of its chemical potential, or Gibbs 
free energy per mole. Thus, considering liquid and vapour phases, if 

p,<p,, 

the liquid is the more stable of the two. This condition can also be 
expressed in the form (z. -T ) (z. T ) ,., s, < ,.,- s, • 

or 

Conversely, if 

T(s,- s1) < (h11 - h,). 

T(s11 -s1) > (h11 -h1), 

(6·1) 

(6·2) 

the vapour is the more stable form. Equilibrium between the phases 
is determined by the temperature and pressure at which these 
relations become equalities. 

Therefore, as emphasized already in § 2·8, the equilibrium between 
two phases is determined by a. compromise between the energy and 
entropy factors, or, in molecular terms, between order and disorder. 
The transition from a stable liquid phase to a stable vapour phase, 
which takes place with rising temperature, is due to a transition from 
the condition (6·1), where the molecular forces, as reflected in the 
value of h,-h,. are the most significant factor, to the condition (6·2), 
where the increase in randomness, as measured by s,- s1, becomes the 
dominant effect. The transition is made possible by the increased 
energy available to the system, as a consequence of its being in an 
environment at a higher temperature. t 

6·2. The Clausius-Clapeyron equation 

Consider any two phases a and fJ of the same substance. Now in a 
single component system Pa. and Pp are each functions of the tem
perature and pressure only. On the other hand, they are not the same 
functions and the two phases can co-exist only at such values of the 
temperature and pressure that the chemical potentials are equal. 

The possible states of equilibrium correspond to the line of inter
section of the two p surfaces, as discussed in § 5·1. Let p~ and p'p be 

"t See also the remarks at the end of §4•3. 
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the particular values of the potentials which occur at a certain point 
along this line. Then , , (6·3) 

Pa.=Pp• 

and at a neighbouring point along the line we have 

p:+dpa.=Pp+dPp· 

Thereforet dpa. = dp.p. (6·4) 

This equation may also be written~ 

(opa.) dT + (8Pa. \ dp= (opp) dT + (opp) dp, (6·5) 
aT 11 8fl}x aT 11 8p T 

which expresses the relationship between a change of temperature 
dT and a simultaneous change of pressure dp, such that the phase 
equilibrium irt maintained. 

Substituting from (2·Illb) and (2·112b) we obtain 

-s"dT+va.dp= -spdT+vpdp, 

where Ba. and Bp are the molar entropies of the substance in the two 
phases and Va. and Vp are the corresponding molar volumes. Hence 

dp Ba.-Bp 
dT=va.-vp" 

(6·6) 

At the point of equilibrium, where Pa. = PP• the transition between the 
two phases is reversible and therefore 

L ka.-kp 
Ba.-Bp=p=----p-• 

where L is the enthalpy of vaporization. Hence 

dp L 
dT=Tav' 

where av is the increase in volume in the phase change. 

(6·7) 

(6·8) 

This equation, known by the names of Clausius and Clapeyron, 
determines the pressure increase dp which is necessary in order to 

t It may be remarked that this equation is not a sufficient condition of 
equilibrium, because it would be satisfied by p .. = 1'-{J +constant. The equation 
merely asserts that between two neighbouring points along the equilibrium 
curve there is an equal increment of potential for each phase. 

f dp and dT are necessarily the same for the two phases, if thsy are to 
remain at hydrostatic and thermal equilibrium. Thus when p .. =P.{J• we also 
have T.,.=TfJ and p .. =PfJ• and thus dT .. =dTfJ and dp .. =d.PfJ• The latter 
relation will apply even when there is a significant pressure difference across 
a curved interface, as in equation (2•51), provided that the radii of curvature 
are held constant. 
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maintain phase equilibrium when there is a temperature increase dT. 
Its derivation does not depend on any assumptions concerning the 
nature of the two phases, but the equation is applicable as it stands 
only to single-component systems, because Jl, and /lp have been 
assumed to be functions ofT and p only. It may be noted that a 
substance such as water is of this type, even though it may contain 
several chemical species, such as H 20, OH-, H30+, (H20)2, etc., 
which are at reaction equilibrium. If their total number is N, it is 
readily seen that between them there are altogether N -1 chemical 
reactions and stoichiometric restrictions. There is thus only one 
independent componentt and only one independent chemical poten
tial. As shown already, in connexion with the phase rule, such a 
system has one degree of freedom when there are two phases ex and p. 
Thus an arbitrarily chosen temperature change, !!.T, will give rise 
to a definite pressure change !l.p, as given by the integral of (6·8). 
For the same reason the left-hand side of this equation is a complete, 
and not merely a partial, differential. 

Of course the equation is not applicable to a mixture of alcohol 
and water, between which there is no reaction equilibrium. Such a 
system contains two components and there are two independent 
chemical potentials. Each of these is a function of composition, as 
well as of temperature and pressure; equation (6·5), on which (6·8) 
is based, is therefore incomplete and incorrect. From the point of 
view of the phase rule a two-phase, two-component system is divariant; 
a change in pressur~. !l.p, is thus not uniquely determined by a tem
perature change, !!.T, but depends also on the change in composition 
of one of the phases. The analogue of equation (6·8) for two com
ponent systems will be discussed in §7·2. 

For application to solid-solid or solid-liquid phase changes, the 
Clausius-Clapeyron equation may be expressed in the inverted form 

dT T!!.v 
dp=£• (6·9) 

which shows the effect of the applied pressure on the temperature of 
phase transition. This is usually quite small; for example, the freezing
point of water is depressed by 0.007 K atm-1• 

}'or application to solid-vapour or liquid-vapour phase changes, 
t-he equation may be put in a more convenient approximate form by 
neglecting the volume of the condensed phase by comparison with the 
vapour and also by assuming that the latter behaves as a perfect gas. 
Thus 

!!.v = Va = RT fp. (6·10) 

t The number of components here being understood in. the sense of the last 
paragraph of § 5·4. 
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With this approximation, (6·8) may be written 

dlnp . L 
dT = RT2' 

[6·3 

(6·11) 

The approximation is a good one only under conditions where the 
vapour pressure p is not too large. 

6·3 The enthalpy of vaporization and its temperature coefficient 

The integration of (6·8) or (6·11) over a range of temperature and 
pressure requires a knowledge of the temperature and pressure
dependence of the latent heat. Putting L=ha. -h1 and expressing as 
functions of temperature and pressure: 

Now 

and therefore 

dL = (8L) dT + (oL) dp 
8T'P op'l' 

= 8(h .. -h1} dT+ 8(h .. -hp} dp 
8T fJp 

(ah.. ah1) 
=(c,,.-t.:,11}dT+ fJp- ap· dp. 

dh=TdB+vdp 

= -T(8v) +v, 
8T 'P 

by one of Maxwell's relations. Substituting in the previous equation 

dL=(c,,.-cp11)dT+ (v .. -T~-v1+T~t) dp 

=Ac,dT+ (av-T~~) dp. (6·12} 

Now the variations dT and dp of temperature and pressure which 
maintain phase equilibrium are not independent but are related by 
means of (6·8). This equation may therefore be substituted in (6·12) 
to eliminate .dp. We thus obtain the following equation for the change 
of L along the equilibrium curve (Fig. 20 on p. 183): 

dL ( 8Av) L 
dT=Ac,+ Av-T 8T T~v 

=Ac +~-L(~lnAv) ·. 
" T 8T 'P 

(6·13) 



6·3] Phase Equilibria in Single Component Systems 201 

This formula was obtained by Planckt and is usually known by his 
name. 

In the case of solid-vapour and liquid-vapour transitions equation 
(6·10) may be used as an approximation. Substituting (6·10) in the 
last term of (6·13) 

L(oln6.v) =L(olnRTfp) 
aT 11 aT p 

L 
=T· (6·14) 

Therefore, for these types of phase change, the last two terms of 
(6·13) approximately cancel and we obtain 

dL 
dT ~6.c,. (6·15) 

In the case of solid-solid and solid-liquid transformations this equa
tion is quite inapplicable and (6·13) must be used as it stands. 

It is appropriate to conclude this section with a few remarks on the 
magnitude of the latent heats. For most liquids the enthalpy of vapor· 
ization amotmts to 10-100 kJ mol-1; its value at the boiling-point is 
related to the temperature of boiling on the absolute scale by the 
following approximate relation due to Trouton: 

L 
MB=_!1=21 cal K-1 mol-1=88 J K-1 mol-l 

TB 
(6·16) 

The entropy of boiling is thus approximately the same for all liquids. 
There are, of course, appreciable deviations from this rule, particularly 
in the case of hydroxylic substances. Nevertheless, it is useful for the 
purpose of obtaining an estimate of the enthalpy of vaporization m 
cases where it has not been measured. A more accurate rule of a similar 
type is due to Hildebrand.: 

If LM is the enthalpy of melting and TM is the melting-point, the entropy 

ofmeltingis M"=L,,JT... (6·17) 

This quantity is much less constant than the entropy of boiling, and its 
magnitude seems to depend to a considerable degree on molecular shape. 
In the case of substances consisting of fairly compact molecules the value 
of 6.SM is usually about 8--16 J K-1 mol-1, but in exceptional cases 
the value may be as high as 40 J K-1 mol-1. On the other hand, 
substances such as the paraffins and their alcohols consisting of 
elongated molecules have entropies of melting which ma.y reach values 

t Planck, Treatise on ThermodynamicB, transl. Ogg (3rd ed.; London, 
Longmans, Green, 1927), p. 154. 
, t Hildebrand and Soott, The Solubility of Non-Electrolytes (New York, 
Reinhold, 1964); see also Staveley and Tupman, J. Ohem. Soc. (1951), p. 3597. 
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as high as 120 J K-t moi-1 or more. These large values may be explained 
as due to the great increase in the number of complexions when a long 
molecule, previously extended and orientated in the crystalline solid, 
is able to coil up, in a great many alternative ways, on passing into 
the liquid state. t 

In the case of covalent substances, the value of the enthalpy of 
melting is usually about 10-30% of the correspo:ading enthalpy of 
vaporization. 

6•4. Integration of the Clausius-Clapeyron Equation 

As shown pr~viously, a form of the Clausius-Clapeyron equation 
which is approximately valid for solid-vapour or liquid-vapour 
systems at not too high values of the vapour pressure is 

dlnp L 
dT == RT2• 

With the same approximation, and for the same types of phase change; 
we also have equation (6·15} 

dL 
dT=dcP. 

Hence L=L0+ s: LlcpdT, (6·18) 

where L0 is an integration constant and denotes the value of the 
enthalpy of phase change at a temperature approaching the absolute 
zero. 

Between the two equations we have 

dlnp L0 1 f'l' 
dT = RT2 + RT2 o LlcPdT, 

and therefore lnp=O- ~~+ s: :~2J: LlcpdT, (6·19} 

where 0 is a second integration constant. It will be recognized that 
the theory on which this integration is based is c!osely analogous to 
that used in obtaining the integrated form of van't Hoff's equation 
in Chapter 4.t 

t For a discussion on the entropy of fusion see Ubbelohde, QUMt. RBtJ. 
Clrenr. Soc. 4 (1950), 356; .~felting and Crystal Structure (Oxford, 1965). 

t The condition of equilibrium between the condensed phase p and the 
vapour phase ex may be written as follows, if ex is a perfect gas: 

JL{J=JL0 =p~+RT In Pao 
Thus RTlnp .. =pj-p:. 
This' is the analogue of equation (4·51) as applied· to reaction equilibria in
volving condensed phases. 
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Over short ranges of temperature I!J.c, may be taken as being 
approximately constant. With this assumption the integration gives 

L I!J.c 
ln p = - R~ + R" ln T +constant, (6·20) 

but L 0 in this equation is no longer to be interpreted as the true value 
of the enthalpy of phase change at a temperature approaching the 
absolute zero. 

Equation (6·20) is a useful approximate form for the purpose of 
expressing the vapou~ pressures of liquids and solids. For example, 
the vapour preBBure of mustard gas is given byt 

4500 
log10 p= ---;_p -9.86log10 T+38.525. 

For this substance the value of the latent heat, as determined by 
plotting In p against 1/T and taking tangents at various points, 
varies from 14 420 cal mol-1 at 14.4 oc to 13 260 cal mol-1 at 
104.0 °C. 

For many substances it has been possible to compare the values 
of L, as obtained by use of the Clausius-Clapeyron equation, with 
values obtained by direct calorimetric measurement. With sufficient 
care the agreement seems always to be exact, and this may be 
regarded as one of the confirmations of the second law. 

6•5. The effect of a second gas on the vapour pressure of a 
liquid or solid 

Consider a solid or liquid phase fJ in equilibrium with its vapour C¥. 

Let it be supposed that in the gas phase there is present some other 
gas which is not appreciably soluble in fJ. The total gas pressure will 
therefore be greater than the vapour pressure of the solid or liquid. 
The former will be denoted p and the latter P«. 

As in equation (6·4) we have for the equilibrium of the liquid or 
solid with its vapour 

However, in the gaseous phase the chemical potential is now a. func
tion of the mole fraction, y, as well as of the temperature T and the 
total pressure p. (1-y is the mole fraction of the second gas, with 
which we are concerned only in so far as it makes p >P«·) The expan
sion of the above expression in terms of the independent variables 
T, p andy gives 

ap« dT + 8"'« dp + 8"'« dy = 8"'1 dT + 8"'1 dp. aT ap ay aT ap 
t Balson, Denbigh and Adam, Tram. Faraday Soc. 43 (1947), 42. 
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Substituting from (2·111), (2·112), (2·lllb) and (2·112b) 

-S"'dT+ V"'d.p+ O:;dy= -spdT+vpdp, (6·21) 

where s<X and v<X refer to the partial molar entropy and volume 
respectively of the substance in the gaseous phase, and Bp.and Vp refer 
to the entropy and volume per mole respectively in the condensed 
phase. 

Let it be supposed that the gaseous phase behaves as a perfect 
mixture. Then according to equation (3·18} the chemical potential 
of the saturated vapour is given by 

Pot=,u~(T)+RTlnp+RTlny, 

and thus (a,u"') = RT 
Oy T,p y 

and also, froin (3·23}, 
RT 

V"'=-. 
p 

Substitutmg these relations in (6·21) and noting that Pot=yp, we 
obtain 

RTdlnp"'=(S"'-sp)dT+vpdp. (6·22) 

Thus at constant total pressure 

(fJlnp"') = S<X-Bp 
aT P RT ' 

(6·23) 

and at constant temperature 

e~p"'t = ~~- (6·24) 

It will be seen that these expressions are entirely consistent with the 
phase rule. A two-component two-phase system is divariant, and 
therefore two variables such as temperature and pressure may be 
varied independently; in fact (6·22) shows that the changes dT and 
dp entirely determine the change in the third variable, d ln p"', which 
is not independent. 

In (6·23), S"' -Bp may be replaced by LfT as in (6·7). We thus obtain 

(a In Pcx) = ~ (6.25) 
aT 'P RT2 " 

This equation is obviously very similar to (6·11). However, the latter 
is accurate only under two conditions, namely, that the vapour is 
perfect and that the molar volume of the condensed phase is negligible 
compared to that of the vapour. The accuracy of (6·25) depends only 
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on the first of these conditions. Expressed in an alternative way, the 
approximate form of the Clausius-Clapeyron equation 

dlnp.,. L 
dT = RT1 

becomes more accurate if a second gas is present, insoluble in the 
condensed phase, in such a way that the total pressure is constant. 
This applies, for example, to liquids open to the atmosphere, provided 
the air does not dissolve in them appreciably. 

The second equation (6·24) shows the effect of the total pressure p 
on the vapour pressure p.,. at constant temperature. The magnitude of 
the effect, which is usually small, is seen to depend on v1, the molar 
volume of the condensed phase. For example, in the case of water 
v13 is about 18 ems. Putting R=82 ems atm and T=273 K we find 
that the logarithm of the vapour pressure increases by about 
0.1% per atm. If v13 may be ta~en as constant the integration of the 
equation gives ' v In;:= R~(p-p.,.), 
where p~ denotes the vapour pressure at the total pressure p and p.,. 
is the vapour pressure of the substance under its own pressure only. 

The interpretation of the increase in vapour pressure due to the 
presence of the second gas is roughly as follows. The surface of the liquid 
or solid is in process of 'bombardment' not only by the molecules of its 
own vapour but also by those of the second component. The effect of the 
higher total pressure may therefore be regarded as causing some of the 
molecules of the condensed phase to be 'squeezed out' into the vapour, 
resulting in an increase in its vapour·phase concentration until a new 
state of equilibrium is attained. In a perfect gas there is no compen
sating effect in the reverse direction; the presence of the second gas does 
not give rise to an increased tendency of the vapour to condense, because 
a perfect gas is to be interpreted kinetically as consisting of point 
particles. 

The equations for an imperfect vapour analogous to (6·23) and 
(6·24) may be obtained by a similar procedure. The following method 
of derivation is rather simpler, and could also have been adopted for 
the derivation of (6·23) and (6·24). Let f be the fugacity of the 
volatile substance in the vapour phase, where its chemical potential 
is p.,.. Then from the fugacity definition (3·56) 

p.,.=p~+RTlnf. 

As before, the condensed phase will ·be denoted p and the condition 
of equilibrium p.,. = pp may be written 

p~+RTlnf=Pp· 
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Hence 

and 
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0 

R lnf=P./I_P.t~. 
T T 

Rdlnf=d~) -dt;). 

(6·5 

(6·26) 

Now p.11 is a function of temperature and pressure, but p.: is a function 
only of temperature. The last equation may therefore be expanded 

Rdlnf= fJ(p.flfT) d + fJ(p.flfT) dT-d(P~\ 
fJp p fJT T )" 

Using (2·lllb), (2·113b) and (3·64) we obtain 

"II h/1 h~ 
Rdlnf= T dp- 7,1 dT + pz dT, (6·27) 

where h~ is the enthalpy per mole of the substance in the vapour 
phase at a pressure low enough for it to behave as a perfect gas. 
Hence finally 

and 

where 

(a In[\ _ .!!.!... 
fJp-J-r RT' 

(6·28) 

(6·29) 

Some results of Diepen and Scheffert are an example of the need for 
(6·28) in place of (6·24). These workers found that the concentration of 
naphthalene in the vapour phase is very greatly increased if ethylene is 
also present in the gas space. At 12 °C and IOOatm total pressure the 
concentration of naphthalene in the vapour phase was 25 600 times 
larger than would be expected from the vapour pressure of naphthalene 
alone. Equation (6·24) accounts for only a very small part of this increase, 
and the remainder must .be due to large deviations from the perfect gas 
laws, with specific interaction between the naphthalene and ethylene 
molecules in the vapour phase. 

This kind of effect may be called the Bolubility of a BOlitl in a gaB and it 
was discovered by Hannay and Hogarth in 1880.t In one of their experi
ments they showed that a solution of cobalt chloride could be raised above 
the critical temperature, and the 'dissolved' salt was then present in the 
vapour phase. Its absorption spectrum was the same as in the normal 
liquid solution. More recently it has been stated that the deposition of 
silica on turbine blades is due, at least in part, to the solubility of silica 
in high-pressure steam.§ 

t Diepen and Scheffer, J. Amer. Chem. Soc. 70 (1948), 4085. 
t Hannay and Hogarth, Proc. Roy. Soc. 30 (1879-80), 178. 
§ A review of such effects is given by Booth and Bidwell, Chem. Rev. 44 

(1949), 477. 
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These phenomena. are only significant under conditions of high pressure 
where the density of the vapour phase is appreciable. Under such con
ditions the separation between gas molecules is quite small and many of 
them may be present a.~ clusters. When there is also a strong specific 
interaction between the clusters and any solid substance which is present, 
it may be expected that the latter will show a greatly enhanced volatility. 
The solvent ~ower of a gas may t.hus be account.ed for along the same lines 
nil for a liqu1d solvent. t 

6·6. Lambda transitions 
Simple kinds of phase change, such as melting and vaporization, 

are characterized by considerable changes of volume, and also of 
entropy and enthalpy, a.t the point of transition. Thus, whereas the 
chemical potentials of the two phases are equal when they are a.t 
equilibrium together, their volumes, entropies and entha.lpies are 
far from equal. 

For a. pure substance we have from equations (2·lllb), (2·ll2b), 
(2·89) and (2·86) 

(fJp) = -8 

aT · p 

(fJBp) = (av) = -VK, ap"'. '1' ap '1' 

(a2p) (a8) Cp 
\i3T2 , =- aT,.= -T, 

(6·30) 

and these equations express v, 8, K and cP as first and second deri
vatives of p. 

In the ordinary type of phase change, if p, 8, v, etc., are plotted as 
functions of temperature and pressure, we obtain curves as shown 
diagrammatically in Fig. 21. The chemical potential itself shows a 
change of gradient a.t the point of phase change, but no discontinuity. 
The "latter is manifested in the entropy, volume and all other higher 
derivatives of the chemical potential. t 

Apart from the discontinuous changes of entropy and volume, an 
important feature of these normal types of phase change is that the 
values of cP and K do not usually change a.t all rapidly as the transition 

:t !<'or a full review of the whole field see Rowlinson and Richardson, 
Advances in Chemical Physics 2 (1959), 85-118 and Prausnitz, loc. cit., §5.14. 

t With regard to the heat capacity, it may be noted that its value may 
either increase (as in the ice-water transition) or decrease (as in the water
steam transition) in passing from the lower to the higher temperature phase. 
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point is approached; the observable physical properties of the material 
give no intimation that a. change of a. rather drastic nature is about 
to take place. 

Other types of phase change have been discovered which show 
quite a. different character. In these there seems to be no difference 
of volume between the two forms of the substance and also little or 
no difference in entropy or enthalpy, i.e. zero or almost zero latent 
heat. The transition is manifested simply by a. sharp change in the 
heat capacity and compressibility. These pl'operties also vary rather 
rapidly a.s the transition point is approached . 

... ... .. 
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\', " " f! p ,:..---

"1 
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Fig. 21. Changes in the thennodynamic functions 
in a normal type of phase transition. 

A carefully studied example is the transition which takes place in 
liquid helium at about 2. 2 K. The heat capacity and density of liquid 
helium as functions of the temperature are shown in Fig. 22. In this 
instance at least it is known that the two 'phases' are able to co-exist, 
not merely at a. particular temperature and pressure, but along a. 
p-T equilibrium curve, a.s in the ordinary phase transitions already 
discussed. Similar effects are known to occur in many solids, notably 
in alloys, in the crystalline ammonium salts, in polymers and in 
solidified methane and hydrogen halides. For example, in ammonium 
chloride there is a. sharp break in the heat capacity curve at -30.4 oc. 

Now in any given example, if it were known. with certainty that the 
latent heat and volume change were vanishingly small, the entropy 
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and volume, as functions of temperature and pressure, would pre
sumably be of the form shown in Fig. 23. This led in the 1930s to the 
conception of phase changes which are of 'higher order' than the 
ordinary ones such a.s melting. According to this terminology an nth 
order phase change is one in which it is the nth derivative of p, with 
respect to temperature and pressure, which first becomes discon
tinuous at the point of phase change. For example, in the ordinary 

.. ... 
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u 
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T 
Fig. 22. Lambda transition in liquid helium. 
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Fig. 23. Entropy and volume changes in a supposed 
'second-order' phase change. 

first-order phase change, such as melting, it is the first derivatives, 
namely, entropy and volume, which are discontinuous, and in the 
supposed second-order phase change it is the second derivatives. The 
theory of such changes, if they exist, was discussed by Ehrenfest and 
others, and was based on the supposition that the p surfaces of the 
two 'phases' do not. intersect at a finite angle, as in ordinary phase 
change (see Fig. 20), but actually make contact over a range of 
temperature and pressure. t On this basis Ehrenfest obtained an 
equation analogous to the Clausius-Clapeyron equation, but based 
on the second derivatives of p instead of on the first. 

However one of the difficulties on the experimental side was to show 
whether any particular anomalous phase change really satisfies the 
theoretical criterion of being 'second order'. For this purpose it was 

t On this point see Pippard, Zoe. cit. 
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necessary to demonstrate experimentally that the heat capacity doe& not 
rise to infinity, for if it did it would be equivalent to a. latent heat. This 
required heat·capacity measurements of very high accuracy taken at 
very small intervals of temperature close to the temperature of dis· 
continuity. In many cases the measured heat capacity rises to extremely 
high values, and therefore it was difficult to eliminate the. poBBibility 
that it rises to infinity. 

c,. 

TA. 
Fig. 24. Characteristic variation of heat capacity at a lambda transition. 

Following some important work by Onsager on two-dimensional 
models, a rather different conception of these transitions has been 
developed and has largely replaced Ehrenfest's ideas. But first let it be 
said that the question of whether the latent heat is zero is perhaps 
not the most significant aspect of many of the observed anomalous phase 
changes. What can be clearly demonstrated experimentally is that they 
differ from ordinary phase changes in regard to the way in which c,. varies 
as the point of apparent discontinuity is approached . .-The curves are of 
the type shown in Fig. 24 and are clearly distinct from those characteristic 
of normal phase change, as shown in Fig. 21, where c,. remains almost 
constant up to the transition point. Consid\lring the lower temperature 
portion of the curve in Fig. 24, it is seen that the increase in c,. rapidly 
accelerates, as if a change is already taking place in the substance below 
the temperature T -,.,. · 

The shape of the curve, similar to the Greek letter lambda, has led to 
the term lambda transition. This is preferable to the term • higher·order 
phase change ',which presupposes the correctnCBB of the theory as outlined 
above. Indeed, the occurrence of such transitions seems really to imply 
a breakdown, or at least a limitation, in the usual concept of 'phase'. 
This concept is based on the idea that there exist entirely distinct forms 
of a. substance, and for each of them there is a·p surface which may be 
thought of as being continued into an unstable region, as in Fig. 20. The 



6·6] Phase Equilibria in Single Component Systems 211 

most fruitful approach to the theory of the lambda transitions seems to 
lie in quite a different direction-namely, that there is a gradual transi
tion, over a range of temperature and pressure, from one kind of arrange· 
ment of the component atoms and molecules to some other arrangement, 
characterized by a different degree of orderliness, the point of apparent 
discontinuity on the c, curve being that at which the gradual change has 
virtually completed itself. 

This kind of interpretation may be made clearer by considering the 
lambda transition in p brass, which consists of copper and zinc atoms in 
almost equal numbers. The crystal structure has been established by 
X·ray methods, and both above and below the J\ point (about 470 °0) 
the system has a body·centred cubic lattice, each atom having eight 
nearest neighbours. The structure thus consists of two interpenetrating 
simple cubic lattices, which may be called A and B. It seems that at 
temperatures well below the A point all of the copper atoms are on one 
of these lattices and all of the zinc atoms are on the other, so that each 
copper atom is surrounded by eight zinc atoms as nearest neighbours, 
and vice versa. However, with rise of temperature the copper and zinc 
atoms tend to change places, and this process occurs to a gradually 
increasing extent over a fairly wide temperature range, until finally the 
system becomes an almost completely random arrangement of copper 
and zinc atoms over the A and B lattices. The temperature at which 
randomization is virtually complete seems to be that at which c,. is 
observed to fall very rapidly, i.e. the"- point. 

It seems that the interaction energy between a zinc and a copper atom 
is larger than the mean interaction energy between a copper-copper pair 
and a zinc-zinc pair. For if the interaction energies are as stated, the 
lowest potential energy of the system will occur when each atom is 
surrounded by eight atoms of the other kind, and this is the observed 
structure at low temperature. As noted in§ 6·1, theenergyfactordominates 
over the entropy factor at low temperatures and the system tends to 
take up the configuration in which the attractive forces are most com
pletely satisfied. On the other hand, a completely ordered structure of 
this type is an intrinsically improbable one. Therefore, with rising tem
perature (i.e. with increasing energy available from the heat bath), 
there is a tendency for the completely ordered structure to pass over into 
one which is more random and has higher entropy. For this to occur 
interchange of zinc and copper atoms must take place, against the 
operation of the interatomic forces, and thus considerable heat must be 
absorbed per unit rise of temperature, i.e. c, has a large value. :S:owever, 
when the structure is at last completely random, any further interchange 
does not increase the potential energy, and the heat capacity falls to a 
lower value characteristic only of the kinetic energy of vibration of the 
atoms in the lattice. There is therefore a fairly sharp discontinuity of c,, 
as is observed. But there is no discontinuity in the internal structure of 
the material itself, and there is nothing which could be called a phase 
change in the accepted sense. The A point seems to be simply that tem
perature at which the process of randomization has approximately 
completed itself. 
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According to the theory the accelerating rise in c, below the A point 

is due to the fact that the greater the number of zinc and copper atoms 
which have already changed positions between the A and B lattices, the 
easier it is for the next interchange to occur. When the randomization is 
already partially complete any particular copper atom is surrounded on 
the average by fewer than eight zinc atoms; the total force on the copper 
atom, tending to prevent its interchange, is therefore less than at a lower 
temperature where the number of zinc atoms in its vicinity was larger. 
It is thus as if the change catalyses it-self, and such effects are said to be 
'co-operative'. 

In brief, it seems that the discontinuity in the heat capacity is not due 
to an abrupt change from one well-defined phase to another, but arises 
from a gradual change in the internal degree of order of the material. 

This BtatiBtical mechanical treatment, due to Bragg and Williams, of 
the transition in fJ brass led on to the modern concept of order-di8order 
tranBitionB, and this was further reinforced by Onsager's work. The 
corresponding thermodynamic theory, as developed by Tisza and others, 
depends on the use of an internal parameter of the system (as well as T 
and p) and is closely related to the thermodynamic theory of chemical 
reactions, as described in Chapter 4. 

It will be recalled from equations (4.2) and (4.8) that the degree to 
which a chemical reaction is displaced from equilibrium can be charac
terized by a. parameter, ~. called the 'extent of reaction'. Let us revert 
briefly to the fJ brass transition and think of it in the same way. Let n be 
the number of copper atoms which are still present on the one lattice, 
and let n' be the number which have migrated to the other lattice. Then 
an internal parameter of the system, called the degree of long range 
order 1J, can be defined by the expreBBion 

1J = (n-n')/(n+n'), 

where 1J is unity at low temperatures and becomes zero at a temperature 
such that n = n'. A more refined statistical treatment consists in taking 
1J as a function of R, the distance from some chosen atom, and then 
taking the mean value of 1J for all such chosen centres. 

To carry thiS any further would also require a detailed treatment of 
thermodynamic stability. Sufficient to say that the theoryt based on the 
use of internal parameters has made considerable progress in providing 
an account of the anomalous transitions discussed above. Nevertheless 
the example of liquid helium is still imperfectly understood and appears 
to depend on specifically quantum effects which occur at very low 
temperatures. 

t Tisza., L., Generalized Thermodynamics (M.I.T. Press, 1966); Munster, A., 
Classical Thermodynamics (Wiley-Interscienoe, 1970); Stanley, H. E., Introduc
tion to Phase TranBitionB and Critical Phenomena (Clarendon PreBS, 1971). 
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PROBLEMS 
1. The increase, !:J.T, in boiling-point of a liquid due to a small increase 

in pressure may be expressed in the following approximate form: 

dT dp 
Tb =w· 

where T 6 is the boiling-point at 1 atm and dp is the excess pressure as a 
fraction of an atmosphere. Derive this expression, using the Trouton 
relation. 

2. Calculate the melting-point of water at a pressure of 1. 80 X 

108 kPa. Take the densities of ice and water as 0. 917 and 1. 000 g em- 8 

respectively and the enthalpy of melting as 6008 J mol- 1• 

[Kelvin's direct measurement gave -0.129 °C.] 

3. Calculate the temperature coefficient of the enthalpy of melting 
of water, under the equilibrium pressure. The coefficients of thermal 
expansivity of water and ice at 0 oc are -6.0 x w-s and 11.0 x w-s 
respectively, and the specific heat capacities are 1. 0 and 0. 5 respectively. 
The specific volume of ice is 1.093 ems g--1. 

4. For water at 100 °C, dpfdT has the value 27.12 mmHgrC'. The 
volume of 1 g of saturated water vapour at 100 °C is 167 4 em 3 • Calculate 
the enthalpy of vaporization and compare with the calorimetric value 
of 2254 J g- 1• 

5. Show that the change of volume with temperature of a fixed quan
tity of vapour which is in equilibrium with a liquid phase is given by the 
approximate relation 

6. Estimate the maximum weight of oil which can be vaporized into 
a stream of air at 20 °C and 1 atm. The only available data on the oil are: 
mol. wt. = 120 and boiling-point= 200 °C. 

7. A quantity of steam contains suspended droplets of water. The 
'dryness' q is defined as the fraction of the total mass which is actually 
present as vapour. Show that if the system is heated at constant volume 

(:~)v =- (v•~v') (!~t· 
where V is the specific volume of the mixture and v" and v' are the specific 
volumes of the vapour and liquid phases respectively when they are at 
equilibrium (the 'saturated' phase.s). 

8. Consider a vapour-liquid system at equihbrium. The heat capacity 
of either phase at 'saturation' is defined as the value of its heat capacity 
when the temperature is raised and at the same time the pressure is 
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adjusted so as to maintain the two-phase equilibrium. If c; and c~ are the 
saturated heat capacities of vapour and liquid respectively, show that 

, , L (8v") , , L (ev'), ,dLL 
0' =c.,- (v"'-v') fJT 1/ c,=c.,- (v"-v') fJT .p' 0' -c,= dT-T' 

c; and c~ are the normal heat capacities of the phases at constant pressure 
and v" and v' are the specific volumes. Estimate the value of c: for 
steam at 100 "C. · 

9. Show that, under certain conditions, the effect of the total pressure 
p on the vapour pressure pz of a liquid is given by the equation 

(ainpz) =..!!... 
f)p ,. RT' 

where v1 is the volume per mole of the liquid. 
A gas leaving an ammonia synthesis converter contains 12 mol % 

of NH8 • It circulates through a. cooler at 250 atm and passes out of the 
cooler at 30 °C Use the data below to estimate the fraction of the entering 
ammonia which is condensed. 

[Properties of ammonia. at 30 °C: 

Liquid density 
V a.pour pressure 

0·595 gem-a. 
11.5 atm.] 

[C.U.C.E. Qualifying, 1951] 

10. Ammonia. is to be made by bringing a. stoichiometric mixture of 
nitrogen and hydrogen to chemical equilibrium over a. catalyst at a. tem
perature T 1 and a. high pressure p 1 • The resulting gas mixture will then 
pa.s8 to a. condenser where it will be cooled to a. temperature T 1 at the 
same pressure p 1• 

Explain how you would estimate the minimum value of p 1 required 
to cause liquid ammonia. to condense at T 1, if the following information 
were provided: 

Standard free energy A1GI88 and enthalpy AJHna of formation ofNH1 
at 25 °C, 

c., for N 1, H 1 and NH8 between 25 °C and T1 at I atm. 
p-V relations for pure N 1, H 1 and NH3 at T1 and T 1 between 1 a.tm 

and p 1, including the data for liquid NH8 at T 1 • 

State any assumptions and approximations involved in making the esti
mate. What further thermodynamic information would you seek to obtain 
in order to make your estimate more reliable! [C.U.C.E. Tripos, 1953] 

11. Below the triple point (-56.2 °C) the vapour pressure of solid 
carbon dioxide may be expressed by the relation 

1353 
log10p= -T+9.832, 

where pis in mmHg and Tin K. The enthalpy of melting is 8328 J moi-1• 

Make an estimate of the vapour pressure of liquid carbon dioxide at 
0 °C and indicate sources of inaccuracy in the D;lethod used. 

[C.U.C.E. Qualifying, 1955) 
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CHAPTER 7 

GENERAL PROPE'RTIES OF SOLUTIONS 
AND THE GIBBS-DUHEM EQUATION 

7•1. The Gibbs-Duhem equation 
In the previous chapter we obtained a number of relations, such as 

the Clausius-Clapeyron equation, which are correct whatever the 
nature of the phases which are in equilibrium, provided that there is 
only a single component. The·question arises whether any equations 
of a comparable generality may be obtained for the case of a. multi
component system. 

The present chapter is concerned with the general relationships 
concerning a binary solution, together with some discuBBion of its 
empirical behaviour.tThe following chapter is concerned with the 
Bpecial relationships which arise when the solution may be assumed 
to be ideal. 

At the outset it may be remarked that the chief difficulty in the 
study of solutions is that thermodynamics provides no detailed in
formation concerning the dependence of the chemical potential (or 
other thermodynamic functions) on the composition. The Clausius
Clapeyron, and other equations of the last chapter, were based on the 
temperature and preBBure coefficients of p: 

ap,= -s,} aT · 
(7·1) ap, 

8p == v,, 
which thereby relate the temperature and pressure dependence of 
the phase equilibrium to measurable latent heats and volume changes. 
There are no comparable equations for the dependence of p on the 
composition, except in the special case of the ideal solution. 

The only guidance comes from the Gibbs-Duhem equation (2·83). 
For a homogeneous phase of two components A and B this reads 

SdT- Vdp +n0 dp0 +n,dp,=0, (7·2) 

where S and V are the total entropy and volume of the phase respec
tively and n0 a.nd nb are the amounts of the substances. The equa
tion shows that of the four variables T, p, p.a and f.Lb• only three can 
be varied independently. 

t For a more complete discusaion see Rowlin110n, IAquids and !Aquid 
Mia:rurflll (Butterworth, 2nd ed., 1969) and Prausnitz, loc. cit. 
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If we choose the mole fractions in place of the chemical potentials 
as the independent variables, lt is evident that the state of a binary 
phase can be completely specified by means of temperature and pres
sure together with a Bingle mole fraction. 

For the present purposes equation (7 ·2) may be expressed in an 
alternative form as follows. Expanding the equation in terms of the 
variables T, p and the mole fraction x (which will be taken to refer 
to component A) we obtain 

SdT- Vdp +n (op."dT+ op"dp+ op"dx) 
"oT fJp ox 

+ n (8"'" dT + op~ dp + ap, dx) = o. "aT a11 ax 
Substituting from equation (7·1), 

SdT- Vdp -(na8a+n11 8 11)dT+(naVa+n,V11 )dp 

+ (na 0~"+n11 ~) dx=O. 

The first term cancels the third and the second term cancels the fourth. 
Hence 

(7·3) 

or, dividing through by (nc+n,) and noting that x=nc/(nc+n,) and 
1-x=n11j(nc+n11 ), we obtain 

x(8"'") +(1-x) (ap,) =0. (7·4) 
OX T, ·P Ox 'r, 11 

7·2. Pressure-temperature relationst 

(a) Solution in contact with two pure phases. We consider 
a binary solution in contact either with the vapour of component A 
and the solid phase of component B, or, alternatively, with the pure 
solids of both components. An example of the first type is an aqueous 
salt solution in contact with water vapour and also with solid salt. 
An example of the second type is an aqueous salt solution in equili
brium, at the eutectic, with solid ice and solid salt (but under a pres
sure greater than the vapour pressure). Such a. system is univariant 
and we ma.y therefore expect a unique relation between pressure and 
temperature analogous to the Clausius-Clapeyron equation. 

t For other examples of the type discussed in this section see the article by 
Morey in the Commentary on the Sciemiftc Wmings of J. Willard Gibbs, vol. I 

(New Haven, Yale Univ. Press, 1936). 
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Let the pure phases of components A and B be denoted by single 
and double primes respectively. The solution phase will be denoted 
by symbols without a prime. The condition of equilibrium for 
component A is , 

Po=Pa• 
and therefore for any variations of temperature, pressure and 
compositiont 

opa dT + opa dp + opa dx = op~ dT + op~ dp. 
8T 8p ox 8T 8p 

Substituting from equations (7·1), (2·1llb) and (2·112b) 

-80 dT+ V0 dp + : 0 dx= -8~dT+v~ dp, 

or 0:x0 dx= -(8~-80)dT+(v~- V0 ) dp. 

Similarly for component B, whose mole fraction is (1-x), 

:b dx= -(8;-sb) dT+(v;- Vb) dp. 

(7·5) 

(7·6) 

(7·7) 

Multiplying the first equation by x and the second by (1- x) and 
adding, we obtain by use of equation (7·4) 

-x(8~-80) dT- (1-x) (8:-Sb) dT 

+x(v~- Va)dp +(1-x)(v;- Vb) dp=O. 
Mter rearrangement 

dp (8~- Sa) +r(8:- Sb) 

dT = (v~- V0 )+ r(v;- Vb)' 
(7·8) 

where r is the ratio of the mole fraction of component B to the mole 
fraction of component A in the solution. 

Since p0 =p~ and pb=p;, the entropy differences in (7·8) may be 
replaced by enthalpy differences divided by the absolute temperature. 
Thus (7·8) becomes 

dp (h0 -H0 )+r(hb-Hb) 
dT=T{(v0 -Vd)+r(v&-'Vb)}' (7·9) 

where the primes have been deleted as unnecessary. This equation 
thus gives the change of pressure with temperature along the three
phase equilibrium curve in terms of measurable heat a.nd volume 
effects. Consider, for example, the application of the equation to the 
system: solid salt+solution+wa.ter vapour. From a. quantity of the 

t Note that fLa is a function ofT, p and ::r:, but fL~ is a function ofT and p 
only, since it refers to a pure phase. 
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solution let 1 mole of water (component A) be evaporated, at constant 
temperature and pressure, and let r=n&fn4 moles of salt (component 
B) be simultaneously precipitated. In these proportions the cqm
position of the solution remains unchanged. The heat absorbed in 
this process is {(h4 -H4 )+r(h&-1J&)} and may be denoted AH. The 
simultaneous volume change is {(v4 - V4 )+r(v&- V&)} and may be 
denoted A V. The last equation may therefore be written 

dp AH 
dT==TAV. (7"10) 

As iii the case of the Clausius-Clapeyron equation, it is usually a. good 
approximation to put A V == RT Jp, equivalent to neglecting all terms 
except"" in (7·9) and also assuming the vapour to be perfect. Hence 

dlnp AH 
dT == RT1 • (7·ll) 

It is to be noted that ll.H includes both the enthalpy of vaporiza
tion of water from the given solution and the enthalpy of precipi
tation of r moles of the solute. 

(b) Two binary phases in contact. As examples of the type of 
system now under discussion there are 

(1) a mixture ·of alcohol and water in equilibrium with their 
va.pours; 

(2) a. solution of ether in water in equilibrium with the conjugate 
solution of water in ether; 

(3) a. liquid solution in each other of bromobenzene and iodo
benzene in equilibrium with a.· solid solution of the same two com
ponents. 

These systems are all diva.riant and there is no unique relation 
between changes of pressure and changes of temperature. It is only 
when, say, the temperature and the composition of one of the phases 
are both held constant that the pressure and also the composition of 
the other phase have definite values. Therefore we cannot obtain an 
equation for dpfdT, but only a. relation for (Bpj8T):e, where the 
subscript x denotes constant composition of one of the phases. 

Let the chemical potential, partial molar volume and partial molar 
entropy of one phase be denoted by quantities without a. prime and 
let x be the mole fraction of component A in this phase. Let the corre
sponding quantities for the other phase be denoted by primes and let 
y be the mole fraction of component A in this second phase. In place 
of (7·5), we now have for component A 

a a' 
-S4 dT+ V4 dp + ;:"d.x= -S~dT+ V~dp + :;dy, 
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since p~ now depends on y, as well as on T and p. After rearranging 
we obtain 

op"dz op~d , , 
ox - oy 1J== -(8a-8a)dT+(V01 - V01)dp. (7·12) 

Similarly for component B 

op • ..J_ op~d , , 
ax UOG- ay y== -(8.-8.)dT+(V.- Vt)dp. (7·13) 

In these equations not all of the variations are independent, because 
for the one phase we have the relation (7·4) 

a"'" ap. x ox +(1-x)a;-=0, (7·14) 

and for the other phase the analogous relation 

ap~ a~ 
11 ay + (1-y) oy = o. (7·15) 

Between the four equations above we obtaint 

(y-x) ap" ..J- { , , } 

1_x ax 1.10£"==- y(801 -801)+(1-y)(8.-8&) dT 

+{y(V~- Y01)+(1-y)(V;- v.)}dp. (7·16) 

Therefore of the three variables, x, T and p, only two are independent, 
as is known alr~ady from the phase rule. The thermodynamic in
formation used in deriving (7·16) is, of course, the same as is used in 
obtaining the phase rule and (7·16) extends our knowledge only in 
showing the quantitative relationship between the variables. 

The mole fraction x refers to one of the two phases. Let it .be sup
posed that this phase is maintained at constant composition. Then 

from (7·16) (Bp') =y(8;-8a)+(1-y)(8~-8&). 
aT • y(V01 - V01)+(1-y)(V.- V&) (7"17) 

During the temperature rise dT there will, of course, be a tendency 
for both phases to change in composition, but constancy in com
position of one of the phases can always be maintained artificially
for example, in the first example quoted above, by addition to the 
liquid of an increment of alcohol, to replenish what is lost to the 
vapour. 

t Multiply (7-12) by 11 and (7-13) by (1-y) and add. Equation (7-15) then 
allows the elimination of p~ andp:. Finally, apply (7·U) and simplify. Equa. 
tiona similar to (7·16) but applying to multioomponent systemB are given by 
Srivastava and Rastogi, Proc. Nat. ln~~t. Sci. ltu:liG 19 (1953), 613, 853. A 
number of other important papers are by Strickland-Constable, Proc. Boy. 
Soc. A209 (1951), 14; A214 (1952), 36; Redlich and Kister.- Ind. Eng. Chem.. 40 
(1948), 341, 345; lbl and Dodge, Chem. Eft{!. Scieme :Z (1953), 120. 
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Since p,.=p~ and P&=p;, the entropy differences in (7·17) may be 
replaced by enthalpy differences divided by the absolute temperature. 

op y( ,.- ,.)+(1-y)( b-Hb) (7·18) Thus ( ) H' H H' 

oT:.: = T{y(V~- V,.)+(l-y)(V;- V&)}. 

The numerator, which may be denoted 6.H, is clearly the heat 
absorbed, at constant temperature and pressure, when y moles of 
component A and ( 1-y) moles of component Bare transferred to the 
primed phase from a quantity of the unprimed phase which is so great 
that its composition remains virtually unchanged. 

In the case of vapour-liquid equilibrium this is called the differential 
enthalpy of vaporization. If only the component A is appreciably 
volatile, y = 1 and ( 1-y) = 0, and thus 6.H is the heat of vaporization 
of component A from the solution in which its mole fraction is x. 
In general this is not the same as the latent heat of pure A. 

The bracket in the denominator has a similar interpretation and 
may be denoted 6. V. Then (7·18) takes the form 

(op) 6.H 
oT., =T6.V' (7·19) 

In the case of vapour-liquid equilibria it is a good approximation to 
put 6. V = RT fp, and therefore 

(olnp) 6.H 
oT ., = RT2' (7·20) 

In this equation p refers to the total vapour pressure of the two 
components. On the other hand, in the application of (7·19) to the 
equilibrium with each other of a pair of liquid or solid solutions (in 
the absence of vapour), p must be taken as some pressure greater 
than the vapour pressure. (opf8T)z is then to be interpreted analo
gously to equation (6·9). 

Another important consequence of (7·16) relates to maxima. and 
minima. From this equation we can obviously obtain expressions for 

(~~, and (!=) T. 

These equations need not be written down explicitly, but both of 
the above differential coefficients are seen to be proportional to 
(y-x)/(1-x). Now in certain mixtures it may occur that there is a. 
particular composition of one phase which is in equilibrium with a 
second phase which has an equal mole fraction, that is, y-x=O at 
a particular value of x. When this occurs it follows that 

(~~, =0 and (::) T =o. (7·21) 
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For example, a mixture of benzene and e.lcohol containing a mole 
fraction of alcohol of 0.46 has a vapour phase of equal composition, 
when the pressure is 1 atm. The first relation above, states that the 
boiling-point of the mixture will pass through either a maximum or 
a minimum at this composition (actually a minimum). Similarly, the 
second relation states that the total vapour pressure, at constant· 
temperature, will pass through a maximum or a minimum at tae 
same composition (actually a maximum). 

Mixtures which have the above properties are known as azeotropea. 
The azeotropic composition is itself a function of temperature or 
pressure; for example, the proportions of alcohol and benzene which 
give rise to a maximum boiling mixture vary somewhat as the 
pressure of ebullition is changed. 

Similar conclusions apply to a liquid solution in equilibrium with 
a solid solution of the same two components. For example, t bromo
benzene and iodobenzene are completely miscible over the whole 
range of composition both in the liquid and solid phases; the liquid 
and solid solutions have the same composition when the percentage 
of iodobenzene is about 35 %. At this point the freezing-point passes 
through a. minimum value, at constant pressure. 

It can be readily proved that a similar conclusion applies when the 
solid phase is of fixed composition. For example, the solubility curve 
of ferric chloride shows a number of eutectics, due to the various 
hydrates, and between each of these eutectics the curve passes 
through a maximum. At each of these maxima the solution has the 
same composition as the solid hydrate with which it is in equilibrium 
at constant pressure. 

7·3. Partial pressure-composition relations 

Consider a liquid or solid solution of several components in equi
librium with its vapour. For the ith component we have 

At temperatures at which the vapour pressure is sufficiently small 
the vapour phase may be exp~cted to approximate fairly closely to 
a perfect gas mixture. Thus 

Ptap. = P? + RT In Pt• 

and therefore (7·22) 

t Quoted by Butler in the Oommenl4f'y on IM Scienti.ftc WiWing1 of J. WillMd 
Gibbl, vol. I (New Haven, Yale Univ. Press, 1936), p. 114. 
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where P1 depends only on the temperature. This equation gives the 
chemical potential of any component of a solution in terms of its 
partial pressure.t 

It follows that the equilibria of solutions can always be discussed 
thermodynamically in terms of the partial pressures in the saturated 
vapour (or the fugacities if the vapour phase is imperfect). Consider, 
for example, the reaction of N02 with water as in nitric acid manu-

facture, 3N02+H20=2HN03 +NO. 

The equilibrium constant for the vapour phase is 
ll 

PHNO, PNo _ K 
3 - 2l' 

PNo,Pu,o 

and this may be calculated by use of standard-free energies. In a gas 
containing known partial pressures of NO, N02 and H 20 it would 
therefore be possible to calculate the maximum attainable partial 
pressure of HN03• However, this would not tell us the maximum 
attainable concentration of this substance in the liquid phase. 

Therefore the difficulty in the study of solutions arises when we wish 
to relate the composition of the gas phase with the composition of 
the solution with which it is in contact.t In general, the partial 
pressure of any component of the vapour may be expected to be a 
function of temperature, together with its mole fraction in solution 
and also the mole fractions of all other species (or rather a function of 
N -1 mole fractions if there are N substances in solution). Thus 

(7·23) 

The simplest possible relationship of this kind is where p, is directly 
proportional to xi and is independent of all other mole fractions: 

(7·24) 

In the next section we shall examine the extent to which such be
haviour is actually observed. 

7 •4. The empirical partial pressure curves of binary solutions 

(a) Non-electrolytes. A very thorough experimental study of 
the partial vapour pressures of binary organic mixtures was made by 
Zawidski. § Out of a large number of such mixtures only two were 

t Note also that p, must be the same for any two condensed phases which 
are in equilibrium with respect to the particular component. 

t This difficulty is the same as the one already mentioned in §7·1, namely, 
knowing the chemical potential as a function of the composition of the solution. 

§ Zawidski, z. Phya. Ohem. 35 (1900), 129. 
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found whose behaviour approximated at all closely to the relation 
(7·24). These were ethylene bromide with propylene bromide and 
benzene with ethylene chloride; in each of these mixtures the partial 
pressure of a component is almost exactly proportional to its mole 
fraction in the solution. Behaviour of this kind is shown diagram
matically in Fig. 25, where the lines AJ and BK represent the partial 
pressures of components B and A respectively, when plotted against 
the mole fraction at a particular temperature. The line J K shows the 
total pressure of both components. 

Thus 
Pa=P!Xa,} 

Pb=p:xb, 

xb
Fig. 25. Partial vapour pressures of ideal solution, 

(7·25) 

where P! and p: are the vapour pressures of pure A and pure B 
respectively, at the temperature T. These are the equations to the 
lines BK and AJ respectively, and the equation to the line ./K is 

p=p .. +pb=p!xa+p:xb 

=p!xa+p:(l-X0 ). (7·26) 

The functional relationships (7·25) are known as RaouU's law. 
Mixtures which obey the law over the whole· range of composition 
are the exception rather than the rule, but an approximation to the 
ideal behaviour is usually found whenever the components are closely 
similar in molecular structure. l\1uch more frequently the observed 
partial pressures are of the types shown in Figs. 26 and 27, which 
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illustrate positive and negative deviations from Raoult's law respec
tively. The former Is the more common in organic mixtures. 

In the case of systems which do not obey the relation p 1 = pf x1 it is 
found nevertheless that the observed partial pressures are tangential 
to the straight linet represented by this equation as x1 approacheS 
unity. This is shown in Figs. 26 and 27, where the lines AJ and BK 
are seen to be the tangents to the actual partial pressure curves 
at xb = 1 and X a= 1 respectively. 

600 

500 

200 

,. 
/ 

/ 

Mole fraction of CS2- 8 

Fig. 26. Partial pressures in the mixture carbon disulphide-acetone 
at 35.2°C. (Note the o.zeotrop!!.) 

Another important feature of these curves, closely connected 
thermodynamically with that which has just· been mentioned, is 

t Even where the law p1=p:'x1 is obeyed exactly, the lines AJ and BK of 
Fig. 25 are not precisely straight. This is because the total pressure on the 
system is not constant but varies along the line JK. As shown in equation 
(6·24) the vapour pressures p: and p: of the pure liquids are very slightly 
dependent on the total preSBure; in the expression p 1 = pf x1 the quantity pf 
must therefore be taken as the vapour pressure of pure i at the pressure of the 
solution under discuSBion, and it is not quite constant as x1 changes (unless 
the total pressure is held constant by means of an jnsoluble ga.'!). For most 
p,.actical purposes the effect. is trivial. See also a footnote to §'8·3. 
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that p, has a finite slope as x1 approaches zero. This is the essential 
content of Henry's law and it may be expressed as 

Pc+K1x, as x,-..o, (7·27) 

where K 1 is independent of composition. Thus from (7·27) we have 

op1-..K1 as x1-+0, (7·28) ox, 

Mole fraction of CHCI1 -
8 

Fig. 27. Partial pressures in the mixture acetone-chlorofonn at 35.2°C. 
(Note the azeotrope.) 

which is equivalent to a finite slope at infinite dilution of component i. 
An alternative law, such as p1-..K1x7, would imply either an infinite 
slope (if n< 1) or a zero slope (if n> 1). The case n= 1 is known as 
Henry's law. 

In brief the empirical study of the vapour-pressure curves of binary 
liquid mixt~res shows that at the one aide of the diagram we have 

P11-+p:x", P&-+Kbx&, as 
and at the other aide of the diagram 

X11 -+ 1 and X&-+0} 

P11 -+K11 X11, P&-+p:x&, as X 11 -+0 and· X&-+ 1. 

(7·29) 
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K,. and Kb have the significance of the lengths AM and BL in Fig. 27. 
Of course, if the mixture obeys Ra.oult'slaw over the whole range of 
composition, the lines AL and AJ coincide and also the lines BK and 
BM. Thus K,. and Kb become the same a.s P! and p: respectively. 

(b) Electrolytes. An apparent exception to Ra.oult's law occurs 
in the case of electrolyte solutions unless allowance is made for the 
dissociation. Consider a solution made up from na,o mols of water 

110 
J: 

e 
E 
0 
"' :r 

Q., 

-xH20 

Fig. 28 

110 
J: 

e 
E 
u :r 

Q., 

and nuc1 mols of hydrogen chloride. The mole fractions might be 
chosen in either of the following ways: 

(7·30) 

1 nH,o 1 1 nHCI 
(2) xu o=· , xa+=Xm-= (7·31) 

• nH,o + 2naCI na,o + 2naCI 

Figs. 28 and 29 show the observed partial pressure of water, above 
the solution at 25 oc, plotted against xa,o and xif,o respectively. 
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There is clearly much .more indication of a tangential approach 
to Raoult's law, * , , 1 Pa1o-+Pa1oXa1o as Xa1o-+ , (7·32) 

when the mole fraction is chosen as xif10 than when it is chosen as 
xa.o· Therefore it seems that the most appropriate choice of the mole 
fraction of the solvent is that which would be computed by allowing 
for all independently mobile particles in the solution-in this instance 
H10 molecules and Cl- and H+ ions. t The same considerations applied 

PHlo mmHg 

10 

1.0 

PHct 

' ' ' ' ' ' 

-x.ilo 
Fig. 29. 

' ' ' ' ' ' ' ' 

20 

PHCI mmHg 

10 

0.0 

to data on the depression of the freezing-point etc., were those which 
originally led van't Hoff and Arrhenius to the idea of the dissociation 
of electrolytes. 

Figs. 28 and 29 also show the partial pressure of hydrogen chloride 
over the solution. The curves do not appear to approach a finite slope 
at zero mole fraction of hydrogen chloride and therefore Henry's 

f As will be shown in §8·1 it is only in this way that we obtain a correct 
statistical computation of the entropy of mixing. If it were assumed erroneously 
that the H and Cl particles are always together I'.S a pair. it would imply leBB 
randomneBB in the solution than corresponds to the actual situation. 
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law is not obeyed .. On the other hand, if the same data are plotted 
against the product z!I+ :r:(n- (or, alternatively, against :r:f~Cl which does 
not differ appreciably in very dilute solution), there is an indication 
of a finite slope at the origin. This is shown in Fig. 30 on an enlarged 
scale. The discussion will be taken up ag~ in §§7·7 and 10·17. 

(c) Solids. It is not always possible to trace smooth partial pres
sure curves across the whole range of mole fractions from zero to 
unity. For example, in the case of aqueous salt solutions, at a certain 

1.0x1o-3 

Fig. 30. 

,x2HCI 

mole fraction of salt the solution becomes saturated. .Any further 
addition of crystalline salt to the system does not changa the mole 
fraction in the liquid phase, and the partial pressure of water there
after remains constant, in accordance with the phase rule. At mole 
fractions of salt less than the saturation value the partial pressure 
curve of the water is similar/to that discussed above in connexion 
withhydrogenchloridea.ndisa.symptotictothelinepB 0 = p~ oZH 0 , 

provided that the ionization of the salt is allowed fo~ in cal~a.tihg 
zu.o· The partial pressure of the salt itself is, of course, extremely 
small and may be thought of as following a. cqurse almost coincident 
with the horizontal axis in the preceding diagrams. 
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(d) Gases. In Figs. 28 and 29 the part.ial pressure of hydrogen 
chloride is seen to rise very steeply when the mole fraction of the 
dissolved gas is appreciable. It reaches a value of 46atm when the 
mole fraction of water is zero, this being the vapour pressure of pure 
hydrogen chloride at 25 oc 

In the case of less condensible gases such as oxygen it is not possible 
to follow the course of the partial pressures across the whole of the 
diagram, due to the enormous pressures needed to obtain a large mole 
fraction of dissolved gas. t Fig. 31 shows the partial pressure of oxygen 
over aqueous solutions at 23 °0, and it is seen that Henry's law 

Po.=Kxo. 

is obeyed fairly accurately, at least up to 3000 mmHg pressure. 

110 
:::r: 

8x103 

~ 4x10l 

f 

1.0X10-4 2.0 X1G-4 

Mole fraction of 0 2 In solution 

Fig. 31. Solubility of oxygen in water at 23 °C. 

(e) Incompletely miscible liquids. Consider a mixture of sub
stances A and B. Molecular considerations indicate that positive 
deviations ·from Raoult's law may be expected to occur when the 
interaction energy between an A and a B molecule is smaller than 
the mean of the interaction energy of A with itself and of B with 
itself. For example, in the case of a dilute solution of A in B, if the 
B-B interaction is larger than the A-B interaction, the 'escaping 

t The solubility of oxygen in water has been measured by Krichevski and 
Kasamovsky up to a pressure of 8000 atm (J. Amer. Chem. Soc. 57 (1935), 
2168). 
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tendency' of the substance A will be enhanced .and its partial pressure 
over the solution will be greater than corresponds to Raoult'slaw. 

When positive deviations from Raoult's law reach a certain point 
(at which the A-A and B-B interactions are large compared to the 
A-B interactions) the system may break down into two liquid layers, 
one containing an excess of A and the other containing an excess of B. 
When these layers are in equilibrium they are said to be conjUIJate 
pkaau. In both of such layers the chemical potential of a particular 
component is, of course, the same and also its partial pressure. For 
example, at 25 °0 a mixture of water and benzene consists of two 

I( 

I 
IM 
I 

I 
IP 
I 

A l Q N 
Fig. 32. Partial pressures of a pair of partially miscible liquids. 

liquid phases, one containing about 0.07% of water and the other 
containing 99.9% of water. The partial pressure of water over both 
of these solutions is the same. Similarly with regard to the benzene. 

Typical partial pressure curves of a system of this type are shown 
in Fig. 32. The dotted straight lines AJ and BK represent Raoult's 
law, if it were applicable . .Any· mixture of overall composition lying 
between LM and N P consists of the two liquid layers of compositions 
Land N respectively (and it can be proved that a mixture of overall 
composition corresponding to the point Q consists of the phases of 
compositions L and N in the molar ratio QN : QL respectively). 

In the region where there are two liquid phases, together with a 
vapour phase, the system is univa.riant. Therefore, at any chosen 
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total pressure, the partial pressures of each component have fixed 
values. The isobaric distillation of such a. mixture, therefore, yields a. 
distillate of constant composition for as long as both of the conjugate 
phases continue to co-exist in the distillation vessel. 

With increasing temperature the mutual solubility of the two 
liquids usually increases and a.t a. certain temperature complete 
miscibility is attained. This is called the consolute or critical mixing 

A a 
Fig. 33. Partial pressures of component B at temperatures above and below the 
critical mixing temperature. (The two-liquid region is within the dotted locus.) 

temperature. A family of curves showing the partial pressure of oom
ponentB a.t a. number of temperatures is shown in Fig 33. Intuitively, 
it is fairly clear that the consolute point 0 is determined by the two 

conditions (ap&) _ (olp&) = 
~ .,...0, ~ I 0, (7•33) 
uXb 2' uxb 7' 

but for a. .more complete discussion the reader is referred to the 
literature. t It follows from the Gibbs-Duhem equation that, when 
this condition is satisfied for the one component, it is.a.utoma.tica.lly 
satisfied for the other. 

t Gibbs, Collected Works, vol. I, p. 129; Commentary on the Scientific Wrilings 
of J. Willard Gibbs, vol. I, p. 163; Guggenheim, Thermodynamics (North
Holland Pub!. Co., 5th ed., 1967) and Munster, Classical Thermodyt14mics 
(Wiley-Intersoienoe, 1970). 
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7•5. Application of the Gibbs-Duhem equation to the partial 
pressure curves 

The only information available from thermodynamics concerning 
the partial pressures is the Gibbs-Duhem equation, and this is 
essentially a limitation on the number of variables which can be 
varied independently. Consider a solution containing any number of 
components and held at constant temperature whilst its composition 
is vaJied. For such a system equation (7 ·2) reduces to 

l:nAu1= Vdp. (7·34) 

ThiR r.quation may, of course, be applied to any phase, but we are 
hero applying it specifically to the solution; Vis therefore the volume 
of this solution and the ni are the amounts of substances. Now 

P.~oln. = .urap. 
=.u1+RTlnp1, 

if the vapour phase is a perfect mixture. Thus, under the latter 
conditions and at constant temperature, 

dp.~oln. = RTd In Pi• (7 ·35) 

Substituting (7·35) in (7·34) 

(7·36) 

This equation therefore gives a relationship between changes in the 
total pressure p and the partial pressures Pi· 

It is, of course, entirely permissible to regard the temperature as 
being held constant during the variations considered in the above 
equation. In a two-phase system of 0 components there are 0 degrees 
of freedom, and an arbitrary choice can be made of the temperature, 
together with the 0- l mole fractions required to fix the composition 
of the condensed phase. When this has been done the total pressure 
and the partial pressures have definite values, and the relationship 
between the changes in these quantities, as the composition is varied 
at COnBtant temperature, is given by the above equation. 

Dividing through the equation by ~n,, the total amounts of all 
substances in the condensed phase, we obtain, after rearrangement, 

(7·37) 

or (7·38) 
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where v1 is the mean molar volume of the condensed phase. t If the 
vapour phase is not perfect the partial pressures in this equation 
must be replaced by fugacities: 

In (7·38) the term occurring on the right-hand side is usually quite 
trivial compared to the various terms which occur on the left-hand 
side. Thus, if we put RT"" pvg, where v(/ is the mean molar volume of 
the vapour phase, the equation may be rewritten 

(7·39) 

The term v1fv(/ is always small compared to unity in the pressure 
range which is of most general interest, i.e. well below the critical 
pressure. The right-hand side of (7·39) is therefore usually much 
smaller than any of the individual terms on the left-hand side. As an 
approximation for practical purposes we thus obtain 

(7·40) 

This relation becomes exact if, on the one hand, we substitute 
fugacities to allow for deviations from gas perfection and, on the 
other hand, we hold p really constant by addition to the gas phase 
of an extra component which is insoluble in the condensed phase. 

In the case of a binary system of components A and B equation 
(7·40) becomes 

(7·41) 

If we give explicit recognition to the fact that the changes dlnp11 

and dlnpb are due to the composition change dx .. at constant tem
perature, the last equation may be written 

(ainp .. ) (olnpb) =O x11 ., +xb ., . 
uX11 T uX11 T 

(7·42) 

Since x .. + xb = 1 and dx11 + dxb = 0, other forms of (7 ·42) are 

(7·43) 

and Xa (op") - xb (opb) (7·44) 
Pa OX a T- Pb oxb T. 

These are known as Duhem--Margule8 equationB and they imply a 
relationship between the gradients of the vapour-pressure curves. 
For example, equation (7·44) means that if an increment dx11 in mole 

t In the special case where the condensed phase consists of a pure substa.nce, 
(7·38) is evidently equivalent t.o equation (6·24) concerning the effect of total 
pressure on vapour pressure. 
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fraction causes an increase dp,. in the partial pressure of component 
A, it will also cause a perfectly definite change dp, in the partial 
pressure of the other component; this will be a decrease, since x,.fp,. 
and x,fp, are always positive and dx.,= -dx,. 

The equations may be used for checking the consistency of experi
mental data. For this purpose, either the partial pressures or their 

A xb--- 8 
Fig. 34. Application of Duhem-Margules equation. 

logarithms are plotted against the mole fraction of one of the com
ponents and the tangents are measured at various points. For ex
ample, in Fig. 34 consider the composition P where the mole fraction 
of B is x,. Then 

x, AP -==-, 
p, PR 

x,. BP -=-, 
p,. PQ 

ap, =gradient at R,} ax, 

ap,. ==gradient at Q. 
ax" 

(7·45) 

These quantities must satisfy (7·44) (and at-all other composi~ions) 
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if the two experimental curves are mutually consistent. The question 
whether it is better to plot the pressures themselves and use (7·44), 
or to plot their logarithms and to use (7·43), depends on the shape of 
the curves in the particular instance; the essential requirement is 
the accurate measurement of tangents. t 

Departures from the above equations due to deviations from the 
law of the perfect gas mixture do not usually exceed a small per
centage except at pressures above atmospheric or if there is associa
tion in the vapour phase, such as occurs in the case of formic and 
acetic acids. A procedure for applying the Duhem-Margules equation 
allowing for deviations from the gas law has been described by 
Scatchard and Raymond.t 

The other approximation, the neglecting of the term containing 
dIn p in (7 ·39), may be avoided if the partial pressures are measured 
in the presence of an inert gas which is insoluble in the condensed 
phase. If the latter contains 0 components, the whole system, 
including the inert gas, contains 0 + 1 components and has 0 + 1 
degrees of freedom. Thus, having chosen the temperature and the 
0-1 variables required to fix the composition of the condensed phase, 
it is still possible to vary the pressure or to hold it constant at any 
desired value, by use of the inert gas. This point has been discussed 
in more detail by Bury§ and by K.richevsky and Kasarnovsky.ll 

7•6. Application of the Gibbs-Duhem equation to the total 
pressure curve 

In the case of a binary system the Gibbs-Duhem (or Duhem
Margules) equation can be put into a useful form in terms of the total 
pressure. Let x be the mole fraction of component A in the condensed 
phase and let y be its mole fraction in the vapour phase. It will be 
assumed that the system contains components A and B only, i.e. 
there is no inert gas. Then 

Pa=yp, 

P&=(l-y)p. 
t Other forms of consistency test have been described by Herington (Nature, 

160 (1947), 610); Herington and Coulson, Trans. Faraday Soc 44 (1948), 629; 
Redlich and Kister, Ind. Eng. Chem. 40 (1948), 345; van Ness, Chem. Eng. Sci. 
11 (1959), 118. For commentaries see Rowlinson, Liquids and Liquid Mi:l:turll8, 
§4·5, McGlashan, loc. cit., §§ 16·6 and 16·8, and Prausnitz, loc. cit. 
· ·t Scatchard and Raymond, J. Amer. Chem. Soc. 60 (1938), 1278. See also 
Rowlinson, Joe. cit. 

f Bury, Trans. Faraday Soc. 36 (1940), 795. 
II Krichevsky and Kasamovsky, J. Amer. Chem. Soc. 57 (1935), 2168. 
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Substituting these relations in (7·39), which applies at constant 
temperature, 

xdlnyp +(1-x)dln(l-y)p =~dlnp. (7·46) 
. Vg 

On rearranging this equation we obtain 

~dy- (l-~dy= (~-1) din p 
y (1-y) V11 ' 

or (olnp) (y-x) 

ay T= y(l-y) (1-~) • 
(7·47) 

This equation thus gives the change in the logarithm of the total 
preBBure with change in the composition. Now vz/vg is less than unity 
and the denominator of (7·47) is therefore a. positive quantity. It 
follows that oln pfoy has the same sign as (y-x). Now an increase 
dy in the mole fraction of A in the vapour phase may have the effect 
of either increasing or decreasing the total preBBure. In the former 
case oln pf(}y is positive and therefore y>x, i.e. the component A is 
richer in the vapour phase than in the condensed phase. Conversely, 
a component has a lower mole fraction in the vapour than in the 
solution if an increase in its mole fraction in the vapour tends to 
reduee the total pressure. It follows also that whenever the left-hand 
side of (7·47) is zero, i.e. at compositions of maximum or minimum 
vapour preBBura, we have y=x and also 1-y= 1-x. The same result 
was obtained previously in equation (7·21). 

Finally, it may be noted that v,Jvg in the denominator of (7·47) is 
usually very small compared to unity and therefore as a good 
approximation 

(olnp) = (y-x) . 
Oy T y(1-y) 

(7·48) 

7·7. The Gibbs-Duhem equation in relation to Raoult's and 
Henry's laws 

Any formula. purporting to give the partial preBBures as a function 
of the composition of the condensed phase must comply with the 
differential expreBBion (7·39). Such formulae are, in fact, solutions 
of this differential expression. It will be shown in the present section 
that one such solution is where all of the components obey the 
relation p,=K1xi, (7·49) 

where K 1 is a. function of temperature and preBBure only and may 
or may not be equal to pt. (As discussed in connexion with equation 
(7·29), Raoult's law may be regarded as a special case of Henry's 
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law with K 1 equal to pt, the vapour pressure of pure i at the tempera
ture and total pressure of the solution under discussion.) 

For simplicity it will be supposed that the total pressure, as well 
as the temperature, is held constant by the presence in the gaseous 
phase of a component which is insoluble in the solution. Under 
these conditions K; is constant and thus from (7·49) 

dlnp; =dIn K 1 +d lnx1 

=dlnx; 

I 
=-dx;. 

X; 
(7·50) 

Thus, provided that (7 ·49) is satisfied for all components of the solu
tion, we can multiply (7·50) through by X; and sum over all these 
components to ·obtain 

~X; dIn p; = ~dx;. 

This is clearly zero since ~X;= I. Thus (7·49) Hatisfies the condition 

~x;dlnp;=O, 

and therefore satisfies the Gibbs-Duhem equation in the form of 
equation (7·40), which is applicable to constant temperature and total 
pressure. In brief, (7·49) is a permissible relation between p 1 and X; if 
it applies to all components of a particular so~ution. 

Let substance 1 be present in the solution in large mole fraction 
and let all the remaining components, 2 to n, be present in very 
small mole fractions. Substance 1 is then conventionally called the 
solvent and the remainder are called solutes. Under such conditions, 
as discussed in § 7 ·4, there is good empirical evidence that the partial 
pressures of all the solutes approach Henry's law, provided that they 
are in the same molecular form in solution as they are in the vapour 
phase. (In § 8·1, it will be shown that there are also theoretical reasons 
for expecting this limiting behaviour.) 

Let it be supposed then that the various soluteR all obey the relation 

p;~K;x; as x;~o (i=2,3, ... ,n). 

It follows from the above theorem that the remaining component, 
namely, the solvent, must obey the relation 

Pc~P~ x1 as x1 ~ 1, 

since the value of K; for the solvent must be the same as p~ Thus 
under conditions where all of the aolutes obey Henry's law, the solvent 
obeys .Raoult's law. 

It may be noted, however, that there is no thermodynamic necessity 
for the solution to appear to obey the idcnl laws at infinite dilution. 
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Deviations do in fact occur when there is a change in molecular association 
between the gaseous and liquid phases and when the mole fractions have 
not been chosen appropriately to allow for this. Consider a solution of 
nBcl mols of hydrogen chloride in nB,o mols of water and let it be 
supposed that the idea of dissociation is unknown. The mole fractions 
would therefore be chosen as in equation (7·30): 

"Hao nH<JI 
:I:H o=·-·- ·-- • Zscl=---- -- (7-lH) 

8 1lH10 + nHCI nHaO + nHCI 

As shown in § 7·4b, tho evidence indicates that the partial pressure of 
the hydrogen chloride probably bocomes proportional to the square of 
xRCJ in very dilute solutions. t Using this empirical result it will now be 
shown that the other component, the water, does not obey Raoult's law 
when this law is expressed in terms of the above choice of mole fractions. 

From the experimental relation 

.Psc1 -+ Kx~CJ as XsCJ -+ 0, 

we obtain B:Pacl-+ 2K:t:aCJ• 
8zBCI 

According to the Duhem-Margules equation (7·44) 

(7·52) 

(7·53) 

Zs1o B:Pu.o Xsc•B:PsCJ (7•54) 
PBaO fu:RaO = .PHCI fu:HCI • 

Substituting on the right-hand side of this relation from (7·52) and 
(7•53) we obtain 

Zs1o 8:Ps1o Xxc• 2K 0 -- ;::-- -+K.~- :I:HCI as :I:HCI-+ 
PsaO V.tiRaO ""HCI 

Xs8o B:Psao 2 I or ----- -+ as Z 810 -+ • 
.Px1oBZx1o 

Since ~10 is the limiting value of .P.~r1o as Zs1o tends to unity, this relation 
may be rearranged to give 

B:Pxao 2 * I (7 '"") -- -+ ;pjia0 as ZHaO -+ • •uu 
&sao 

This is just twice the limiting gradient which would be expected from 
Raoult's law and is in accordance with the experimental results shown 
in Fig. 28. 

Consider now the use of mole fractions assuming virtually complete 
ionization. These are 

1 1lB10 I I "HCJ ( 7 56) 
Zxao= +2 ' Zx+=:t:c•-= +2 ' • 

"Hao "HCJ 1lu,o nHCJ 

where nBcJ continues to refer to the total number of mols of hydrogen 

t But the limiting behaviour of a solution at infinite dilution cannot be 
investigated experimentally and can only be predicted on the basis of a 
molecular theory. 
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chloride in solution. From (7·51) and (7·56) we can obtain the following 
relation: 

Therefore 
dx~ao 2 
dx11.o = (2- Xa1o)8 • 

Now (7•55) may be written 

a dx' P111o H1o 2 * 
;---;--- ::..::--- -+ P111o 
<1XH10 u;,;HaO 

Substituting from (7·58) we obtain 

(7·57) 

(7·58) 

OpR10 * 1 

ox' -+P111o as XR1o-+1, (7·59) 
H 1o 

and therefore the x' scale, which allows for the ionization, is one on which 
the solvent obeys Raoult's law. 

In brief, there is no purely thermodynamic criterion which leads us to 
prefer one definition of the mole fraction to any other. The ideal solution 
laws may be obeyed if this choice is made in one way but not in another, 
and the most appropriate choice for this purpose is determined by 
molecular considerations. 

It remains to mention very briefly why it is that the solute partial 
pressure varies as the square of its mole fraction in the solution at high 
dilution (equation 7·52). The reasons for this type of behaviour will be 
discussed in more detail in Chapter 10, but it is evidently due to the fact 
that the hydrogen chloride is almost entirely ionized in solution with the 
result that the significant equilibrium is 

HCI (gas) =H+ +Cl-. 

Because there are two ions, the partial pressure varies as the square of the 
concentration, or mole fraction, of the hydrochloric acid in solution. 

Throughout the above discussion it has been supposed that the total 
pressure is held constant by use of a.n additional component of the vapour 
pha8e which is not soluble in the liquid. If this is not the case, the correct 
form of the Gibbs-Duhem equation is equation (7·39) 

"' u(dlnp(=-dln P· 
v, 

The question may be asked whether Henry's law and Ra.oult'sla.w con
tinue to be compatible with this equation when the small changes in 
total pressure are allowed for. This involves the pressure dependence of 
K( in equation (7·49). This point will be discussed from a. rather different 
standpoint in the next chapter where it will be shown that the thermo
dynamic consistency of the ideal solution laws implies constancy of the 
pa.rtiaJ molar volumes. 
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7 ·8. The Glbbs-Duhem equation ln relation to the Martlules 
and van Laar equationst 

As shown in the last section, Raoult's and Henry'slaws are pennissible 
solutions of the differential expression (7·40) which governs vapour. 
liquid equilibria at constant temperature and constant (or effectively 
constant) total pressure. However, these laws are not the only functional 
relationships connecting p1 and z 1 which are compatible with (7·40), and 
in the present section we shall discuss some alternative relationships for 
the special case of a binary system. 

In this instance the differential expression reduces to the Duhem
Margules equation (7·42) 

:z: 8 ~:a+(1-:z:) 8~·=o, (7·60) 

where z is the mole fraction in the solution of component A. A solution to 
this differential equation may obviously be expressed in the form of a 
power series as proposed originally by Margules: 

ln(PaiP:Z) =«a(1-z) + lPa(1-z)1 +lAa(1-z)1 + ""''} 

ln{P&/P:(1-z)}=«•z+lP.z1 +iA.zl+ ... , 
(7·61) 

where p: and p: are the vapour pressures of the two pure liquids at the 
particular temperature and total pressure. t 

Even in cases where the behaviour of the solution deviates extensively 
from Raoult'slaw, the observed partial pressures may be expressed quite 
accurately by means of (7·61), provided that a sufficient number of terms 
are included. However, in order to avoid undue complication it is usually 
attempted to include terms up to zl only. When the series is limited in 
this way there is a relationship between the coefficients «a, Pa• etc. By 
differentiation of (7•61) with respect to z and substitution in (7·60) it 

is found that 0 } «a=«•= ' 

~=~+~ (~~ 

A•= -Aa, 

and the first terms in the series (7·61) are therefore zero. In view of 
(7·62) the series with terms up to z8 may be expressed more conveniently 
in the following form, as proposed by Carlson and Colburn:§ 

t Rather than the Margules or van Laar equations, a power series expression 
for the excess free energy is now widely preferred as a means of expressing non· 
ideality and this is described in §9·9 below. 

t As elsewhere in this chapter, partial pressures and vapour pressures muat 
be underatood as being replaced by fugacities, in cases where the vapour phue 
departs appreciably from being a perfect mixture. . · 

§ Carlson and Colburn, IndUIM, Engng Ollcm. :H (1942), 581. 
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log(p,/p:x) =(2B-A) (1-x)1 + 2(A -B) (1-x)1,} 
(7·63) 

log{p./p:(1-x)} =(2A -B)x•+ 2(B-A)xs, 

where A a.nd B are coefficients which depend on the temperature. 
Zero values of the coefficients in (7·61) or (7·63) are equivalent to 

Ra.oult's law. Non·zero values imply that Ra.oult's and Henry'slaws are 
approached a.symptotica.lly. Thus a.s x-+ 1 we obtain for component A 

In (p,fp:x) -+0 

or p,-+p:x, 
a.nd for component B, 

In {P&!P:< 1-x)}-+ l/1& + !-'·&• 
or p 6 -+p:(1-x)elPa+lAa. 

Since x6 = 1 - x this equation ma.y be expressed a.s 

P& -+constant x x 6, 

(7·64) 

(7·65) 

(7·66) 

which is Henry'sla.w. In view of these results, it is evident that the equa~ 
tiona ( 7 ·61) or ( 7 ·63) are suitable for the expression of partial pressure data 
only when the mole fractions are chosen in such a way that the idea.llaws 
are approached a.symptotica.lly at either end of the composition scale 
(of. the discussion on hydrochloric acid solution in § 7·7). 

Another 'two-constant' equation for the representation of partial 
pressure data. in a binary system is known by the name of van Laar. The 
equation wa.s originally put forward a.s the result of a. theory ba.sed on the 
va.n der Waals equation of state. This theory is probably erroneous, but 
the van Laar equation is nevertheless very useful for the empirical 
representation of pa.rtla.l pressure data. For the component whose mole 
fraction is x the equation is 

p, A 
log-.-={ A }•' p.x x 

I+ B(l-:~:) 
and for the other component 

Pa B 
Jog p:(l-x) = { B( 1-x)}•" 

1+ Ax 

(7·67) 

(7·68) 

The relative merits of (7·63) and the van Laar equation have been 
discussed by Carlson and Colburn. The determining factor seems to be the 
ratio of the molar volumes of the two components; when this is near to 
unity the equation (7·63) may give the better results and vice versa.. 
These authors also discuss the most convenient methods for evaluating 
the coefficients A and B. For example, A may be determined by plotting 
Jog p,fp: x against x and extrapolating to :e = 0. Similarly, B may be 
determined by plotting log p 6/p:( I -:e) against :r: and extrapolating to 
% = I.t 

t For a more extensive discussion of these empirical equations see Coull, J. 
and ~tuart, E. B., Equilibrium Thermodynamics (Wiley, 1964) and Prausnitz, 
loc. ctt. 
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Whenever the mixture in question forms an azeotrope, approximate 
values of A and B may be calculated even in the absence of published 
data on partial pressures. All that is required is a knowledge of the total 
vapour pressure and the composition of the azeotropic mixture, at the 
temperature under discussion, together with the vapour pressures of 
the pure components. At the azeotropic point we have 

$,.=y,.=p,.fp, 

where P is the total pressure. Rearranging this equation 

p,.=p 
z,. 

and dividing through by p:, the vapour pressure of pure A, we obtain 

Similarly for component B P& p -.-=---.. 
P& z& P& 

(7·69) 

(7·70) 

The substitution of these relations in (7·63), or in the van Laar equations, 
makes possible an evaluation of the coefficients A and B. These may then 
be used for the approximate prediction of the partial pressures at com· 
positions other than that of the azeotrope. t 

PROBLEMS 

1. Confirm the relations (7·62). Show that equations (7·67) and (7·68) 
are consistent with the Gibbs-Duhem eq~ation. 

2. The table below gives published data on the partial pressures over 
aqueous nitric acid solution at 20 °0. Examine whether the data are 
self-consistent: 

HN08 % bywt. 

PH.ofmmHg 
PHNo./mmHg 

50 
7.53 
0.49 

60 
4.93 
0.89 

70 

2.83 
3.08 

80 
1.35 

10.49 

90 

0.46 
26.03 

100 
0.00 

48.0 

3. The substances A and B form liquid and solid solutions with each 
other, and in both types of solution there is complete miscibility over the 
whole range of composition. Make sketches of the various forms of the 
phase diagram on the temperature-composition diagram. 

In a particular instance the melting-point of the solid solution passes 
through a minimum near 0 °C at a certain composition 0. Show that 
when a liquid of any composition other than 0 is pumped through a 
system of pipes and tanks, the outlet liquid will differ in composition from 

t An extensive compilation of azeotropio data has been given by Horsley 
(lndmtr. Engng Ohem., Anal. ed., 19 (1947), 508; 21 (1949), 831). 
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the inlet liquid whenever there is partial freezing in the system at the 
onset of cold weather. 

4. Give a. clear account of the process which takes place when salt is 
added to ice, causing the temperature to fall below 0 °C. Illustrate your 
answer with a diagram of tho chemical potentiali,; as functions of tem· 
perature. 

5. A continuous flow of salt solution pa.c;ses into a salting evaporator 
and crystallization takes place as the water evaporates. 

The pressure p of water vapour above the solution is maintained by a. 
vacuum system. Show that the effect of a change in pressure on the 
temperature of the boiling liquor is given approximately by 

dT RT2 

di~p=Q' 

where Q is the total heat absorbed in the evaporation of one mole of water 
and the crystallization of the salt formerly dissolved in it. 

[C.U.C.E. Tripes, 1953] 

6. A salt 8 dissolves in water and the solid phases which can be in 
equilibrium with this solution are ice, S and tho hydrate 8. 2H20. No 
solid solutions are formed. 

On the freezing-point diagram, at constant pressure, there arc two 
eutectics and between them the curve passes through a maximum. 
Show that at this maximum the composition of the solution is identical 
with that of the Holid pha.'lc which is in equilibrium with it, namely 
8.2H10. [C.U.C.E. Qualifying, 1954) 

7. A solution consists of components 1, 2 a.nd 3 and is in equilibrium 
with the pure solid phase of component 3 and with the vapours of com
ponentfl 1 and 2_. Thifl vapour phase may be a.'!sumed to be a perfect 
ga.<>eous mixture. 

Show that the variation of the total pres!'lure with the vapour pha..'lo 
composition, at constant temperature, may be expreHsed in the form 

e~~;) r = (Yty~(~~~~Jxd {v~-=.v,~~(v,-=-v,)}' 
whore Vg, v1 and v, are the molar volumes of the ga..'l, liquid and solid 
phases respectively. [C.U.C.E. Tripes, 1955] 

8. For the case of a. binary solution, components A and B, prove the 
relation 

= -x~(ogfxb) , 
oxb T,p 

where g:Gf(n.+nb) is the free energy per mole of the mixture. 
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CHAPTER 8 

IDEAL SOLUTIONS 

8·1. Molecular aspects of solutions 

In this section we shall outline certain points of view, actually 
quite extraneous to pure thermodynamics, concerning the molecular 
interpretation of solutions. The reader will observe that the argu
ments are far from precise but they will be referred to again in 
Chapter 14. 

(a) Causes of solubility. It is often said that solubility is due to 
the molecular forces. That this is incorrect may be seen from the fact 
that two gases mix in all proportions and have infinite mutual 
solubility; the mixing is due, not to any interaction, but to the motion 
of the molecules and to the fact that a mixed state is immensely more 
probable than an unmixed one. The mutual solubility of gases is 
therefore an aspect of the statistical origin of the second law. 

However, as soon as the molecules are brought into close proximity, 
as in condensed phases, the molecular forces have a decisive influence 
and may either increase or decrease the tendency towards mixing. 
Let it be supposed that two liquids A and B are contained in an 
isolated vessel so that the condition of equilibrium is a maximum of 
the entropy or of the number !l of complexions. The interminglihg 
of the molecules, if it were the only effect to be considered, would 
certainly cause an increase in the entropy because there are a vastly 
larger number of complexions for the mixed state than for the un
mixed one. However, it may occur that the A-B attractive force is 
less than the attractive force of A molecules with themselves or of 
B molecules with themselves. In this case complete mixing would 
imply an increase in the potential energy of the whole assembly and 
-since the system is isolated-this could only be achieved by a. 
withdrawal of energy from the thermal motion of the molecules, which 
is to say from the kinetic energy of their translation, vibration and 
rotation. This would cause a. decrease in the randomness of the 
thermal motion with consequent decrease of the entropy. Thus, when 
the two factors are considered together, it may occur that the overall 
maximum of the entropy is attained when miscibility is not complete. 

The ss.me ideas may be expressed in tenns of the Gibbs free energy 
which is the appropriate function if we wish to discuss equilibrium at 
constant temperature and pre.'lSure, in place of conditions of isolation. 
Since G = H- TS a decrease of G is favoured by 1!- decrease of Hand by an 
increase of S. 
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From the discussion above, it seems probable that the highest value of 
the entropy may now occur at complete, or almost complete, mixing, 
since the effect of the heat bath, which maintains constant temperature, 
is to prevent the decrease in thermal energy. The effect of the molecular 
forces, in det.ermining the mutuA.! solubility of the two liquids, is now 
largely a question of their influence on the enthalpy. 

Let w00 be the increase in potential energy when a pair of A molecules 
are brought together from infinite separation-and is actually a IlPgative 
quantity. Similarly, let Wa& and W&& be the potential energies of A-Band 
B-B pairs at the equilibrium separation in the liquid state. For simplicity 
it will be supposed that the two kinds of molecules A.re very similar in size 
and shape so that the average number of nearest neighbours of any one 
molecule has the same value, z, in the pure liquids and in the mixture. 
The transfer of one molecule of A from the pure liquid A to the pure 
liquid B, and the transfer of one molecule of B in the reverse direction, 
will increase the potential energy of the system byt 

(8·1) 

It will be shown in more detail in Chapter 14 that the same factor is 
significant however many molecules are interchanged. 

Now this change of potent.ial energy may be expected to be the major 
part of the !l.H of mixing and will account for it entirely if the thermal 
motion of the molecules may be supposed to be unaffected by the nature 
of their neighbours. It follows that whenever Wa& is a smaller negative 
quantity than the mean of W 00 and W&& there is an increase in enthalpy 
on mixing; this works in opposition to the entropy increase in regard to 
the minimization of G. If the relative magnitude of Wa& is sufficiently small 
it may occur that the least value of G is attained at some degree of mixing 
which does not correspond to complete mutual solubility of the two 
liquids; This frequently occurs, for example, when a polar and a non
polar substance are mixed, due to the large interaction energy W 00 of the 
polar molecules between themselves as compared to the smaller inter
action energy Wa& of the polar with the non-polar molecules. 

(b) The origin of the ideal solution laws. In considering the 
origin of Raoult's and Henry's laws at the molecular level it is in
structive first of all to discuss a very rough kinetic interpretation. 
Consider the pure liquid A in equilibrium with its vapour. The rate 
of condensation of vapour molecules on unit area of the liquid surface 
is proportional to the vapour pressure and may be written as kp!. 
Let r be the intrinsic evaporation rate of molecules per unit area. At 
equilibrium these rates are equal and therefore 

(8·2) 

t For simplicity it has been supposed that only the nearest-neighbour 
interactions are appreciable; however, an allowance for the next nearest
neighbour interactions, w~0, etc., will clearly give a terni of the same form 
88 (8·1). 
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Suppose now that the substance A is dissolved in another liquid B; 
it is reasonable to exptlct that a gaseous A molecule can enter any part 
of the surface, provided that A and B form a true solution. The 
condensation rate of A molecules per unit area of the surface can 
therefore be taken as kp4 , where Pais the partial preBBure of A. On 
the other hand, evaporation of A molecules can only take place from 
the fraction of the surface which is occupied by these molecules. This 
fraction may be taken as approximately equal to :r:4 , the mole fraction 
of A in the solution, the two types of molecules being supposed 
approximately equal in size and the surface composition the same as 
the internal composition. The evaporation rate per unit area may 
thus be written as r' :r:4 and at equilibrium 

(8·3) 

Eliminating the coefficient k between (8·2) and (8·3) we finally 
obtain 

r' 
Pa=-p!xa. 

r 
(8·4) 

Now the quantities rand r' depend on the molecular forces which 
oppose the escape of an A molecule from pure A and from the solution 
respectively. If these forces remain unchanged over the whole range 
of composition, then r=r' and (8·4) reduces to Ra.oult's law. On the 
other hand, even if r' varies with the composition it may be expected 
to be constant when component A is sufficiently dilute. For under 
these conditions all of the neighbours of a given A molecule are B 
molecules, and the force field which opposes its evaporation is con
stant. Thus in dilute solution r' will be independent of composition 
and (8·4) may be written 

Pa =constant X X0 , 

which is Henry's Jaw. 

An interpretation of the ideal laws may also be developed on a statis
tical basis. For this purpose it is more convenient to diacUBB a solid 
solution than a liquid one-or, alternatively, to suppose that a liquid 
solution has a quasi-crystalline structure, which is to say that there 
exists something equivalent to the countable lattice sites. As in § 1•17, 
we consider the intermixing of two crystals, one consisting originally of 
N a molecules of A and the other of Nt molecules of B. The two kinds of 
molecules will be supposed to be very closely similar in regard to their 
volumes and forces. In particular, it will be assumed (a) that the original 
A and B crystals and the mixed crystal all have the same lattice structure; 
(b) that the molecult>.s are interchangeable between the lattice sites 
without causing any change in the molecular energy states or the total 
volume of the system. Under these conditions the expression (8·1) is zero 
and in the mixing process · 

!J.U=I!JI=O. (8·5) 
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With the same assumptions it may be expected that the A and B 
molecules are distributed at random over the lattice sites in the equi
librium mixture. This state can therefore be realized in 

n (Na+N0)1 
N .. IN0 ! 

(8·6) 

different ways, as regards the position of the molecules on the N 11 +N6 

lattice sites. The original unmixed crystal can be realized in only one 
such way. Therefore· for the entropy of mixing we have:J: 

~S=klnn/1 

=k{ln(N11 +N0)1-lnN.,I-lnN0 1}, 

as in equation (1·22). Using Stirling's theoremt 

~S = k{(N., + N0) In (N., + N 0)-N.;In N.,- N 0 lnN0} 

(8·7) 

(8·8) 

It was indicated in§ 1-17 (and will be proved in§ 12·7) that Boltzmann's 
constant k is equal to RfL, where L is the Avogadro constant. Therefore 
(8·8) may be written 

b.S= -R n.,ln--+n0ln-- , ( n., n 0 ) 

n.,+n0 n.,+n0 
(8·9) 

where n 11 and n0 are the numbers of moles of A and B. Using (8·9) and 
(8·5) we obtain the change in the Gibbs function on isothermal mixing 

~G = b.H- T b.S 

=RT n.ln--+n0ln-- • ( n., n 0 } 

n.+n0 n.,+n6 
(8·10) 

Let p., and 11: be theo chemical potentials of A in the mixture and in the 
original pure A crystal respootively. Then from the definition of p, 

p -p•=(MG\ . " " an: I '1', ~'· "• 
By differentiation of (8·10) we therefore obtain 

(8·11) 

p.-p:=RTln:t:0 , (8·12) 

where :t:11 =n .. /(n0 +n6). Now Po and 11: may be equated to the chemical 
p6tentia.ls of the vapour of A above the mixture and above the pure A 
crystal respectively. Using (3•19) we obtain 

(8·13) 

t When ~ ill a very large number In ~I may be approzima.ted by 

t For a more complete justification see § 11.12. 
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where Po and p: are the vapour pressures of A above the mixture and 
above pure A respectively. Thus from (8·12) and (8·13) we finally obtain 

which is Raoult'slaw. 
It is evident that this simple statistical derivation may be expected to 

correspond to reality only if we know the true number of particles which 
are 'randomized • in the mixing proceBS. The result (8·9) for the entropy 
of mixing would clearly be too large if the B molecules were actually 
present as a dimer B1 and would be too small if they diBBociated to form 
ions. Therefore, as indicated previously in § 7·4b, the ideal laws may be 
expected to approximate most closely to observed behaviour when the 
mole fraction which appears in the expression of these laws is that which 
would be computed allowing for the existence of all particles which are 
able to make independent movements in the solution. 

The statistical derivation depends also on the 888umptions which were 
made in the lines preceding equation (8·5). Deviations from the ideal 
laws may therefore be expected to be due to either of the following factors: 

(a) inequalities in the volumes of the molecules, 
(b) disparities in the molecular forces. 
Both factors can result in either positive or negative deviations from 

Raoult'slaw. With polymer solutions, where inequalities in the molecu
lar volumes may be extreme, the factor (a) is very important and here 
it leads to negative deviations; with more normal solutions it usually 
leads to positive deviations, but for such solutions this factor tends 
often to be rather less significant than factor (b). t 

If there are strong specific attractions between the species A and B, 
the potential energy wab in equation (8·1) is more negative than the 
mean of Waa and w66• This gives rise to a. AH of mixing which is negative. 
Therefore !J.G is more negativet than is indicated by equation (8·10), 
and the difference between 1-'a and ,.,: is larger than appears from 
equation (8·12). Hence Pn<p:xa and the deviations from Raoult'slaw 
are negative. 

The converse case, where Wa& is less negative than the mean of Waa and 
W&&• seems to occur more frequently in organic mixtures, especially when 
the molecules are not strongly polar. In this case the molecular attrac
tions are mainly due to the London dispersion forces and these seem to be 
rather smaller between unlike molecules than between like ones. This 
situation leads to a !J.H of mixing which is positive and to partial pressures 
which are larger than would be expected from Raoult's law. 

These results are in general agreement with observation. For example, 
Hildebrand has shown that ne~;ative deviations al'f'l usually accompanied 
by exothermic mixing and also by contraction in volume. Conversely, 

t See Rowlinson, Liquids and Liquid Mi:l:tures. 

t It is here assumed that /!iS remains unchanged. This cannot be strictly 
true whenever the expreBBion (8·1) is not zero, since the solution can then no 
longer be supposed to be completely random. The rough arguments which are 
used in this section will be examined in more detail in Chapter l4. 
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positive deviations are accompanied by absorption of heat and by 
expansion. 

8·2. Definition of the ideal solution 

A solution will be said to be ideal if the chemical potential of every 
component is a linear function of the logarithm of its mole fraction 
according to the relation 

Pi=Pt+RTlnxi, (8·14) 

where pt is function only of temperature and pressure. (Its signi
ficance will be discussed in §8·3 below.) 

The advantage of using (8·14) as the definition of ideality, rather 
than Raoult's or Henry's laws, is that the present chapter is brought 
more closely into relation with Chapter 3 on gaseous mixtures. In 
fact an equation of the same form as (8·14) has already been used in 
§ 3·9 for the definition of the ideal ga8eOU8 solution. All mixtures which 
are called ideal-and nlso the special type of gaseous mixture which is 
called perfect-show the same dependence of the chemical potentials 
on the composition. 

A solution is ideal only if (8·14) applies to every component in a 
given region of composition. However, it is not necessary that (8·14) 
shall apply over the whole range of composition. A solution may 
approximate to ideal behaviour in one region and not in others; as 
shown in the last section, there are grounds for expecting that a solu
tion will approacp closer and closer to ideality the more dilute it 
becomes in all but one of its components. 

The limited number of solutions which are approximately ideal over 
the whole composition range are sometimes called perfect Bolutions. 
In many practical applications of thermodynamics it occurs that the 
behaviour of a mixture of interest has not been investigated experi
mentally; in such cases the assumption that the solution is perfect 
may be necessary in order to obtain an approximate answer to the 
problem in hand. It is to be emphasized, however, that deviations of 
partial pressures, etc., from the values predicted by the ideal laws are 
often very large, as may be seen from Figures 26 and 29 in § 7 ·4. 

8·3. Raoult's and Henry's laws 

These laws follow at once from the defining equation (8·14) to
gether with the supposition that the gaseous phase above the solution 
is perfect. For the ith component the condition of equilibrium is 

p~oln. = pJap .. 

Substituting from (8·14) and (3·19) we obtain 

pt + RT ln xi =.P1 + RT ln Pi• (8·15) 
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or after rearrangement ptfxt=Kt, (8·16} 

where K1:sexp{(p1-p~)/RT}. (8·17} 

From the nature of P-1 and p~ it follows that K 1 is independent of 
compoBition. In the case where (8·16} holds u_p to x1 = 1, it is evident 
that K 1 is the same asp:, the vapour pressure of pure component i. t 
Thus (8·16} is the same as Ra.oult's law. Otherwise, this equation 
merely asserts a. proportionality between Pt and xi and is the same as 
Henry's law. 

J 

x, 
Fig. 35. Partial pressures of a binary mixture. 

The situation can be made clearer by means of Fig. 35, which shows 
typical partial pressure curves for a. binary liquid mixture of com
ponents A and B such as was discussed in § 7 ·4. In the extreme left
hand region of the diagram, where x& is quite sma.ll, we are concerned 
with an approximately ideal dilute solution of Bin A. Here we have 

Po==p:xo,} 
Pt==Ktxt, 

(8·18) 

t Strictly speaking p'f refers to the vapour pressure of pure component at 
the same eotc.z presBUre aa the solution under discussion. This follows from 
equation (8·17), where p.'f must refer to this pressure. The difference between 
the value of p'f when the total pressure is 1'. and the value of p'f when the total 
pressure is also p'f (aa is the case for the pure component under its own pres
sure) is obtainable from equation (6·24) and is uaually quite trivial. These 
remarks are equivalent to those made previously in a footnote on p. 224. 
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where p: and K, are represented by the lengths AK and BL respec-
tively. In the relation * + RT In P,;=P,; X;, 

p,t is the value of p,1 when X;= I. Thus as regards component A, 
p,: is simply the chemical potential of pure A, at the same tem
perature and pressure as the solution under discussion. As regards 
component B, p,: signifies the chemical potential of pure Bin a phy
sically unattainable state corresponding to extrapolation from the 
actual solution along the line AL up to xb =I. (Kb may be similarly 
interpreted as the vapour pressure of pure B in this non-attainable 
state.) 

It Is to be emphasized that it is the tangent lineAL which defines 
the ideal dilute solution of Bin A. How far along this line the acttial 
solution obeys the ideal laws has to be determined by experiment. 
But every point along this line can be thought of as representing the 
partial pressure of a hypothetical ideal solution of B in A. 

Similar considerations apply to the extreme right-hand side of the 
diagram where we are concerned with an ideal dilute solution of A 
in B. In equation (8·14) p,: will now stand for the real chemical 
potential of pure B and p,: will stand for the chemical potential of 
A in a non-realizable state-and, of course, is not the same as the 
value of p,: for the ideal solution on the left of the diagram. 

The quantities p,t which occur in the defining equation are thus 
properly to be regarded as constants, which may or may not corre
spond to a physically realizable state. In the latter case their values 
(and also the values of K 1) are strongly dependent on the nature of 
the other component {i.e. the 'solvent') which determines the 
position of the tangent lines ALand Bltf. 

The above derivation of Ra.oult's and Henry's laws is based on the 
condition of equilibrium {equation (8·15)), and this in its turn is 
based on the conservation of mass in a virtual transfer of species 
i from one phase to the other.t It follows that the symbols p1 and x1 

which occur in these laws must refer to the same species. For example, 
if a substance occurs both as a monomer A and as a dimer A1, the 
laws may be applied to each species separately, 

Pa=KaX0 , } 

Po2=KaaXo2• 
(8·19) 

but there is no proportionality between the total amount of A in 
the one phase and the total amount in the other. Similar considera
tions arise in equilibria such as 

NH8 (g)~NH3 (soln.)~NH,OH~NHt +Oir. 

t Referring back to §2·9b dn111 wa.s put equal to -·dnu. in the virtual 
t.ransfer between the a. 81ld P pha.ses. 
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In conclusion to this section, it ma.y be noted that Raoult's law may 
be expressed in a.n alternative form: when there is a. single solute 
{subscript s) the relative lowering of the vapour pressure of the 
solvent {subscript 0) is given by 

• Po -:Po= 1-zo=z,. 
Po 

{8·20) 

Another useful va.ria.nt is known a.s von Ba.bo's la.w. Consider two 
ideal solutions a.t different temperatures but having the same mole 
fraction of solvent. At the one temperature p 0 = p: x0 a.nd a.t the other 
temperature p~=.P:' x0• Therefore 

{8·21) 

a.nd the ratio of the partial pressures of the solvent a.t the two tem
peratures is equal to the ratio of the vapour pressures of the pure 
solvent. 

8·4. Imperfect vapour phase 

When the vapour phase deviates appreciably from the perfect gas 
laws it follows from the treatment of the last section iha.t Ra.oult's 
a.nd Henry's laws must be expressed in terms of fugacities. Thus 

f 1=K1x1, 

a.nd if the liquid phase remains ideal up to x1 = I, 

f,=ftx,, 

{8·22) 

{8·23) 

where ft is the fugacity of the pure liquid component at the same 
temperature a.nd total pressure a.s the solution under discussion. 

This result ma.y be compared with equation {3·72) which refers to 
a.n ideal gaseous solution and where 1: is the fugacity of the pure 
vapour component at the temperature a.nd total pressure under 
discussion. If it occurs that the liquid and vapour phases in equi
librium are both ideal solutions, and remain ideal up to x1=y1=1, 
we obtain J:x,=f;y,, 
since/1 is the same in {8·23) a.nd in {3·72). 

8•5. The mixin~ properties of ideal solutions 

The defining equation for the ideal solution ma.y be written 

PI Pt T = T +Rlnx1, 

{8·24) 
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and since this is an identity the partial differential coefficients of the 
left-hand and right-hand sides may be equated. Thus 

(op,f'!\ (op1f'!\ 
fJT~}P,"f,"J = f?.i'}p' 

and similarly (:~') T,ll;, "i = (~~ T. 

The left-hand sides of these equations are given in terms of enthalpies 
and volumes by (2·113) and (2·111) respectively. Substituting from 
these relations we obtain 

- H, = (opt I'!\ (8·25) 
T 2 oT-/P' 

v, = (apt) . (8·26) op T 

~w pt, and therefore also its partial derivatives, is independent of 
composition. The same must therefore be true of H, and V1; in an ideal 
solution the partial molar enthalpy and volume. are independent of 
composition. 

In the case of liquid mixtures which are ideal over the complete 
range of composition, from x, = 0 to x1 = 1, H 1 and V; are therefore the 
same ash, and V;, the enthalpy and volume respectively, per mole of 
the pure component. It follows that the total enthalpy H( = T.n,H,), 
and the total volume V( =T.n, V;), of any such mixture, are the same 
as those of the components before mixing. Such mixtures can there
fore be prepared, at constant temperature and pressure, without heat 
effect or volume change. 

The great majority of solutions, however, are those which approach 
ideality only when one of the species, the solvent, is in great excess 
and the remainder, the solutes, are very dilute. In such cases H, and 
V; can be interpreted as h, and v, respectively only in the case of the 
solvent, whose mole fraction approaches unity whilst the solution 
remains ideal. As regards the solutes, the partial molar enthalpy and 
volume are constant, in the region of ideality, but are not equal to 
the enthalpy and volume respectively per mole of the pure solutes in 
their normal states. t Moreover, the magnitude of these partial molar 
quantities is strongly dependent on the nature of the solvent, exactly 
as in the case of pt and K; discussed previously. Suppose, for example, 

t Cf. the disouseion of Pt in § 8·3. The line AL in Fig. 35 defines a hypo
thetical ideal solution of Bin A; such a solution has constant values of H4 , H.,, 
etc., at aJJ. compositions, but these values correspond to those of the actual 
solution only as B becomes very dilute. 
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that the substance i forms ideal solutions in two solvents A and B; 
either solution can be diluted with more of the same solvent without 
heat effect or volume change, but such effects will in general occur 
if the solution is diluted with the other solvent. 

The change in the free energy and entropy on mixing may be 
obtained as follows. The total Gibbs free energy of an ideal solution is 

G='E.n1p; 

(8·27) 

Now in the case of liquid mixtures which are ideal over the complete 
range of composition the PT are the free energies per mole of the pure 
liquids, as indicated in§ 8·3. It follows that the first term on the right
hand side of (8·27) is the total free energy of the liquids before mixing. 
The free-energy change of mixing, at constant temperature and 

pressure, is therefore !:lmG = RTr.n; In X;. (8·28) 
and this is a negative quantity. 

Since it has been shown already that the corresponding enthalpy 
change is zero, the entropy of mixing is 

!:lmS = - R'E.n; In X;. (8·29) 
and this is correspondingly positive. 

It may be noted that (8·28) and (8·29) are the same as for the perfect 
gas mixture (equation (3·37)). 

Although constant values of H 1 and V 1 are a. consequence of the solution 
being ideal it does not follow that, when a. mixture is known from experi
ment to have these properties, it is necessarily ideal. Consider p1/T as 
a function of temperature, pressure and the n -I independent mole 
fractions: 

therefore d("'') _ fJp,fTdT fJp,fTd .,... fJp,fT ... _ - --- +-- p+ ..... --....,, 
T aT a.p 8x, 

H 1 V1 I 8p1 = --dT+-dp +-I:-&1• 
T• T Tax, 

(8·30) 

If it is known that H 1 and V 1 are independent of composition the integral 
of this expression will be of the form 

Pt I fap, 
T=J(T,p)+TI: 8x

1 
&,. (8·3I) 

However, this is clearly not the same as equation (8·I4),which gives p1 

as an explicit function of x1• Some third experimental criterion is needed 
and this must reflect, in some way, the degree of randomness in the 
solution, which is to say the entropy change on mixing. 
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On the other hand, deviations from (8·29) are usually fairly small; and 
if the heat and volume change of mixing are zero, or almost zero, there 
is usually a. fairly good presumption that the solution is at least approxi
mately ideal. 

8·6. The dependence of vapour-solution equilibria on tem
perature and pressure 

The condition of equilibrium between a solution phase ~ and a 
vapour phase p for a component i may be written 

p~ pf 
p=p• 

and therefore in any variation which maintains equilibrium we have 

(8·32) 

If the solution is ideal pf depends only on the variables T, p and x1 

according to (8·14). Similarly, if the vapour phase is perfect pf 
depends only on T and P; in accordance with (3·19): 

(8·33) 

The relation (8·32) may therefore be expanded in terms of the 
independent variables: 

opf!T dT 1 op~ d . 1 opf dx op~/T dT 1 op~d 
fYi' + 'i op P + T ax1 • = ---ap- + 'i ap1 Pt· 

The partials with respect to temperature and pressure will by now 
be very familiar, and the partials with respect to X; and p; are ob
tained immediately from (8·14) and (8·33) respectively. Hence 

H; V; R h1 R 
--dT+-dp+-dx·= --dT+-dp;, 

pz T x, • T 2 Pt 

where H; and V; refer to the partial molar quantities in solution and 
h1 is the enthalpy per mole of the gaseous component (§3·3c). Re
arranging this equation we obtain 

(P;) hf -H; V; 
dln X; = RTZ dT+ RT·dp. (8·34) 

If the vapour phase is not perfect the partial pressure must be 
replaced by the fugacity, and hf then refers to the enthalpy per mole 
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of the gas at a pressure sufficiently low for the vapour phase to be 
perfect.t 

The ratio p 1/x1 has been defined in (8·16) as the coefficient K 1 of 
Henry's law. The temperature and pressure-dependence of this 
coefficient is therefore obtained from (8·34) as 

(olnK1) = hf-H; (8.35) 
aT p RT2 ' 

(olnKi) =_!i_, (8·36) 
op T RT 

In the first of these equations the quantity h1-H1 is, of course, the 
heat absorbed in the evaporation of I mole of the component from the 
ideal solution at constant temperature and pressure. The equation 
may be used for calculating the change of solubility with temperature. 

In general, the effect of pressure on K 1, as on other properties of 
condensed phases, is very small. For the same reason equation (8·35), 
which is strictly correct only when the total pressure p is held con
stant (e.g. by use of an additional gaseous component which is 
insoluble in the liquid phase), is still a very good approximation when 
the left hand side is written dlnK1fdT. 

In the special case where the component behaves ideally up to 
x1 = 1, K 1 is the same as p*, the vapour pressure of the pure liquid. 
In this instance equations (8·35) and (8·36) reduce to equations (6·25) 
and (6·24) respectively. 

8·7. Nernst's law 
From § 7 ·4 e it will be clear that if two liquids Gt and fl are partially 

immiscible their behaviour towards each other is necessarily non
ideal. In the present section we consider, however, the behaviour of 
a third component (subscript i) which is present in each of the two 
liquid layers. H this substance is sufficiently dilute in each layer it 
may behave individually as an ideal solute in both of them, even 
though the system as a whole is non-ideal.t 

t This may perhaps be seen more clearly by carrying out an alternative 
derivation as follows. The condition of equilibrium pf = pf is written in the 

form P1+RTlnz;=Jt?+RTlnf1, 

or In !J. = P1 _.!!l. 
z1 RT RT 

Differentiation followed by the application of (8·25), (8·26) and (3·64) gives 
(8·34) with p1 repl&eed by / 1• 

t The effect of increasing the concentration of i in each solvent is usually to 
increase their mutual solubility and this often leads to a homogeneous mixture 
at a sufficiently high concentration. On the ternary diagram this occurs at. 
the 'Plait point'. 
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When this condition is satisfied the condition of equilibrium, 

pf=p{, 
may be replaced by 

Pta.+ RT In xf = PTI + RT In x~, 

xa. "·*'-"*a. In....! =rt rt 
x{ RT 

and therefore (8·37) 

which is independent of composition. The ratio X:fxf, which may 
be denoted N, 

xffx{sN, (8·38) 

is therefore independent of the individual values of xf and z1 in the 
region where each solution is ideal. This is the Nernst distribution 
law. 

The ratio N is known as the partition coefficient, and a little con
sideration will show that it is equal to the ratio K{/Kf of the Henry 
law coefficients in the two solvents. Its temperature and pressure
dependence is obtained either by direct differentiation of (8·37) 
followed by the application of (8·25) and (8·26), or from (8·35) 
and (8·36): 

(olnN) = Hf-H{) 
aT p RT2 'I 

(<HnN) = V{- Vf f 
op 2' RT ' 

(8·39) 

whereHf, etc., refer to the partial molar quantities in the two solvents. 

8•8. Equlllbrlum between an Ideal solution and a pure crystal· 
nne component 

As an example, consider a solution in water of the crystalline sub
stance A, and it will be supposed that these two components do not 
form solid solutions with each other. When plotted against the mole 
fraction x11, the temperature at which the solution is in equilibrium 
with one or other of the pure solid phases will be of the type shown 
in Fig. 36. 

On cooling a solution of the composition R, ice will separate out a.t 
the temperature P, and on cooling a. solution of the composition 8, 
the substance A will separate out a.t the temperature Q. The curve 
PT is conventionally called the freezing-point curve of the solvent, 
and the curve QT is called the solubility curve of the solute. However, 
there is no thermodynamic necessity to distinguish between the two 
components, and the general purpose of the preserit discuBSion is to 
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obtain an equation giving the tangent to either of the two curves. As 
applied to the solute, this equation gives the temperature coefficient 
of the solubility. As applied to the solvent the same equation, after 
integration, gives the depression of the freezing-point. 

The student will have observed that there are two main methods 
by which the temperature and pressure coefficients of the various 
equilibria may be derived. These are mathematically equivalent but 
somewhat different in the details of the manipulation. 

R S ~ 
Fig. 36. Equilibrium between a pure solid and 1ta solution. 

(1) The method by which the equilibrium relation 

p~=pf, 

is expressed in the differential form 

or 

~,.III_A,./1 
""ri -...,.,,, 

(8·40) 

which is then expanded in terms of the chosen independent variables. 
This method was adopted in the derivation of (7·8), (8·34) and many 
other equations. 

(2) The method adopted in the footnote on p. 254, and also in 
the derivation of (6·28) and (6·29). 

The first of these has been our usual procedure, and for sake of 
variety we shall henceforth make more extensive use of the second. 

Let substance i be present as a. pure solid and also as a. component 
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of a.n ideal solution. The condition of equilibrium (8·40) may therefore 
be rewritten, in view of (8·14), as 

.a:= ,a~+ RT In x1, 

where .a: is the chemical potential of the pure solid and x1 is the mole 
fraction in the solution. Rearranging, we obtain 

(8·41) 

In accordance with the phase rule, the two-component, two-phase 
system has two degrees of freedom, and the temperature and pressure 
may therefore be varied independently. Consider the temperature
dependence of lnx; when the pressure is held constant; from (8·41) 

we obtain (8lnx1) = _ .!_ o,a1/T .!_ o,a~/T 
oT v R oT + R oT 

(8·42) 

by (8·25) and (2·113b). H1 is the partial molar enthalpy of the com
ponent in the ideal solution and h~ is its enthalpy per mole as the pure 
solid, both referring to the temperature T. The equation may there-

fore be.rewritten (~lnx,) = L, 
oT P RT2, (8·43) 

where L 1 is the heat absorbed, at constant temperature and pressure, 
when I mol of the component dissolves in the ideal solution. 

As shown previously, H1 is independent of composition in the region 
of ideality. Therefore, in the case where the solution remains ideal up 
to x1= 1, H, is the same as the enthalpy per mole of the pure liquid 
component and L; is its latent heat of melting. It is to be noted, 
however, that these quantities refer to the temperature Tat which the 
solution of mole fraction x1 is in equilibrium with the pure solid. 
Therefore L, is not quite equal to the latent heat at the melting-point. 

Equation (8·43) gives the tangent ox1foT to either of the curves of 
Fig. 36 at any particular mole fraction x1• When applied to what is 
conventionally called the solute it gives the temperature coefficient 
of the solubility in terms of the heat of solution at the appropriate 
temperature. When applied to the solvent it gives, after integration, 
the depressiqn of the freezing-point due to the solute. This can be 
seen most clearly by inverting the relation; thus 

oT RT2 
--=--, 
olnx1 L, 

which shows how the equilibrium temperature T varies with the 
mole fraction of the solvent. 
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8•9. Depression of the freezine-point 

In the second application discussed above, the concentration of 
the solutes is normally small and x1 is close to unity. If the solution 
is ideal at the particular mole fraction x1, it will continue to be so 
a fortiori over the range of mole fractions up to the pure solvent. This 
makes possible the integration of (8-43) to give the depression of the 
freezing-point, allowing only for the t cmperature variation of L1 over 
the curve MP of Fig. 36. 

It is to be noted that (8·43) applies strictly under conditions of 
constant total pressure, as when the solution is under the pressure of 
the atmosphere. Under the same conditions the temperature coeffi
cient of L 1 is given by 

(aL,) = (oH1) _ (ah:) 
oTP oTP oTP 

=c,.1 -c~1 

::Ac,., (8·44) 

where c,., is the partial molar heat capacity of i in solution, equal to 
its value as a pure liquid (since H1 is independent of composition in 
the region of ideality) and c~. is the molar heat capacity of solid i. . . 

Over the small ranges of temperature whiCh are usually encountered 
in the measurement of freezing-point depression, Ac,. may usually 
be assumed constant. The integration of (8·44) therefore gives 

(8·45) 

where LM is the enthalpy of melting at the melting-point TM (the 
subscript i will henceforth be deleted). Substitution of this result in 

(8·43) gives olnx LM-Ac'JI(TM-T) 
oT = RT2 (8·46) 

Integrating from x = 1 to the particular mole fraction x at which the 
freezing-point depression is to be calculated, 

ln(l/x)=~J:x LM-AcT~TM-T) dT 

= (LM-llc,.TM)f'I'NdT + Ac,.f'I'NdT 
R 'I'T2 R'I'T 

== (LM-Ac,.TM) (.!_ _ __!_) +Ac,ln (TM) (8.47) 
R T TM R T . 
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In using this equation for the purpose of c~tlcula.ting molecular 
weights, measured values of the quantities on the right-hand side are 
used for the purpose of calculating x, the mole fraction of the Bolvent. 
H there is only a. single solute its mole fraction is obtained a.s 1-x. 
The weight concentration of the solution being known, the molecular 
weight of the solute is immediately calculable. 

A less accurate integration can be carried out by neglecting the 
temperature coefficient of the enthalpy of melting, equivalent to 
putting Ac11=0. In place of (8·47) we obtain 

In~::: LM (!. _ _!_) 
X. R T TM 

• LM(} 
~ RTI , (8·48) 

M 

where() =TM- Tis the depression of the freezing-point. This equation 
may aJso be written 

(8·49) 

where :tx1 is the sum of the mole fractions of all the diBBolved species. 
Provided this quantity is small-which is to say the solution is very 
dilute-the expansion of the logarithm in (8·49) gives the approxi-
mate expreBBion L 0 

~- • M 
.w;£1~ RTI • 

M 

8·10. Elevadon of the boWng-polnt 

(8·50) 

The last two sections were concerned with the equilibrium between an 
ideal solution and one of its components as a pure solid phase. An exactly 
similar theory will apply to the equilibrium between an ideal solution 
and one of ita components as a pure vapour. When one or more involatile 
solutes are dissolved in a volatile solvent, and when the solution is 
wfficiently dilute to be ideal, it is readily confirmed that the elevation of 
the boiling-point of the solvent is given by equations closely similar to 
(8·43), (8·47) and (8·50). 

Let T be the equilibrium temperature when the mole fraction of the 
solvent is x. Then the equations in question are 

(8·51) 

(8·52) 

(8·63) 
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where L is the enthalpy increase in the evaporation of 1 mol of the 
solvent at the temperature T, LB is the corresponding latent heat at the 
boiling-point TB of the pure solvent, !:l.cp is equal to the molar heat 
capacity of the solvent as a vapour minus its value as a. pure liquid, 
and O=T-TB is the elevation of the boiling-point. 

8•11. The osmotic pressure of an ideal solution 

In a solution, such as that of sugar in water, the solvent is the com
ponent whose mole fraction can be varied up to unity. Let it be sup
posed that such a solution is separated from a quantity of the pure 
solvent, at the same temperature, by means of a membrane permeable 
only to the solvent molecules. Then what is called the osmotic 
pressure of the solution is the excess pressure which must be placed 
on it in order to prevent any diffusion of solvent through the 
membrane. 

The nature of osmotic pressure has been discussed very clearly by 
Guggenheim. t The osmotic pressure of a solution which is contained 
in a beaker open to the atmosphere is not a pressure which it actually 
exerts; it is rather to be regarded as being one of the thermodynamic 
properties of this solution in a manner closely similar to, say, its 
freezing-point. When a solution is said to have a freezing-point of 
- 5 °0 this does not imply that the solution is necessarily at this 
temperature but rather that - 5 °0 is the temperature at which the 
solution would be in equilibrium with one of its components as a solid 
phase. Similarly, when a solution is said to have an osmotic pressure 
of 10 atm this does not mean that the solution necessarily exerts this 
pressure but only that the solution would be in equilibrium with pure 
solvent, through the semi-permeable membrane, if it were given an 
excess pressure of this amount. 

The cause of osmosis is simply diffusion; the solvent is able to diffuse 
through the membrane but the solute is not. It is only when there is 
a membrane which ha.a' this property that the phenomenon can occur. 
As discussed in § 2·9 b, this diffusion itself arises from a difference in 
chemical potential; at the same temperature and pressure the solvent 
substance is at a lower chemical potential in the solution than in its 
own pure liquid (on account of its lower mole fraction), and there is 
therefore a tendency for it to pass through the membrane in the 
direction pure solvent-+ solution. The osmotic pressure is the excess 
pressure which will just prevent this flow, and if a pressure greater 
than this were applied to the solution the solvent would diffuse in the 
reverse direction and the solution would become more concentrated. 

t Modern ThennodynamU:s by the Methods of Willard Gibbs (London, 
Methuen, 1933). 
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In a perfect gas osmotic system, as shown in §3·3b, equilibrium is 

attained when the partial pressure of the permeating gas is the same 
on each side of the semi·permeable membrane. This implies equal 
volume concentrations. On the other band, in the case of solutions, 
the volume concentration is not an adequate criterion of the diffusion 
tendency; and it is possible for a substance to diffuse spontaneously 
from a region of lower to a region of higher concentration. t ·In such 
systems the only proper criterion of equilibrium, which is to say of 
the absence of a diffusion flow, is the equality of the chemical 
potential in the two regions. 

Consider an osmotic system consisting of pure solvent together 
with a solution and an intervening membrane which is permeable to 
the solvent. Let p and p' be the pressures on the pure solvent and on 
the solution respectively when there is a condition of osmotic and 
thermal equilibrium. The difference will be called ll, the osmotic 
pressure: 

ll==.p'-p. (8·54) 

Now the pure solvent, since its mole fraction is unity, has a chemical 
potential of p,;, in the notation of this chapter, and the subscript 
denotes that this is the value at the pressure p. The same substance 
in the solution, if this is ideal, has a chemical potential given by 

p,;. + RT In x, 

where the subscript denotes that p,;. refers to the pressure p' and x 
is the mole fraction of the solvent in the solution. The condition of 
equilibrium ist 

p,;=p,;·+RTlnx. 

Rearranging this we obtain 

RT In X= p,; -p;. 

= J: vdp, (8·55) 

by equation (2·lllb), where vis the molar volume of the pure solvent. 
This quantity does not vary much with pressure§ and therefore, to 
a fairly high degree of accuracy, the last equation can be written 

RTlnx=v,.(.p- p'), (8·56) 

t See also pp. 86-7. 
t Note that RT In x is a negative quantity, and it is for this reason that 

/4 <P:• 
§ "cannot be taken as being entirely constant, since quite large values of 

p'- p are often encountered in practice. 
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where "m is the mean value of the molar volume over the pressure 
range. This is easily evaluated if the compressibility of the solvent 
has been measured. Using the definition (8·54), we can rearrange 
(8·56) to obtain the following expression for the osmotic pressure of 
the ideal solution 

RT 
II= --lnx. 

Vm 
(8·57) 

Let :&:1 be the sum of the mole fractions of the various solutes. Then 
(8·57) may be written 

and if :&:1 is very small, 
RT 

II*-l:%1• 
tim 

(8·58) 

(8·59) 

By further approximation, thi~ may be reduced to the form originally put 
forwar.d in the early days of physical chemistry on the erroneous assump· 
tion that osmotic pressure is analogous to the 'bombardment' pressure in 
a gas. Now :&:1 is equal to 'E.n1fn, where 'E.n1 is the total number of solute 
ruoles and n is the total number of moles of all kinds including the solvent. 
Therefore (8·59) can be written 

RT 
II*-'E.n1• (8•60) 

nvm 
If the solution is very dilute, n will not appreciably exceed the number of 
moles of the solvent only and nvm will not differ appreciably from V, the 
total volume of the solution. Therefore an s.pproximation to (8·60) is 

or 

II =RT'E.n1 . v 
(8·61) 

where 'E.c1 is the sum of the volume concentrations of the solutes. This 
result is accurate only for very dilute solutions even when the solution 
continues to be id~ to much higher concentrations. 

8•12. The ideal solubility of gases in liquids 

Let it be supposed that a solution of a gas in a liquid obeys Raoult's 
law over the whole range of composition and in particular up to the 
mole fraction of unity which corresponds to the liquefied gas at the 
particular temperature. Under such conditions the solubility of the 
gas can be calculated from a knowledge of its vapour pressure. This 
may be illustrated by means of an example. 

At 20 oc liquid carbon dioxide has a vapour pressure of 56.3 atm. 
If carbon dioxide dissolves in a solvent and obeys Raoult's law its 
mole fraction in the solution at 20 oc will be given by 

x=pfp*, 
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where p• has the value 56.3 atm and p is the partial pressure of C01 

above the solution. In particular, the solubility at 1 atm is given by 

~=1fp•=O.Ol78 (8·62) 

This value may be called the ideal solubility at atmospheric preBBUre 
and is evidently independent of the nature of the solvent when it is 
expressed in the above form as a mole fraction. The tablet shows some 
of the observed solubilities, and it is seen that the ideal solubility is of 
the right order of magnitude in most of the solvents. 

Mole fraction of C02 in varioU8 solvents at 20 °C and 1 atm 

Amyl acetate 
Pyridine 
Ethylene chloride 
Chloroform 
Toluene 
Carbon tetrachloride 
Ethyl alcohol 
Carbon disulphide 

0.027 0 
0.0129 
0.0125 
0.0123 
0.0107 
0.0100 
0.0070 
0.0022 

In some cases, in order to apply the theory, it is necessary to extra
polate the vapour pressure of the liquefied gas beyond the critica.l 
point. For example, suppose that it is desired to estimate the ideal 
solubility of methane at a temperature of 25 °C, which is far above 
critical. If the observed vapour pressures are extrapolated by means 
of the Clausius-Clapeyron equation, the estimated value of p• at 
25 °C is found to be 289 atm-but of course this does not correspond 
to a stable state of gas-liquid equilibrium. The ideal solubility of 
methane at 25°C is therefore 1/289=0.0035. Some of the observed 
solubilities, as quoted by Hildebrand and Scott, are given in the table. 

Mole fraction of CH, in various solvents at 25 °C and 1 atm 

Ethyl ether 
Cyclohexa.ne 
Carbon tetrachloride 
Acetone 
Benzene 
Methyl alcohol 
Water 

0.004 5 
0.0028 
0.0029 
0.0022 
0.0021 
0.0007 
0.00002 

t From Hildebrand and Scott, The Solubility of Non-Elec!roly!es (New York, 
Reinhold, 1950), Chapter xv, Table 7. It appears that this table refers to 
20 •c and not 0 •c as stated (cf. Hildebrand, Solubility (New York, Reinhold, 
1938), 2nd ed., p. 137). 
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According to the theory, the solubility of a gas may be expected to 
decrease with rising temperature, since this causes an increase in p*; 
this is in general agreement with experience. The most soluble gases 
may also be expected to be those which are the most condensible, 
corresponding to low values of p*. 

8·13. The ideal solubility of solids in liquids 

We have previously obtained (equation (8·43)) 

(alnx) L 
oT p = RT2 ' 

8 

x1 x2 

Mole fraction of solute 
Fig. 37. Ideal solubility of a solid. 

which gives the temperature coefficient of the solubility of a solute 
in terms of its heat of solution. If the equation is integrated at con
stant pressure on the assumption that L is independent of tempera
ture over JJ- small enough range, we obtain 

L( 1 1_\ 
lnxlfxs=R T?.-TJ' 

where x1 and x 2 refer to the solubilities, expressed as mole fractions, 
at temperaturesT1 andT2 respectively. 

Let it be supposed that this equation continues to hold, at least 
approximately, up to a mole fraction of unity. This corresponds to 
point A in Fig. 37, where the pure liquid solute is in equilibrium with 
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its own solid a.t the melting-point. The previous equation may there

fore be written lnx=~ (;M -~). (8_63) 

In this equation xis the solubility at the temperature T and T M is the 
melting-point of the solute. L is the enthalpy of solution, but, by the 
nature of the· assumptions which have been made, it is constant 
along the curve BA and is therefore equal to the enthalpy of melting 
of pure solute. 

Equation (8·63), which was first put forward by Schroeder in 1893, 
may be used to estimate the ideal solubility of solids in liquids, from 
a. knowledge of their melting-points and latent heats. It will be noted 
that the equation is entirely analogous to (8·48) which gives the 

. depression of the freezing-point of the solvent; a. more accurate form 
of (8·63) could have been obtained by allowing for the temperature 
dependence of L, as in § 8·9. 

As a.n example, the enthalpy of melting of na.phth~~olene is 
18 580 J mol-1 and its melting-point is 80.05 °C. Its ideal solubility 
at 20 °C may therefore be calculated from the above equation to be 
x=O. 273 and is the same in every solvent. Some of the experimental 
data for solvents of low polarity are given in the table. t 

Mole fraction of naphthalene in various solvents at 20 °0. 
~orobenzene 0.256 
Benzene 0.241 
Toluene 0.224 
Carbon tetrachloride 0.205 
Hexane 0.090 

.AB deductions from equation (8·63) we have: (a) the solubility of 
a. solid may be expected to increase with rise of temperature; (b) the 
solubility of a solid may be expected to be the greater the lower is its 
melting-point and the smaller is its enthalpy of melting. These 
results, although they are based on the supposition of ideal solutions, 
are in fairly general agreement with experience. 

PROBLEMS 

1. It was shown by Zawidski that mixtures of benzene and ethylene 
chloride obey Re.oult's law quite accurately. At 50.0 °C their vapour 
pressures as pure liquids are 268.0 and 236.2 mmHg respectively. At 
this temperature calculate the total preBBure and the composition of. the 
vapour which is in equilibrium with the liquid containing mole fractions 
of 0. 25, 0. 50 and 0. 7 5 of benzene. 

t From Hildebrand and Scott, The Solubility of Non-Electrolytes, 1950, 
Chapter xvn. 
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2. The solubility of succinic acid in 100 g of water is 2. 35 gat 0° C and 
6. 76 gat 24. 8 °C. Estimate the heat of solution of succinic acid in water. 

3. The following data relates to the concentration of benzoic acid in 
layers of benzene and water which are in equilibrium: 

Cone. in water as g/100 cm8 0.289 0.195 0.150 0.098 0.079 
Conc.inbenzeneB~;~g/100cm8 9.7 4.12 2.52 1.05 0.737 

Examine whether either of the following hypotheses would account for 
the results: (a) the benzoic acid is almost completely dissociated in the 
water; (b) the benzoic acid is almost completely associated to a dimer in 
the benzene. 

4. The boiling-point of liquid ethane a.t 1 atm pressure is - 88.6 °C, 
and its critical temperature and pressure are 32.2 °C and 48.2 atm respec· 
tively. Estimate its ideal solubility in hexane at 20 °C and a partial 
pressure of 1 atm. 

5. The solubility in water of C01, expressed as cm8 of gas (at 0 °C and 
1 atm) per cm3 of water, is 0.878 at 20 °C and 0.665 at 30 °C. Estimate 
the heat of solution. Establish any formula used. 

It is required to remove C01 from a less soluble gas by absorption of 
the C01 in water in a counter-current tower operating at 10 °C and at a 
pressure of 20atm. The gas mixture contains 10% of C01 by volume. 
Estimate the minimum amount of water required per 1000 m 8 (reduced 
to 0 °C and I atm) of the entering gas. [C.U.C.E. Qualifying, 1951] 

6. The solubility of C01 in rubber has been expressed in two different 
publications by the following relations: 

(a) 
dins AH 

where s=cm1 of dissolved gas measured at s.T.P. per 100 cm1 of rubber 
under a partial pressure of 1 a.tm, 

All= heat of solution of the gas in the rubber 
= -1. 38 x 10' J moi- 1 experimentally at 20 °C. 

(b) d ( c8 ) B 
dT In~ =RT1 ' 

where c8 =concentration of the gas in the rubber phase, 
c,.. =concentration of the gas in the gas phase, and 
B =experimental constant. 

Derive the first of the above equations from the thermodynamic thsory 
of an idea.l solution, indicating any additional 888umptions which must 
be made. Hence, find the col'l'&lponding value at 20 °C of B in the second 
expression and state what th"rmodynamic quantity it represents. 

[C.U.C.E. Tripos, 1950] 
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7. A liquid X consists of an equilibrium mixture of a. monomer, A, 

a.nd a. dimer, B, 2A ~B. At a. particular tE,mpera.ture T the vapour 
pressure of liquid X, which may be assumed due to the monomer only, 
is po a.nd the t~quilibrium constant expressed in mole fraction units is K. 
At the same temperature the vapour pressure of a. solvent 0 is pg. 

A solution consists of N0 moles of solvent 0 and N moles of X computed 
as if it were entirely monomer. If the solution is assumed ideal, show that. 
at temperature T the vapour pressure of the monomer over the solution 
is given by 

a.nd the vapour pressure of the solvent by 

2N0 

Pc=NA+2Nc+NpS, 

where the quantity NA is given by the equation 

(N -NA) (NA + 2N0 +N) -K 
~ -. 

[C.U.C.E. Tripos, 1951] 

8. It is required to depress the freezing·point of water to -10 °0 in 
order to prevent freezing. Estimate the weight percentage of glycerol 
which might be adequate foJ." this purpose. Is this estimate likely to be 
too high or too low? 

The enthalpy of melting of water is 6008 J mol- 1 • 

[C.U.C.E. Qualifying, 1955] 
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CHAPTER 9 

NON-IDEAL SOLUTIONS 

9·1. Conventions for the activity coefficient on the mole 
fraction scale 

The ideal solution was defined as one for which the chemica.I 
potential of every component is related to its mole fraction by the 
relation 

where p1 is a. function of temperature and pressure only. It has been 
shown that the properties commonly attributed to ideal solutions 
are all deducible from this relation. These properties form a very 
convenient standard against which to compare the properties of all 
real solutions. 

The method usually adopted in dealing with real solutions is to 
find the magnitude of the pure number which, when multiplied by the 
mole fraction of the particular species, ma.kes applicable a. relation 
of the above form. That is to say, we definet an activity coefficient 
y, suoli that the equation 

(9·1) 

is correct, however large is the deviation from ideality. In this 
identity P1 is to be taken as a. function of temperature and pressure 
only, but y, may be a function of these variables together with the 
mole fractions of all substances in the solution. 

Equation (9·1) as it stands does not provide a. complete definition 
of y,, since P1 is also an unknown in this equation. The definition of 
both quantities becomes complete as soon as it is specified under 
what conditions y1 becomes equal to unity. For this purpose it is 
convenient to adopt either of two conventions. These are based on 
the fact that a. component i of a real solution is normally found to 
approach ideal behaviour both as x1-+ 0 and as x1-+ 1, as discussed on 
p. 225. 

Convention I. This is usually applied to solutions in which all of the 
components, in their pure states, are liquids at the same temperature 
and pressure as the solution (e.g. a. water-alcohol mixture). For each 

t The definition of activity coefficient adopted in many American text-books 
is a little different from that used here and is discilssed in § 9·10. 
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component the activity coefficient is taken as approaching unity a.s 
the mole fraction approaches unity. Thus 

Pi=Pt+RTlny1x;,} 

Yt-+ 1 a.s Xi-+ 1. 
(9·2) 

It will be seen that the logarithm vanishes under the limiting con
ditions, and therefore Pt is equal to the Gibbs free energy per mole of 
the pure substance at the same temperature and pressure as the 
solution under discussion. 

Conventi.on II. This is usually applied to solutions in which some 
of the components are gases or solids at the temperature and pressure 
in question (e.g. aqueous solutions of oxygen or of sugar). For such 
solutions it is convenient to distinguish between the solvent and the 
solutes. The former, denoted by the subscript 0, is a. component which 
is present in excess and whose mole fraction can be varied up to 
unity without change of phase. The convention is then as follows: 

for solvent: p0 =p:+RTlny0 x0 and y0 -+1 as x0 -+1,} 
(9·3) 

forsolutes: Jl;=pT+RTinyix, and y 1 -+l m~ x1 -+0. 

Thus, as regards the solvent, the situation is the same as on Conven
tion I. As regards the solutes their activity coefficients are taken as 
approaching unity at infinite dilution; the quantity PT therefore 
stands for the ch~mical potential of pure solute in a. hypothetical 
liquid state corresponding to extrapolation from infinite dilution 
along the Henry law gradient. This will be made clearer in the next 
section. 

It is entirely a matter of convenience which convention is adopted. 
The great advantage of the first is that it is symmetrical in all of the 
components. On the other hand, it is· not convenient to use this 
convention in the case of components whose mole fraction cannot be 
varied up to unity without change of phase. 

9·2. The activity coefficient in relation to Raoult's and Henry's 
laws 

For a non-ideal liquid mixture in contact with a. perfect vapour 
phase we obtain, a.s the condition of equilibrium, in place of (8·15), 

Pt + RT In y1x1 = p~ + RT In p 1, 

or after rearrangement (9·4) 

where K 1 = exp {(p1-p~)/ RT}. (9·5) 
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From the nature of pr and p? it follows that K 1 is independent of 
compositio~. (If the vapour phase is not perfect, p1 must be repla.ced 
by the fugacity in equation (9·4).) 

If we choose y1 to approach unity as z1 approaches unity-as on 
Convention I for a.ll species and on Convention II for the solvent
then K 1 must clearly be the same a.s P1, the vapour pressure of the 
pure component a.t the temperature and total pressure of the solution. 
Thus (9·4) may be written 

K I 
I 
I 
I 
I 

' I '.I! 1-... 
lu ', 

' ' / ' / ~ ..,... ..... 
/ 

x,---
Fig. 38. Activity coefficients on Convention I. 

(9·6) 

and the extent to which y1 differs from unity is seen to be a. measure 
of the deviation from Ra.oult's Ia. w. It is greater than unity for positive 
deviations and less than unity for negative deviations. 

The significance of y1 may perhaps be seen more clearly from Fig. 38, 
which shows typical vapour-pressure curves of a. binary mixture of 
components A and B. Consider the particular composition z& corre
sponding to a. point R. If the solution were ideal the partial pressure 
of B above the solution would have the value pfz&, which is repre
sented by the length RT. The actual partial pressure is represented 
by the length RS. Therefore from equation (9·6) we have 

P& RS 
y,= p:z& = RT. 

RU 
Similarly y • = R V. 
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In brief, whenever we choose y 1-+ 1 as z1-+-l the activity coettlcients 
have a simple interpretation as the ratio of the actual partial pressure 
to the partial pressure which would occur if Raoult's law were 
ob~yed. One of the most direct methods of determining these 
coefficients is by measurement of the partial preBBures. 

On the other hand, if we choose ')' 1 -+ 1 as z1 -+ 0, as on Convention II 
for the solutes, then K 1 in equation (9·4) is clearly the tangent, at 
infinite dilution, of the curve of p1 against z1• Therefore, according to 
Convention II, the extent to which the activity coefficient of the 
solute at any finite concentration differs from unity is a measure of 
its deviation from Henry's law. 

L 

---
xb- 8 

Fig. 39. Activity coefficients on Convention n. 

This interpretation is made clearer in Fig. 39, which shows typical 
vapour-preBBUre curves for a type of binary system where the mole 
fraction of component B cannot be varied up to unity (e.g. oxygen in 
water). In such instances, instead of using Raoult's law as the 
criterion of ideality for the solute, it is more convenient to use Henry's 
law. Consider the solution whose composition corresponds to the 
point R. If the component B obeyed Henry's law at this composition 
its partial preBBure would be K,z,, which is represented by the length 
RW.t The actual partial preBBure is represented by the length RS. 
Therefore from equation (9·4) we have 

p, RS 
')'&=--==-, 

K 11 x11 RW 

The activity coefficient is thus again equal to the ratio of the actual 
to the 'ideal' partial preBBure, but the criterion of the latter is Henry's 

t K• itself ia represented by the length BL. 
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rather than Ra.oult's law. (Of course as regards the solvent we con· 
tinue, using Convention II, to regard Ra.oult's law as the measure of 
ideality and in Fig. 39 the activity coefficient 'Yo is equal to the ratio 
RU/RV.) 

If the solute is one such as sugar, whose vapour pressure is minute, 
it will be impossible to measure its partial pressure along the curve 
.AS of Fig. 39. However, we can continue to regard the tangent .A W 
as defining the ideal solution. Although this tangent now almost 
coincides with the axis .AB, the activity coefficient of component B 
remains equal to the ratio RBfRW, and can be detennined by methods 
other than the direct measurement of partial pressure, as will be 
described in § 9·8. 

The significance of Pi in the equation 
p,=pf + RTln y,x, 

also depends on the choice of convention. When we choose 'J'c+ 1 as 
z,-+ 1, pj is simply the free energy per mole of the pure component 
at the same temperature and pressure as the solution under discussion. 
When we choose y,-+ 1 as z,-+ 0 the situation can best be understood 
by imagining the existence of a. hypothetica.l ideal solution whose 
partial pressure continues to obey Henry's law at all mole fractions 
up to z, = 1. For example, in the case of Fig. 39 a. solution is imagined 
for which the partial pressure of component B would lie everywhere 
along the line .AL. y, would be unity at all compositions and pt could 
be interpreted as the free energy per mole ofpureB in the hypothetical 
state corresponding to the extrapolation up to z, = 1. 

However, it is simplest to regard Pi as being merely a. constant in 
the above equation, a. quantity independent of composition but 
dependent on the temperature and pressure of the solution. 

9·3. The use of molality and concentration scales 
The quantity of a. solid or a. gas in solution is very often expressed 

as a. molality rather than as a. mole fraction. For example, most 
of the data. on the free energy of formation of substances in aqueous 
solution refer to a. reference state of unit molality. This is a. matter 
of convenience, and the molality has less theoretica.l significance than 
the mole fraction. 

The molality of a. solute is the amount of it ·(mols, i.e. 'gram 
formula weights') per kg of solvent. Consider a. solution containing 
n, mols of solute and n0 mols of solvent whose molar ma.sst is 
M0 kg mol-1• Then the molality of the solute is 

t Note that 'molar mass' (kg mol-1) dift'ers by a factor of 1000 mol kg-1 

from the ' molecular weight ', now to be known ae the ' relative molecular 
mass ', which is dimensionless. If, in place of the molar mass, the molecular 
weight had been included in (9·7), BB in earlier editions, a factor of 1000 mol kg -I 

would have to be included in the denominator. 
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and ita mole fraction is 

Non-Ideal Solutions 

ni 
mi = .Mono 

n; 
X;= ' n0 +l::n1 

where the summation is over all solutes. From (9·7) and (9·8) 

mi n0 +I:ni 1 
xi= Mono = Moxo 

and as I:n,~O, m1{x,~1fM0 • Therefore in very dilute solution 
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(9·7) 

(9·8) 

(9·9) 

(9·10) 

and the molality and mole fraction are proportional to each other. 
Occasionally a volume concentration scale is used. If V is the 

volume of the above solution in m8, then the concentration (mol m - 3) 

of the particular solute is defined byt 

c,:=n1{V. (9·11) 

Let p be the density of the solution (kg m - 3). Then the volume V 
weighs p V kg and therefore 

pV=M0n0 +I:Mini, 

where Mi is the molar mass (kg mol-1 ) of species i. Hence 

V = M 0 n0 +l::Jl!,n;, 
p 

and from (9·11) we obtain 
pn; 

C;= . 
1110 n0 + l::Jf,n1 

Using (9·8) and (9·13) we obtain the ratio 

c1 p(n0 + I:n,) 
~= M 0 n0 +l::M1n1 • 

As I:n,~O, c1fx,~p/M0 , and therefore in very dilute solution 

(9·12) 

(9·13) 

(9·14) 

px; 
C;~~~ (9·15) 

and the concentration and mole fraction are proportional to each 
other. 

It follows from (9·13) that the concentration of a given solution 
does not have the same value at two different temperatures on 

t What was previously called the ' molarity ' was the volume concentration 
expressed as mols per litre. 
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account of the change of density. The molality scale is therefore to be 
preferred. But the mole fraction scale has more theoretical signi
ficance than either. As shown in §8·1, there are reasons for expecting 
that the partial pressure of a component will be proportional to its 
mole fraction under certain especially simple molecular conditions, 
and this is one of the reasons why the mole fraction, rather than any 
alternative scale, is used for the definition of the ideal solution. In an 
ideal solution Pi is proportional to xi, but is not proportional to m1 

or ci, except under the very dilute conditions where the mole 
fraction, molality and concentration are all proportional to each 
other. 

9•4. Convendon for the acdvity-coeftlclent on the molallty 
scale 

In the discussion of solutions containing solid or gaseous sub
sta.nces, the activity coefficient of the solvent is a.Imost always defined 
on the mole fraction scale, but the activity coefficient of the solute is 
often chosen on the molality scale. This may be called Convention m. 

Convention III: 

forsolvent: Po=Pt+RTlny0 x0 and ')'0 -+1 as Xo-+1,} (9.16) 
for solutes: ,u1=PP+ RTln y1m1 and y1 -+ 1 as m1-+0. 

This is closely related to Convention II and differs from it only in 
regard to the use of the molality scale for the solutes. t 

As concerns the solvent the significance and value of ,U: and 'Yo are 
precisely the same as on Conventions I and II. As concerns the solute, 
,up is the value of the chemical potential when m1 and y1 are both 
equal to unity. For this reason it is often referred to, somewhat 
inexactly, as the chemical potential of the solute in a hypothetical, 
ideal solution of unit molality (at the same temperature and pressure 
as the solution under discussion). This approximate interpretation 
of p 0 can be seen more clearly with the aid of Fig. 40, which shows 
the partial pressure of component B plotted against its mole fraction. 
The Henry law coefficient K• is again represented by the length BL. 
~t R be the point along the mole fraction axis at which component B 
Jlas unit molality. H yon the molality scale were unity when yon 

t In the case of electrolyte solutions, the molalities of all electrolytes must 
fall to zero for the activity coefficient of any of them to become unity (see 
equation (10·53) below). Thus in place of y1-+l 88 m1-+0 in the above conven
tion, it is actually preferable to write y1-+1 88 :~: 0 -+1. 

As in the instances of equations (3·2) and (3·18), the quantity m1 in (9·16) 
is more correctly a ratio m4fm~, where m~is unit molality. The term of which 
the logarithm appears in (9·16) is therefore dimensionleBB. 
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the mole fraction scale ts unity (which however is not exactly the 
case except in very dilute solution-see below) the 'hJlK>thetioal 
ideal' solution of unit mola.lity would have a. partial pressure of this 
component equal to the length of RT and p~ would refer to this 
solution. But because this interpretation is not exact, p~ is preferably 
to be regarded simply a.a a. part of the chemical potential a.a given 
by (9·16). 

The relationship between the activity coefficients defined in terms 
of Conventions II and III can be obtained a.a follows. Consider a. 
solute whose mole fraction is :x: and whose molality ism. Its actual 
chemical potential is, of course, quite independent of the choice of 
scale ana therefore p=p*+RTlnyux 

=Po+ RT In I' III m, 

/ 
/ 

/ 
/ 

"' l 

R x,.- 8 

Fig. 40. Hypothetical ideal solution of unit molality. 

(9·17) 

where yll and ylll are used, for the moment, to denote activity 
coefficients according to the Conventions II and III respectively. 
Rearranging we obtain 

RTln yiiim =p*-po. (9·18) 
yll:x; 

Under limiting conditions of very high dilution this reduces to 
m 

RT1n-=p*-p0 , 
!1: 
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or in view of equation (9·10) 
1 

RT In M =p.*-p.c. 
0 

[9·5 

(9·19) 

This equation determines the relation between p* and p 0 • Since 
these quantities are independent of composition, their difference in 
(9·19) has precisely the same numerical value as in (9·18). Hence, 
between these two equations we obtain 

RT In yiiim = RT In _!_ 
yiix Mo 

')'III X 
or yif =Mom' (9·20) 

which determines the relation between yiii and yii for a solution 
which is not neceBBarily dilute. 

The general relation between x and m is equation (9·9), and it follows 
from this equation, together with (9·20), that 'Ym is not equal to 
'YII except for a very dilute solution. Thus, even though a solution of 
appreciable concentration may be ideal, in the sense of the mole 
fraction scale (i.e. ')'u= 1), it would not have a value of y111 equal to 
unity. The activity coefficients defined on the molality scale evidently 
do not give a satisfactory measure of the deviations from ideality, 
except for a very dilute solution. This is equivalent to the remarks 
made at the end of the previous section. 

Activity coefficients of a solute as calculated relative to the mole 
fraction and molality scale are sometimes called rational and practical 
respectively. OccR.Bionally still another type of activity coefficient 
is used for the solute, defined by 

p 1=p? + RTlny1c;,} 
Y•-+ 1 as c1-+0, 

where c, is the concentration. 

9•5. The effect of temperature and pressure 
By rearranging equation (9·1) we obtain 

• 
':;. =~-Rlny1 -Rlnx;. 

(9·21) 

Since this is an identity it may be partially dill'erentiated a.t constant 
preSBure and composition: 

Therefore 

ap1fT apt{T Rainy, 
fiT= aT- aT 
apt/T _ -H,_Ralny, 
aT-TZ aT' (9·22) 



9·5] Non-Ideal Solutions 279 

where H~ is the partial molar enthalpy of the particular component 
in the solution under discussion. 

Let (9·22) be applied to the limiting composition wherey ~approaches 
unity according to the particular choice of convention. In this case 
the last term of (9·22) is zero and we obtain either 

aptfT k, 
(a) --a71=- ps' (9·23) 

where we have chosen y 1-+ 1 as x1-+ 1 and k1 is the enthalpy per mole 
of the pure liquid component, or 

8pt/T H~ 
(b) -w-= - pa , (9·24) 

where we have chosen y1-+ 1 as xi-+0 a.nd H? is the partial molar 
enthalpy of the component at infinite dilution. 

Now Pt is independent of composition and therefore a~~T has the 

same value whether we consider some particular solution or the 
limiting solution where y,-+ 1. Comparing (9·22) with (9·23) or 
(9·24) we thus obtain the temperature dependence of the activity 
coefficient: 

(a) (9·25) 

for the case y ~-+ 1 as x1-+ 1 or 

(b) (9·26) 

for the case y1-+ 1 as x1-+0. 
By an exactly similar argument concerning the molality scale a.nd 

Convention III we obtain 

(c) 

where y1-+ 1 as m1-+0. 

8pf/T H7 
--wJ.T= -ps' 

81ny1 H~-B, 
--w-== RT1 ' 

(9·27) 

(9·28) 

In these equations B1 and H, again refer to the partial molar 
enthalpy at infinite dilution and in the solution where the activity 
coefficient is y, respectively. These quantities can be determined by 
experiment as discussed in §2·14. It will be noted from (9·26) and 
(9·28) that the activity coefficients of a. solute defined by Conventions 
II and III both have the same temperature coefficient. 

The temperature-dependence of K 1 in equation (9·5) is readily 
obta.ined by differentiation followed by application of equations 
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(3·10) together with (9·23) or (9·24) according to the choice of con
vention. For the case 1' 1-+ 1 as x,-+ 0 we obtain 

8lnK1 h~-H~ 
--aT= RT2 ' (9·29) 

where h~ is the molar enthalpy in the gaseous phase. Thus h~-H~ is 
the enthalpy of evaporation from an infinitely dilute solution. For 
the case where 1' 1-+ 1 as x1-+ 1, K 1 is the same as pf, the vapour 
pressure of pure component, and its temperature-dependence is given 
by the Clausius-Clapeyron equation. 

The pressure-dependencet of the activity coefficient may be obtained 
by similar reasoning. The results are 

(a) c3ln .,, = v,-v, (9·30) 
8p RT ' 

where ')'r+-1 as x1-+-1 and v1 is the volume per mole of the pure liquid 
component, and c3Iny1 ~- Vf 

(b) ---ap=----w-, (9·31) 

where y 1 -+- 1 as either the mole fraction or the molality approaches zero 
and v~ is the partial molar volume at infinite dilution. Vi is the partial 
molar volume in the solution in question. 

It may be remarked that it is possible for a solution to show zero values 
of oln yfoT and oln yfop without the activity coefficients themselves 
being equal to unity. Solutions in which both of these conditions are 
satisfied have been called 'semi-ideal ';t they behave like ideal solutions 
with regard to the enthalpy and volume, but they have a non-ideal free 
energy and entropy. 

The dependence of yon pressure, as given by (9·30) and (9·31) is, of 
course, extremely small. The dependence on temperature is much more 
significant, but for practical purposes it may often be necessary to 
neglect it, for lack of knowledge of the heat effects (k1-H1) or (Hf-11,) 
which occur in equations (9·25) and (9·26). Let it be supposed that this 
heat effect is actually 2000 J moi-l. Then at 100 °C we obtain 

0 In , - 2000 - - 8 -w- 8.314X3731 - 1"7 X 10 

Therefore, for a variation of 30 °C, the change in y would be about 5%. 
In studies on distillation it is frequently necessary to estimate partial 
pressures at one temperature from experimental measurements at 
another. If these two temperatures are not too far apart, the change in 
the activity coefficient will be rather small and may have to be neglected 
in the absence of the enthalpy data. 

t See § 9·1 0 for the pressure dependence of y1 as it is defined in most American 
texts. 

t Guggenheim, Modern Thermodynamics by the .Methods of Wilklrd Gibbs, 
Chapter VII (London, Methuen, 1933). 
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9•6. The determination of activity coefficients 

In Chapter 8 various equations were derived relating to the partial 
pressures, freezing-point depression, osmotic pressure, etc., of an 
ideal solution. The corresponding expressions which are applicable 
to non-ideal solutions may be obtained simply by substitutuig yiz1 

in place of z,. t The coefficient y 1 has, in fact, been constructed to 
have this property. It follows that an activity coefficient may be 
det~rmined from experiment by application of these equations. As 
soon as a. value of y ha.S been calculated from a. measured property 
of the solution, for example a partial preBSure, it may be used 
immediately to calculate the value of some otht'lr property of the 
same solution, e.g. its osmotic preBSure, at the s;~me temperature 
and pressure. 

However, it must be borne in mind that the activity coefficients 
depend on temperature and pressure, as well as on composition, as 
~cuBSed in the last section. Therefore a. determination of the 
activity coefficient of the solvent in a particular solution by measure
ment of its freezing-point depression could not be used for the purpose 
of an accurate calculation of the boiling-point elevation of the same 
solution, without an additional knowledge of the enthalpies which 
appear in equation (9·25). Over appreciable ranges of temperature, 
the temperature-dependence of the enthalpies themselves must be 
allowed for, this dependence being expreBBible in terms of :molar and 
partial molar heat capacities. 

The various methods of determining activity coefficients will not 
be discussed in detail but may be summarized as follows. 

(a) Vapour-pressure measurements. The principle of this 
method has already been discussed in § 9·2. For types of solution such 
as an alcohol-water mixture, where all of the components are liquids, 
the activity coefficient of each component is calculated using Con
vention I. That is to say, Raoult's law is taken as the criterion of 
ideality and the activity coefficients are evaluated by use of equation 
(9·6). On the other hand, for solutions such as salt in water or oxygen 
in water it is convenient to distinguish between the solvent and the 
solute. The activity coefficients are therefore calculated on the basis of 
Conventions II and III. For the solvent, Raoult's \aw is the criterion 
of ideality and the coefficients are again evaluated by use of equation 
(9·6); for the solute, Henry's law is the criterion and (provided that 
the partial pressure is measurable) the activity coefficient may be 

t The student may confirm that this is the case by carrying out a derivation 
de not10 of equations (9·35), (9·36) and (9·37) below. 
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evaluated by use of equation (9·4), 

p,=K,yixi. 

In order to apply this equation it is necessary to know the vAlue 
of Ki. Consider, for example, a solution of oxygen in water. By 
determining the value of the ratio p 01/Xo1 in a series of very dilu~ 
solutions and extrapolating \;his ratio to infinite dilution we obtain 
the value of K01-since y01 is unity at infinite dilution. The same 
value of K01 can then be used to calculate y01 in solutions which are 
not very dilute, by substitution in the above equation. 

Henry's law can also be expressed in terms of the molality scale 
and Convention III. Let the above equation, relating to Convention 

II, be written p = Kllyiix. (9·32) 

Then the analogous equation relating to Convention III is 

p = Klllyiiim, 

where XIII= exp { (p,O- pO)f RT}. 

(9·33) 

Application of e(luation (9·5) and (9·19) shows that the relationship 
between KII and Kill is 

(9·34) 

The corresponding relationship between the activity coefficients 
yii and yiii is given by equation (9·20). 

(b) Application of Nernst's distribution law. H a solute is 
distributed between two solvents a and p, then in place of equation 
(8·38) we have 

:r;~<ycz 

:r;PyP=N, (9·35) 

where :r;~~ and :r:P refer to the mole fractions of the solute in the two 
solvents and y~< and yP are the corresponding activity coefficients. 
The ratio N is a constant at a particular temperature and pressure, 
and its value can be determined experimentally by extrapolating 
measured values of the ratio :x:czJ:r:P to infinite dilution. 

Let it be supposed that yP is known by some independent method; 
then the above equation can clearly be used for the purpose of 
calculating y~<. Alternatively, it may be that, by suitable choice of 
the solvent p, the value of yP is effectively unity even in solutions of 
appreciable concentration. In this case the .equation can again be 
used for the calculation of values of y«. 



9·6] Non-Ideal Solutions 283 

(c) Freezing-point depression. In place of equation (8·47) we 
obtain for a non-ideal solution 

(9·36) 

where Tis the freezing-point of a solution in which the mole fraction 
and activity coefficient of the solvent are x and y respectively. 
LM, t::.c'P and TM refer to the pure solvent. The measurement of the 
freezing-point depression can therefore be used for a determination 
of the activity coefficient. 

It will be noted that it is the activity coefficient of the Bolvent 
which is obtained as a result of the measurement. The value also 
refers specifically to the temperature Tat which melting takes place. 

(d) Osmotic-pressure measurement. For a non-ideal solution 
in place of equation (8·57) we obtain 

RT 
II= - -ln yx, (9·37) 

Vm 

and therefore y may be determined from a measurement of the 
osmotic pressure. The activity coefficient and the mole fraction refer, 
of course, to the species which is able to pass· through the semi
permeable membrane. Therefore it is the activity coefficient of the 
solvent, e.g. water, which is normally determined by this method.t 

(e) Solubility measurements~ Consider a solution of a substance 
in a certain solvent and let ~a.t. and 'YT"t. refer to the mole fraction 
and activity coefficient respectively of this solute when it is saturated. 
The value of x:a.t. can be varied somewhat, at constant temperature, 
by addition to the solution of other substances. On the other hand, 
in the relation t-t:a.t. = Pt + RT 1n .,:a.t. a1a.t., 

the values of p:S.t. and PT are both unchanged by the addition of 
these other substances-the former because it is equal to the chemical 
potential of the solid solutet and the latter because it is in any case 
independent of composition. 

It follows that for any saturated solution of the solute, at a fixed 
temperature, the quantity y1a.t. x~a.t. (9·38) 

is also independent of the presence of other solutes. This principle 
can be used as a method of measuring y~a.t., but it will not be discussed 
further as the method is of rather limited value. 

t The value of y, as obtained by this method, refers to the pressure p' of 
the solution, but may be corrected to any other pressure, e.g. atmospheric, 
by use of equation (9·30). (See Problem 5 below.) 

t It is assumed that the added substances do not form ·solid solutions with 
the solutl'. 
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9·7. The Gibbs-Dubem equation applied to activity coefficients 

In §7·1 we obtained the following form of the Gibbs-Duhem 
equation as applied to a. two-component solution in which the mole 
fractions are X 11 and x11 : 

(8p(J) (8p,) x(J ox +x11 & =0. 
1J T,p 1J T,p 

Now the activity coefficients are defined by the relations 

JI-G= P.! + RTln ')' (JXCI, 

p,=flt + RTln y11 x11• 

(9·39) 

Performing the necessary differentiations and substituting in (9·39) 
we obtain the following alternative form of the Gibbs-Duhem 

x(J (8lny(J) +x, (fJiny,) =0. 
f}zG T,p fJxtJ T,p 

equation: 
(9·40) 

This relationt shows that the activity coefficients are not independent. 
Any empirical or theoretical equations which purport to express 

the activity coefficients as functions of composition must be such as 
will satisfy (9·40). Typical of such equations are those of Margules 
and van La.a.r discussed in § 7 ·8. · 

9·8. The calculation of the activJty coefficient of the solute 

As described in § 9·6 the immediate result of measuring a. freezing
point depression or an osmotic pressure is the activity coefficient of 
the solvent. Provided that these results are available over a range of 
concentrations which extend up to very high dilution it is possible to 
calculate the activity coefficient of the solute by integration of the 
Gibbs-Duhem equation. 

Equation (9·40), referring to a. binary solution, may be written 

x(Jdln ')'0 +x11 dln ')'11 =0, 

where it is understood that we are concerned with changes of com
position at constant temperature a.nd pressure. Therefore 

dlny,= -~!dlny(J 

__ e :,X") dlny •• (9·41) 

t The student should check the consistency of the various equations by 
carrying out an alternative derivation of (9·40) by· use of the Duhem-Margulee 
equation (7·42) tlogether with (9·4). 
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We shaJI regard species A as being the solvent whose activity coeffi
cients are already known. 

Integrating the equation over the range x& = 0 to x& = x; we obtain 

In y; = _I:' e ::& ) dIn 'Yo· (9·42) 

where y; is the value of 'Y& at the particular mole fraction of the solute 
which is the upper limit of the integration. The value of 'Y& at the lower 
limit, x, = 0, has been put equal to unity in accordance with Con
vention II. 

Provided that experimental values of y 4 are available over the 
range of integration it is possible, at least in principle, to evaluate the 
integral by a graphical method and thus to obtain y;. However, it 
will be seen that the term (1-x&)fx& in the integrand approaches 
infinity as x 11 -+ 0. Of course this does not imply that the area under 
the curve of (1-x&)/x, plotted against In y 4 is infinitely large, but 
it does make it difficult to estimate the area with any accuracy. 

A device for avoiding this difficulty, consisting in a change of 
variable, was described by Lewis and Randall. t An alternative 
proceduret is to assume a simple algebraic relationship between 
ln y 4 and x& in the region where x, is very small. An expression which is 
suitable when the solute, species B, is a non-electrolyte is 

ln y 4 =constant x x:, (9·43) 

which is based on using only the first term on the right-hand side of 
equation (7·63). Now the integral in (9·42) can be separated into the 
sum of two integrals each extending over part of the range: (1) An 
integral over the range x,=O up to a very low mole fraction x&=x;, 
where (9·43) is still valid. The use of this equation then a.llows of a 
direct mathematical integration over this part. (2) An integral 
extending from x; up to the particular mole fraction x~ which is of 
interest. The latter can be evaluated graphically by using the experi
mental data. For more adequate discussion the reader is referred to 
the literature. 

9·9. Excess functions of non-Ideal solutions 

The thermodynamic characteristics of solutions, especially non
electrolyte mixtures, a.re frequently expressed by means of 'excess 
functions '. These a.re the amounts by which the free energy, entropy, 
etc., of the given solution exceed those of a hypothetical ideal solution of 
the same composition. · _ 

t Lewis and Randall, T'-modynamio8, Chapter X%11. Also GlaeatoDe, 
TMrmodynamio8 for Ohemillt., Chapter XVI and Problem 8 below. 

t Guggenheim, Thennodynat"ics, first edition, pp. 252-3. This discUSBion is 
in tenns or the osmotic coefficient 88 defined in.§ 9·11 below. 
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The excess Gibbs free energy is closely related to the activity coeftl. 
oients. The total Gibbs free energy of a solution is 

G='Tm1p1• 

In this equation we substitute from (9·1) and obtain 

G = 'T.n1pt + RTT.n1ln z1 + RT:En1ln y 1, (9·44) 

and if the solution were ideal the last term would be zero. The excess free 
energy is therefore 

(9·45) 

Differentiating this expression at constant temperature we obtain 

dGI' = RTT.n1d In y 1 + RTl: In y 1dn1• 

Under conditions of constant temperature and preiiS"Jre the first term on 
the right-hand side is zero, as follows from the Gibbs-Duhem equation. 

Therefore ~ 
(an =RTlny,. (9·48) 

I 2',JI,IIJ 

If some molecular theory of the solution can be used to obtain an expres
sion for Gl' as a f1.Ulction of the composition, the activity coefficients of 
the various species can evidently be determined by differentiation of 
GB with respect to tbe amounts ofsubstances. . 

It is essential the.t any theoretical or empirical expressions for GB 
shall be a homogeneous function of the first degree in the n,. That is to 
say, the expression must be such that increasing each of the n, 1c times 
shall increase QB It; times. This follows from the fact that the Gibbs 
free energy is an extensive property of a system. The expression must 
also, of course, approach zero under the limiting condition& where the 
solution approaches ideality. 

Taking the case of a binary mixture, a type of power series ·expansion 
in the mole fractions z1 and z1 which satisfies these requirements is: 

gB = RTz1z1{A.0 + A.1 (z8 - z1) + A.8(z8 - z1) 1 + .A.8(z1 - z1)8), 
where the left-hand side is now the excess free energy per mole of the 
mixture, i.e. gB = GB/(n1+n11). According to Guggenheim there~ no 
case known where the accuracy required warrants the use of higher 
tenns than are shown in the above equation. He further defined sym
metrical mixtures as those for which all odd A.'s vanish, arid simple 
mixtures as those for which only the A.0 tenn is significant. 

A much used two-tenn approximation for binary mixtures is due to 
Wilson:f 

gBJRT = -z1ln(l-A.z1)-z1ln(l-Bz1). 

The excess free energy may be readily calculated from experimental 
measurements of activity coefficients by use of equation (9·45): It will 
be seen that expressing it as a power series is a means of giviug empirical 
description to deviations from ideality whicp. is alternative to the 
expressions for the individual activity coefficients discussed in§ 7:8. It is 

t Wilson, G. M., J. Am. Ohem. Soc. 88 (1964), 127. 
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now preferred by many authors. One important reason is that it can be 
related more conveniently to the other global properties of the mixture, 
such as the enthalpy a.nd volume change of mixing, than ca.n the 
individual activity coefficients. The latter represent the deviations 
divided up, as it were; among the various components. t 

9·10. The activity 

The product of the mole fraction :r:, of a component of a solution and 
its activity coefficient y, is often called the adlivity of this component 

a,=y,:r:,. (9·47) 
Simila.rly on the molality scale 

(9·48) 

(and, of course, neither the a's norther's in these two equations have 
the sa.me numerical value). 

In some of the American text-books definitions of the activity and 
activity coefficient are used which a.re not quite identical with those 
adopted in the present chapter. The difference depends on the effect of 
total pressure on the free energy of a. liquid phase a.nd is usually trivial 
unless the solution under discUSBion is a.t a. preBSure greatly in excess of 
one atmosphere. 

The difference of usage can be illustrated by considering the solvent 
in a particular solution. Let p. be its chemical potential and let :r: be its 
mole fraction. According to the usage of the present chapter its activity 
coefficient ')' a.nd its activity a are defined by the relations 

p.=p.*+RTlny:r: 

=p.*+RTlna, 

(9·49) 

(9·50) 

where p.* is the chemical potential of the pure solvent a.t the sa.me tem
perature T and also at the same pressure p as the solution under dis
cUSBion. 

In many American text-books, on the other hand, the activity coeffi
cient and activity are defined by means of the relations 

p = pA+RTlny:r: 

= pA+RTlna, 

(9·51) 

(9·52) 

where p.A is the chemical potential of the pure solvent at the same 
temperature T as the solution but a.t a standard pressure of 1 am&.t 

t For a discussion of exceBB functions see Rowlinson, loo. oil., Guggenheim, 
Zoe. cit., McGlashan, Zoo. cit. and Everett, Disc. Faraday Soc., No. 15 (1953), 
p.l26. 

: Alternatively y:r: =a= /JJA, 
where f is the fugacity of the solvent in the solution and JA is ita fugacity as 
a pure liquid at one atmosphere preBBure. 
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These definitions are clearly not quite the same; p* is taken to vary with 

the pressure p of the solution whilst p.A does not. However, provided that 
this pressure is not excessive the numerical values of the activity coeftl.
oients according to the two definitions will not differ significantly. 

The dependence of y, as defined in ( 9·51 ), on the pressure .p, is given by 
a formula similar to equation (9·30) but not containing v1, the volume per 
mole of the pure solvent. The theoretical disadvantage of this definition 
of the activity coefficient is that its numerical value is a measure not only 
of the deviations from ideality but also of the effect of the total pressure. 

9·11. The osmotic coefficient 
Still another function which is used, especially in connexion with 

electrolyte solutions, is the osmotic coefficient of the BOlvenl. This is 
simply a logarithmic function of the activity coefficient, as already 
defined, but it is useful whenever the acthity coefficient of the solvent 
differs from unity by only a very small amount. For example, in the case 
of dilute electrolyte solutions, the activity coefficient of the solvent may 
differ from unity by less than one part in 104, whilst the activity coeffi
cient of the solute may differ from unity by several per cent. In such cases 
it is desirable to use a function which results in a larger numerical measure 
of the departure of the solvent from ideality. 

The osmotic coefficient g of the solvent is defined by the relationt 

~=~+~T~~ ~~ 
where g-+1 as :~:0 -+1. 

The relation between g and the activity coefficient 'Yo of the solvent is 
obtained from equations (9•3) and (9·53) 

p: + RT ~ y 0 :z:0 = p: + gRT ~ :z:0, 

and therefore ~y0=(g-1)ln:z:0• (9·54) 

The osmotic coefficient g differs from unity by a much larger amount tha.n 
does Yo· The usefulness of g in a region of concentration where ')'6 has a 
value of, say, 0·9999 will be apparent. 

PROBLEMS 

1. The Bunsen absorption coefficient is the volume of a gas (reduced to 
0 °0 and 1 atm) which dissolves in unit volume of a solvent when the 
partial pressure of the gas is 1 atm. Show that the Bunsen coefficient is 
proportional to the reciprocal of K 1, as defined by equation (9•4), when 
the solution is dilute. 

2. The partial pressure of mercury above an amalgam with thallium 
in which its mole fraction (i.e. the Hg) is 0. 497 is 43.3% of its value over 
pure mercury at the same temperature (325 °0). Calculate the activity 
coefficient of the mercury in this solution. What is the change in free 

t The symbol g is used here as in Guggenheim, Thsmaodynamiu, 8nt 
edition. C.f. third edition, §6·12. The IUPAC symbol is now~. Compare the 
usage adopted by McGlashan, Zoe. cit. 
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energy in transferring 1 mol of mercury from an infinitely large quantity 
of this solution into pure mercury at the same temperature and pressure Y 

3. The melting-point of~ is 1808 K and the enthalpy of melting 
is 1. 536 X 10' J mol- 1• The heat capacity of the liquid iron exceeds that 
of the solid by about 1 . 3 J K -l mol-1• Show that the difference of free 
energy of liquid and solid iron as a function of temperature at constant 
pressure is given in J mol-l by 

AG0 = 1.3 X I0'-1.3T In T+2.6T. 

At 1673 K a liquid mixture of iron and iron sulphide containing 0.870 
mole fraction of iron is in equilibrium with almost pure solid 8 iron. 
Estimate the activity coefficient of the iron in this liquid melt. State 
clearly the reference basis. [C.U.C.E. Qualifying, 1951] 

4. Two partially miscible liquid substances A and B are in equi
librium with each other. If 'Ya and 'Y• are the activity coefficients (on 
Convention I) of the components in one of the saturated phases, in which 
the mole fraction of component A is x.,, and if ')'~ and y; are the corre
sponding activity coefficients in the other phase, show that these are 
related to each other as follows: 

x.,(y., y;- 'Y~ 'Y&) =')'~(')'~- 'Y.). 

5. At 0 °C the osmotic pressure of a solution containing 141.0 g of 
cane sugar per 100 g of water is 1. 365 x 107 Nm- 8• Calculate the ratio of 
the vapour pressure of this solution to the vapour pressure of pure water 
at the same temperature and compare with the observed ratio of 0. 8988. 
The mean partial specific volume of water in the solution up to 1 . 365 x 
107 Nm-• is 0. 983 21 cm8 g-1 • 

6. Transform equation (9·42) to the form 

1n(r;~~) = -h'-J: ~ dr, 

where r=x.fx0 and his defined by 

.. _ln')'oZo 1 r•---·+ • 
r 

r' ldld h' are the particular values of these variables at the mole fraction 
x; at which it is required to calculate 'Yt• (This is the change of variable 
used by Lewis and Randall and referred to in § 9·8.) 

7. If a binary solution has the following properties (a) the entropy is 
the same as that of a hypothetical ideal solution of the same composition, 
and (b) the enthalpy, per mole of the mixture, exceeds that of the corre
sponding ideal solution by an amount bx1 x1, where b is a function of 
pressure only, show that its activity coefficients are given by 

RT In y1 = bx:, 

RT1ny1 =bx~. 
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The vapour pressures of pure liquid benzene and pure liquid cyclohexane 
at 40 °0 are respectively 182.6 mmHg and 184.5 mmHg, and at this 
temperature they form an azeotrope containing 49.4 mole % benzene, 
and exerting a total pressure of 206.2 mmHg. 

Examine whether this azeotropic data is consistent with postulates 
(11) and (b). Estimate the total preSBure of the vapour which would be in 
equilibrium at 40 °0 with a liquid containing 12.8 mole % benzene. 

[C.U.C.E. Qualifying, 1950] 
8. At atmospheric pressure ethyl acetate and ethyl alcohol form an 

azeotropic mixture containing 53.9 mole % of the former component 
and boiling at 71 . 8 °0 

Estimate: (11) the values of the constants A and Bin the empirical 
equations of van Laar: A 

log1o'Y1=( A~ )a' 
1+-1 

B~a 
B 

log1o'Ya= ( B~ )a' 
1+-· 

A~1 
and (b) if A and B remain unchanged, the azeotropic composition and 
the corresponding total pressure for boiling at 56 . 3 °0. 

The vapour pressures, in mmHg of the pure liquids are as follows: 

Ethyl alcohol 
Ethyl acetate 

71.8 °0 56.3 oc 
587 298 
636 360 

[C.U.C.E. Tripos, 1950] 

9. Both phases of a two-phase two-component liquid-vapour system 
are ideal solutions. The components are 1 and 2 respectively, and when 
the mole fraction of 2 in the liquid phase is ~. that in the vapour phase is 
y and the total vapour pressure is p. 

For pure component 1 at temperature T, the vapour pressure is p 1 and 
the liquid volume is"~· The corresponding quantities for pure component 
2 at the same temperature are p 1 and "~· For a pressure p between p 1 

and p 1 the compressibility factors of the pure vapours at T are a1 + b1p 
and a8 +b8p respectively where a10 b1, etc., are constants. 

If p 8 is greater than p10 which of these quantities must be estimated 
indirectly? 

H the liquid is under the vapour pressure due to the two components 
only and "~ and "~ are not affected appreciably by preSBure, show that 
for a given~. the values of 11 andp can be calculated from the simultaneous 

equations (1-y) =(1-~) {~)a. exp { (;;,-b1) (p-p1)}. 

y=~(~)a. exp{ (;~-ba) (P~Pa>}· 
[C.U.C.E. Tripos, 1950] 
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10. The activity coefficients of the components of certain binary 
mixtures are given by the relations 

RTlny1 =ax:, 

RTlny8 =ax~. 
where a is a function of pressure only. Obtain expressions for the increase 
in the Gibbs function and enthalpy in the process of mixing the pure 
components at constant temperature and preBBure. 

In a steady-flow process an equimolal mixture, for which cx=418 J 
mol-t, is separated into the pure components by a process of distillation. 
The inflow and outflow are at 20 °C and 1 atm. The only source of energy 
is a heat reservoir maintained at a steady temperature of 100 °C. Calcu· 
late the amount of heat which must be removed by cooling water at 
20 °C, per mole of the mixture distilled, if the energy of the reservoir is 
used at maximum efficiency. [C.U.C.E. Qualifying, 1952] 

11. Two components A and B, boiling-points T.M Ts• fonn an approxi
mately regular binary solution. Their activity coefficients in the mixture 
are given by RT In y ..c =ax}, 

RTlnys=ax~. 

The solution fonns an azeotrope boiling under atmospheric preBBure 
at T,. 

By using Trouton 's rule show that the mole fraction x of component A 
in the azeotropic mixture is given by the approximate relation 

(1-x)8 = T,c -T,_ 
, x Ta-T, 

The variation of enthalpy of vaporization with temperature may be 
neglected. [C.U.C.E. Qualifying, 1953] 

12. A binary solution is in equilibrium with its vapour and the latter 
may be assumed to be a perfect gaseous mixture. 

If the enthalpies of vaporization L1 and L 1 of the two components do 
not vary significantly over the temperature range, show that 

Yt L1 ( 1 1) Ya L 1 ( 1 1) 
lnx1 y1 =R T1-T' lnx1 y1 =R T 1 -·T' 

where T1 , T 8 and Tare the boiling-points of the two components and the 
solution respectively, at the same preBBure. 

If the solution may be &BBumed to be ideal, obtain an expreBSion for 
its composition as a function of its boiling-point. 

[C.U.C.E. Qualifying, 1955] 

13. For the case of a binary solution at constant temperature, show 
that J: In(~:) dxl =0. 

and therefore that the plot ofln (')'1/y1 ) against x1 must define two regions 
of equal area but of opposite sign. 
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CHAPTER 10 

REACTION EQUILIBRIUM IN 
SOL UTI ON. ELECTROLYTES 

10•1. Reaction equilibrium in solution 

The condition of equilibrium for the generalized chemical reaction 

I:viM,=O 

was shown in § 4·4 to be (10·1) 

This expression is applicable to a reaction in any phase, or in any 
system of phases which is in equilibrium, and it contains the whole 
of the purely thermodynamic knowledge concerning the reaction 
equilibrium. 

The form taken by the equilibrium conatant depends on the type 
of expression which is substituted in the above equation for the 
purpose of expressing the chemical potentials in terms of the com
position; this in its turn depends on additional physical knowledge 
concerning whether or not the real system in question may be 
approximately represented by means of a model, such as the perfect 
gas or the ideal solution. If the system does not approximate to 
either of these models it .is still possible, of course, to formulate an 
equilibrium constant in terms of fugacities or in terms of mole frac
tions and activity coefficients. However, this is a purely formal process; 
the fugacities and activity coefficients are themselves defined in 
terms of the chemical potentials and therefore the knowledge con
tained -in equation (10·1) is in no way increased, but is obtained in 
a more conyenient form. 

As mentioned in §7·3 it is always possible to discuss the equi
librium of a reaction in solution in terms of the partial pressures in 
the saturated vapour above the solution (provided that this vapour is 
a perfect mixture). However, for many purposes it is more useful to 
express the equilibrium constant of a liquid phase reaction directly 
in terms of the composition of the liquid. This is done by substituting 
in "quation (10·1) any of the appropriate expressions for the chemical 
potential of a component of a solution which have been developed in 
the last two chapters. It will save space if the equations are developed 
in a general form applicable to a non-ideal solution. The limiting 
forms of these expressions applying to reaction equilibrium in an 
ideal solution may be obtained by putting the activity coefficients 
equal to unity. 
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If the composition and the activity coefficients of all species are 

expressed on the mole fraction scale (Conventions I and II of the 
last chapter) we obtain from equation ( 10·1) together with (9·2) or (9·3) 

l:.v1p"/ + RT'l:.v; In y1x;=0. 

Rearranging -RTlnll(')';X;)va =l:.v1p1, (10·2) 

or -RTlnK=~G~, (10·3) 
where K = ll(y1x;)v• (10·4) 
and ~G~= l:.v;p~. (10·5) 

Similarly, if the composition and the activity coefficients are 
expressed on the molality scale (Convention III of the last chapter) 
we obtain from equations (10·1) and (9·16) 

-RTlnK=~G~, (10·6) 
wheret K= ll(y;m1)v• (10·7) 
and ~G~=l:.v,p~. (10·8) 

The significance of the quantities p"/ and p~ were discussed in 
Chapters 8 and 9; they refer to certain definite composition states but 
otherwise to the same temperature and pressure as that of the 
reaction system under discussion. Let it be supposed for the moment 
that this system is at 1 atm and 25 oc Then the sums l:.v;p't and 
l:.v,p~, which appear in equations (10·5) and (10·8), will be equal to 
the corresponding sums of the free energies of formation of the various 
compounds from their elements,t as quoted in the literature for the 
standard pressure of 1 atm and a temperature normally chosen as 
25 oc and in the appropriaJ,e compo&ition statu. The application of the 
above equations then allows of a calculation of Kat 25 oc and 1 atm, 
and its value at other temperatures and pressures can be computed 
by use of the equations of§ 10·4 below. 

The appropriate composition states referred to above are usually 
either: 

(a) the pure liquid. This corresponds to the use of p.* and Con
vention I. 

or (b) the hypothetical ideal solution of unit molality. This corre
sponds to the use of p 0 and Convention III. 

For example, the free energy of formation of sucrose in aqueous 
solution refers to 1 mol of this substance in a hypothetical ideal 

t Although the same symbol has been uaed, the K'a of equation (10·4) 
and (10·7) are not equal numerically. Notice that the K of the equation ( 10·7) 
is dimefiB'ionleBB. This follows from a footnote in §9·4; cf. also the disouBBion 
in §4·5. 

t More simply we could take each p.• or p.0 as being equal to the free energy 
of formation of the particular compound in the same temperature, pressure 
and composition state. This would be equivalent to taking the free energies 
of the elements as zero. (Seep. 149.) 
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solution of unit molality, formed from graphite, hydrogen and oxygen 
each at 1 atm pressure. 

There is clearly no necessity that the composition should be ex
pressed in the same terms-mole fractions or molalities-for all 
species taking part in the reaction. In considering a problem con
cerning reaction equilibrium in solution it is always best to start out 
with the general relation (10·1) and to substitute in this equation 
whatever expressions for the chemical potentials seem appropriate 
to the particular problem. 

As an example consider the formation of urea in aqueous solution 
by the reaction 

COs (g)+ 2NH8 (g)= CO(NH11) 11 + H 110. 
It will be supposed that it is required to calculate the equilibrium 
constant from known values of the free energies of formation of the 
various species. At 25 oc these are reported in the literature as follows 
(cal mol-l): 

COs (g) lifi0= -94 260 
NH3 (g) !ip0=- 3 976 
H 20 (l) 6,P0= -56 690 
CO(NH2) 2 (ideal one molal solution) !ip0 = -48 720 

Now the general conditio~ of equilibrium for the reaction is 

Pco1 + 2PNH8 = Pu + PH10• 

where the subscript u denotes urea. Consider first the C02 and the 
NH8 • If in the above equation we substitute the relations 

Pco, = P~o1 + RT lnf co1• 

PNHa = P~Ha + RT ln/o1, 

the quantities p~0 and P~H will clearly refer to C02 and NH8 in the 
same physical states as fo; the given free energies of formation, 
namely, the gases at 1 atm pressure (strictly unit fugacity). Similarly 
for the water if we substitute 

Pu1o = Pl.o + RT In 'Yu1oxu,o• 
the quantity pl 0 will refer to the same physical statet as for the 
given free energy of formation, namely, pure liquid water (xu,o= 1). 
Finally, with regard to the urea if we substitute 

Pu=P~+RTlnyumu, 
the quantity p~ will refer to the same statet as for the given free 

t Strictly speaking Jl:,o and p~ refer to the total pressure p of the reaction 
system in question, whereas the standard free energies of formation refer to 
unit pressure. However, as shown in §§4·10-4·12, the effect of pressure on 
condensed phases may usually be neglected. Using the notation of those 
sections Plaom the chemical potential of water' at 1 atm pressure is not 
significantly different from .ul.o• the chemical potential at pl'688111'6 p. 
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energy of formation, namely, the hypothetical ideal solution of unit 
molality. 

It is the identity of the reference states for ,u~01 , etc., with those 
for the given values of the free energies of formation that makes the 
above equations (rather than any other formal alternatives) the 
most suitable choice for a substitution in the general condition of 
equilibrium. The result is to obtain a 'mixed' equilibrium constant 
given by 

RTln 'Yumu'YH10XHsO o * o 2 0 
- 1 Jll = .Uu + PHsO-.Uoo1- PNH1• 

JOOa NHa 
(10·9) 

If T=298.15 K the numerical value of the right-hand side of this 
equation is -3200 cal mol-1 , being equal to the corresponding sums 
and differences of the free energies of formation of the various 
substances in the same states. 

If the gas pressure is not too high and if the solution is dilute this 
may be approximated by 

-RTln muxHaO -3200calmol-1 at T=298.15K, 
Poo1P~H1 

and under the same conditions a further approximation is to put 
xH,o= 1. 

In brief the kind of equilibrium constant which is used in a prac
tical problem is entirely a matter of choice and is most conveniently 
decided in relation to the standard states which are conventionally 
adopted for the various substances which take part in the reaction. 
In the case of dissolved substances in aqueous solution the free-energy 
data are almost invariably reported for the state of an ideal solution of 
unit molality, in accordance with Convention III of the last chapter. 
On the other hand, for a reaction of the type 

CH30H + CH3COOH = CH3COOCH3 + H 20, 

it would be normal to use an equilibrium constant containing mole 
fractions of all species, since all of them are obtainable as pure liquids 
and the free energies of formation are quoted for these states. 

10·2. Free energy of formation in solution. Convention con
cerning hydrates 

It is useful at this stage to describe one of the important methods 
of determining the free energy of formation of substances in solution. 
Consider the equilibrium between a gaseous substance A and its 
aqueous solution 
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Using the molality scale for the dissolved substance this equilibrium 
relation may be written 

P.~ + RT In fa= p.r; + RT In')' a ma, 

or rearranging p.~-p.~=RTin (_b_). (10·10) 
'Yama 

Since p.~ and p.~ are both independent of the concentration of the 
particular solution the same applies also to the ratio fa/'Yama. The 
value of this ratio may be determined therefore by plotting measured 
values of Palma against ma and extrapolating to infinite dilution 
where Ya-1 and f~-Pa·t Now the difference p.~-p.~ in equation 
(10·10) is equal to the difference of the free energies of formation of 
the substance in the hypothetical ideal solution in water of unit 
molality and as a gas at 1 atm (strictly at unit fugacity) respectively. 
H the latter is already known the equation can therefore be used to 
calculate the former, i.e. the standard free energy of formation in 
solution. 

In certain instances hydrates are formed, and, if the proportions 
of hydrate and non-hydrate are unknown, it is convenient to adopt 
t.he convention t that the standard free energy of formation refers 
to an ideal solution in which the total molality is unity. 

As an example consider gaseous ammonia in equilibrium with its 
solution. Since ammonia is a weak base the concentration of the 
NHt ion may be neglected, relative to the C¥>ncentrations of NH8 

and NH,OH, provided that the solution is not extremely dilute. The 
relevant equilibria are therefore 

NH3 (g)=NH8 (soln.), (A) 

NH3 (soln.)+H80=NH,OH. (B) 

Considering the second of these,letfflml.ouand fflml1 denote the actual 
molalities of hydrate and of dissolved NH3 as such, respectively. The 
equilibrium constant takes the form mNH.ou/mNHa = K for any solu
tion which is sufficiently dilute for the mole fraction of the water, and 
also for the various activity coefficients, to be very nearly unity. Let 
m be the total molality 

fflEfflmla +mNHcOH 

=~,+KmNH, 

=mNH1(1 +K). 

This equation shows that m and mNHa are proportional to each other 
in dilute solution. It follows that if the ratio PNH,ImNH, approaches 

t It is tacitly 888UJDed that no other gas is present at appreciable pressure. * See also Lewis and Randall, Thermodynamics; Chapter XXIV and XXXIX. 
Their pr:ocedure is equivalent to that used here. 
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constancy-as may be expected from Henry's law-the ratio 
PNH.fm will also approach constancy. 

Let fLNHa be the chemical potential of dissolved NH3 as such and 
let PiHa be defined by 

fLNH,=fLFJa, +RTln ym, (10·11) 
so that p§}H, denotes the chemical potential of dissolved NH3 in an 
ideal solution (y= l) in which the total molality m is unity. Con
sidering the gas-liquid equilibrium ((A) above) we obtain, as in 
equation (10·10), 

o o RT1 fNH, fLNH -PNH = n--a a ym 

=RTln(~a~r. 
where (PNH,/m)0 is the limit of the measured ratio PNH,fm as extra
polated to m=O.t This has the value 1/56.7 at 25 °C. Hence 

PFla.-P'kH, = - 2384 cal moi-1 at 25 °C. 

This difference of chemical potentials is equal to the difference in the 
free energy of formation of ammonia in a. hypothetical ideal solution 
of unit total molality and the free energy of formation of gaseous 
ammonia. at unit pressure. The latter quantity is known from measure
ments on gas equilibria. to be -3976 cal mol-1 at 25 °C. Therefore the 
former quantity has the value -3976-2384= -6360 cal mol- 1 • 

Thus 
!N2 (g, l a.tm)+IH 2 (g, l a.tm)=NH3 (aq.); ~p298=-6360calmol- 1 , 

where the symbol NH3 (a.q.) denotes dissolved ammonia in the ideal 
solution of unit total molality. (And it is consistent with the same 
convention to take the free energy of formation of NH40H as being 
equal to the above figure plus the free energy of formation of water.) 

The need for the convention arises simply on account of the 
difficulty in making an experimental distinction between the species 
NH3 and NH40H. On the other hand, the ions NHt and OH- are 
readily distinguishable from the NH8 and NH,OH and the equi
librium constant of the process 

NH,OH = NHt +OH-
may be investigated by conductivity and other methods. This allows 
of a determination of the free-energy change in the ionization, and 
thereby the total free energy of formation of the NHt and OH- ions. 

t It is here 888umed that the experimental data which are extrapolated refer 
to solutions which are not so dilute that there is any appreciable concentration 
of ions. If, on the contrary, th~ data refer to extremely dilute solutions where 
the ions predominate, it would be the ratio PNs1/m1 which would approach 
constancy. 
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10•3. Equilibrium constants expressed on the molallty 
and volume concentration scales 

If a. set of rea.cta.nts a.nd products form a.n idea.l solution over the 
whole ra.nge of composition the equilibrium consta.nt 

K=ll~'. 

expressed jn terms of mole fra.ctions, would be consta.nt over this 
ra.nge. As shown in § 9·3 there is a. proportiona.lity between mole 
fra.ctions a.nd mola.lities or volume concentra.tions only in very dilute 
solution. Therefore for the sa.me reaction system, even though it is 
idea.l, the equilibrium consta.nt expreBBed in either of these la.tter 
units would be constant only in very clilute solution. 

As a.n exa.mple we quote below the da.ta of Cunda.llt on the equi-

librium Na0,=2NOII 

in chloroform solution a.t 0° C. The figures were obtained by mea.sure
ment of the colour of the solution, a.nd they extend over a.lmost the 
complete ra.nge of composition. 

The true thermodyna.mic equilibrium consta.nt ma.y be expressed 
either a.s 

~.o,i'N1o, 

m~o.i'llo. 
' 

or a.s 
~.o,i'N.o4 

where the a.ctivity coefficients in the first expression a.re on the 
mole fraction sca.le a.nd in the second expression on the mola.lity sca.le. 
If the solution were idea.l the former set of a.ctivity coefficients would 
be unity a.nd the qua.ntity K, defined by 

K, = xllo.fxN10,• 
would be found to be consta.nt. On the other ha.nd, the qua.ntity 
Km defined by 

Km =mJm.l~.o. 
would not be expected to be consta.nt except in very dilute solution. 
In fa.ct, using equa.tion (9·9), the relation between K, a.nd Km is 

(10·12) 

where 11-10 is the mola.r ma.ss of the chloroform and x0 is its mole 
fra.ction in a. pa.rticula.r solution. 

t Cundall, J. Ohem. Soc. 59 (1891), 1076; 67 (1895), 794. The figures quoted 
iD the first four colums of the table are as calculated by Lewis and Randall 
(TIMmiodync&mics, Chapter XXIV) from Cundall's data. 
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The values of K., and Km worked out from Cundall's data are shown 
in Table 9. Over the whole range K., varies over a two-fold range, due 
to the deviations from ideality. On the other hand, as is to be expected 
from equation (10·12), Km is roughly constant only in the dilute 
solutions where the mole fraction x0 of the solvent is approximately 
constant. 

TABLE 9 

Mole fractions at equilibrium I K 0 x 10' Kmx lOS 
CHCI1 N 10, N01 

0.00 1.00 0.000 94 I 88 00 

0.27 0.73 0.000 80 

I 
87 2700 

0.46 0.54 0.000 67 83 1500 
0.70 0.30 0.000 45 

' 
67 800 

0.875 0.125 0.000 29 66 630 
0.934 0.066 0.000 19 52 470 
0.950 0.050 0.000 15 43 380 
0.963 0.037 I 0.000 12 35 310 
0.982 0.018 I 0.000 10 49 420 

10•4. Temperature and pressure dependence of the equi
librium constant 

Consider the equilibrium constant expressed in terms of mole 
fractions together with the corresponding activity coefficients as in 
equation ( 1 0·4) 

Then from equation (10·2) after rearrangement 

p* 
RinK= -:Ell;;. 

The P1 are functions of temperature and also, although only to a small 
extent, of pressure. The same must therefore apply to the equi
librium constant. The total differential of ln K is therefore given by 

RdlnK= -:Ev;(opf/T dT+ optfT dp) 
aT ap 

= -:Ev;ep:~T dT+~ a: dp). (10·13) 

The term 0~~T was obtained in § 9·5, and it was shown to be equal 

either to -h;/T2 or to -H~fT2 according to whether the activity 
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coefficient of the particular species is chosen as approaching unity 

as xr~ 1 or as X;~O respectively. The sum of the terms V; 8~~'T in 

equation ( 10·13) is therefore the negative of the heat of reaction when 
each of the reactants and products is in the limiting state where it 
approaches ideal behaviour (according to the choice of convention) 
divided by T 2• This ideal heat of reaction will be denoted f:lHO. 
Similarly, the sum of the terms v;8p1f8p in equation (10·13) is equal 
toll. V0 , the volume change in the reaction when each of the reactants 
and products is in the limiting state where it approaches ideal 
behaviour. Equation (10·13) may therefore be written 

fl.HO tl yo 
RdlnK=-dT--dp 

T 2 T 

and the two partial differential coefficients are 

and 

(8 In!\ = f:lHO 
8T-}p RTZ 

(8 In !\ ll. V0 

---ap} T = - RT . 

(10·14) 

(10·15) 

(10·16) 

In accordance with the usual state of affairs for condensed phases, 
the dependence of ln K on the pressure is very small and is significant 
only when very large changes of pres..'lure are considered. For the same 
reason the temperature-dependence of ln K is usually given with 
sufficient exactness by expressing the left-hand side of (10·15) as 
a complete differential coefficient 

dinK f:lHO 
dT=RT2 ' 

(10·17) 

even if the total pressure is not quite constant. For example, if we 
were concerned with the reaction 

N 20 4 =2N02 

in a liquid phase under its own vapour. pressure, a change in tem
perature would clearly result in a change in the total pressure of the 
system. In this case (10·17) would not be applicable as a precise 
relation, but only in so far as the dependence of ln K on the total 
pressure is negligible. 

If the equilibrium constant is expressed in terms of molalities 
together with the corresponding activity coefficients as in equation 
(10·7), . 

K = II(y,m,)v;, 
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the temperature and pressure-dependence will be the same as in 
equations (10·15) and (10·16), with /11JO and 6.VO taken as the heat 
and volume change in the reaction at infinite dilution in the given 
solvent respectively. 

The significance of l1H0 and 11 yo in cases where a 'mixed' equi
librium constant is in use will be clear in each particular case. Con
sider, for example, the formation of urea. in aqueous solution by the 
reaction CO 

11 (g)+ 2NH3 (g)= CO(NH11) 11 + H 110. 

The temperature coefficient of the logarithm of the equilibrium con
stant which appears on the left.hand side of equation (10·9) is 

8lnK !1HO 
---aT= RT8 ' 

where 

In this equation H: is the partial molar enthalpy of urea. at infinite 
dilution and kH10, k001 and "-Nu:1 are the entha.lpies per mole of liquid 
water, of gaseous C02 and gaseous NH3 respectively. 

10·5. Ratio of an equilibrium constant in the gas phase and 
in solution 

Let it be supposed that a. liquid phase is in equilibrium with its 
saturated vapour at the total pressure p . If there is reaction equi
librium in the one phase there is also reaction equilibrium in the other. 
It will be supposed that the va.P.Our behaves as a. perfect mixture and 
the equilibrium constant is therefore 

K,=llp~'· 

The corresponding equilibrium constant for the liquid phase is as 
given by equation (10·4) K- ll( )v• 

- 'Yi:l:i •• 

Taking the ratio of these and applying equation (9·4) wll obtain 

(10·18) 

where the K, have the significance discussed in §9·2. Alternatively, 
if we use an equilibrium constant K 11 for the gas phase which is also 
expressed in terms of mole fractions, as in equation (4·38), we obtain 

(10·19) 
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10•6. Notation for electrolytes 
Consider the electrolyte M"+A.,_ which dissociates according to 

the equation M"+A"- =v+Mz++v_A•-, (10•20) 

where v + and v _ are the numbers of positive and negative ions respec
tively, obtained by the dissociation of one molecule of the parent 
electrolyte, and z+ and z_ are the charges of these ions, measured in 
units of the charge of the proton. 

For example, in the dissociation 

H 8SO, = 2H+ +so:-, 
we have v+=2, z+=1, v_=1, z_= -2. In this instance the parent 
electrolyte is electrica.lly neutral and the following relation holds 
between the v's and the z's: 

v+z+ + v_z_=O. (10·21) 
On the other hand, this equation does not apply to the dissociation 
of a. species which is itself an ion. For example, it does not apply to 

the process HSO; = H+ +so:-' 
where v+=1, z+=,l, v_=1, z_= -2. 

The dissociation of electrolytes is evidently a. particular case of 
reaction equilibrium in solution. Electrolytes are conventionally 
divided into the classes weak and strong, according to whether the 
degree of dissociation is small or very large respectively. However, 
this distinction will not be made except where it is useful and most of 
the following discussion will be entirely general in character. 

The chemical potentials, etc., of the positive and negative ions and 
the undissociated part of the electrolyte will be denoted by the 
subscripts +, - and u respectively. The subscript 0 will be applied 
to the solvent. For simplicity the discussion will be limited to the 
case where there is only a single electrolyte in the solution, but the 
generalization to the case of mixed electrolytes may be readily 
carried out. 

The molality scale is almost invariably used for electrolyte solu
tions, together with the convention that the activity coefficients of the 
various solute species approach unity at infinite dilution. This is in 
accordance with Convention III of§ 9·4. In general, we shall discuss 
a. solution prepared by dissolving m mols of electrolyte in n0 mols of 
solvent. In the special case where n0 is chosen as equal to 1fM0 
(M0 being the molar mass, kg mol-t, of the solvent), m is the same 
as the stoichiometric molality of the electrolyte. t 

t Readers may wish to be reminded of what ·was said in §9·3, i.e. that 
• molar m&BB ' differs by a factor of I 000 mol kg - 1 from 'molecular weight '. 
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The components of the solution are 
n0 moles of solvent, 
mu moles of undissociated electrolyte Mv+ Av_, 
m+ moles of positive ions M•+, 
m_ moles of negative ions A•-. 
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From the stoichiometry of the dissociation as expressed by equation 
(10·20) we have m _ 11 (m-m ) l +- + u' 

m_=ll_(m-mu).j 
(10·22) 

10•7. Lack of significance of certain quantities 

An infinitesimal change in the Gibbs free energy of the solution 
may be written in the usual way: 

dG= -SdT+ Vdp+,uudm11 +p+dm++p_dm_+p0 dn0• (10·23) 
This equation is formally correct, but the quantities P+ and p_ do 
not have any real experimental significance. They are defined by the 

relations (§ 2·7) _ (~) 'l 
fl-+- Om ' 

+ T,P,m- ·"•·"'" (10·24) 

Jt =(EJG) ' - om_ T,p,m+,no.mu 

and in the first of these expressions the differential coefficient signifies 
the change in G of the system, divided by the increment dm+, when the 
quantity of every other species, including the ion of opposite charge, is 
held constant. Now all measurements of ,u, relative to the elements, 
such as have been described previously for uncharged species, are 
based essentially on an integration over a finite change of composi
tion. On the other hand, in the case of an ion, the variation dm+, 
at constant m_, cannot be other than an infinitesimal and cannot 
cause more than an immeasurably small change in the Gibbs free 
energy of the whole solution. This arises from the necessity for electro
neutrality-to cause more than a minute departure from equivalence 
in the number of ions would give rise to an impossibly large electric 
charge.t 

Therefore the process implied in the definition of P+• and also of 
p_, cannot be carried out to more than an infinitesimal extent, and 
these quantities are not actually measurable.t Nevertheless, it is 

t As noted in § 5·4, the necessity for electroneutrality also has the effect 
of reducing by one the number of componente in the sense of the phase rule. 

t Further consideration will show that this difficulty cannot be avoided by 
considering mixed electrolytes or b;v studies on the galvanic cell. For further 
discussion see Taylor, J. Phys. Chem. 31 (1927), 1478; Guggenheim, J. Phys. 
Chem. 33 (1929), 842; Guggenheim, Thermodynamics. 
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entirely correct to use them in a formal treatment of the thermo
dynamic properties of the electrolyte, and it will be shown below that 
a certain linear combination of P+ and p_ can be measured, relative 
to the elements. 

10·8. Dissociation equilibrium and the chemical potential of 
the electrolyte 

In the case where the solution contains only the single electrolyte 
Mv+Av_ the molalities m+ and m_ are related through the equations 
(10·22). Substituting the differentials of these equations in (10·23) 
and considering, for simplicity, changes at constant temperature and 
pressure, we obtain 

dG=p,..dm,..+v+p+(dm-dm,..)+v_p_(dm-dm,..)+p0 dn0 

=(p,..- v+p+- v_p_)dm,..+ (v+p+ +v_p_) dm+p0 dn0• (10·25) 

Now the amounts m and n0 of electrolyte and of solvent respectively 
can be varied independently. The amount m,.. of the undissociated 
electrolylie can also vary whilst the solution is in process of attaining 
dissociation equilibrium. All variations in (10·25) are therefore 
independent. 

Two conclusions may be drawn from this. In the first place consider 
a closed system so thatm and ·n.0 are actually constant. The equilibrium 
of the dissociation occurs when G is at a minimum and the condition 
of equilibrium is obtained by putting 

(8G) =O. 
8m,.. T,p,m,tao 

From (10·25) this condition is seen to be 

p,.. = v +P+ + v _p_, (10·26) 

and is clearly of the same form as for any other type of chemical 
reaction .. 

Secondly, if the amounts m and n0 are now supposed to be changed 
sufficiently slowly for the dissociation equilibrium relation (10·26) 
to be maintained, the general equation (10·25) reduces to 

dG = (v +~'-+ + v _p_) dm+ p 0dn0• (10·27) 

Let us define a quantity p, which we shall call the chemical potential 
of the electrolyte as a whole, by the relation 

(8G) 
p= 8m ' 

T,p,no 
(10·28) 
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and since there are no restrictions on a change in m, the quantity p 
has a real experimental significance. Comparing (10·27) and (10·28) 
it is seen to be related toP+ and p_ as follows: 

p= "+P+ + "-P-· (10·29) 

This particular linear combination of P+ and p_ therefore has a reality 
which they do not possess separately. 

Comparing (10·29) and (10·26) it is also seen that at equilibrium 

p=f.tu• 

where Pu is the chemical potential of the undissociated part of the 
electrolyte. 

10·9. Activity coefficients 

Using Convention III activity coefficients may be defined by the 

relationst P+ = p~ + RT In y + m+,} 
(10·30) 

p_=pr:.. +RTlny_m_, 

f.tu=P~ +RTlnyumu, (10·31) 

where the p 0 's are functions only of temperature and pressure and 
the y's approach unity at infinite dilution. Substituting (10·30) in 
(10·29) we obtain 

11.'=.11 11.0 +v 11.0 +RTlnyv+yV-.mV+mVr +r+ -r- + - + - • (10·32) 

Since P+ and p_ have been shown to be quantities which are not 
measurable by any actual operation the same must apply to the derived 
quantities p~, pr:_, y + and y _. On the other hand, the linear com
bination 

"+P~ + v_pr:_ (10·33) 

which occurs in (10·32) will have physical significance and so also will 
the product Y++ y~-. 

If the total number of ions is 

(10·34) 

the mean ion activity coefficient y ± of the electrolyte is defined by the 

equation p= "+P~ + v_pr:_ +RTlny± m':{m~, (10·35) 

from which it follows that y ± is measurable whenever m+ and m_ are 
known. Comparing (10·32) and (10·35), the physically significant 
combination of y + and y _ is seen to be 

(10·36) 

t The symbols m+, etc., are here to be understood as referring to molalities, 
i.e. the amount of solvent is now fixed at n 0 = 1/ M 0 • 
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Although p~ a.nd pr:_ a.re not mea.sura.ble separately it is convenient 
to reta.in these quantities in (10·35). As will be seen from equation 
(10·30) p~ signifies the chemica.! potential of the positive ion in a. 
hypothetica.l ideal solution ir. which the molality of this ion is unity. 
Similarly with regard to pr:_. t By a.dopting the convention that the 
standard free energy of formation of the hydrogen ion is zero it is 
then poBBible to a.ssign numerica.l values to the free energy of forma
tion of all other ions. This convention will be discuSBed in more detail 
in §10·14. 

The equation (10·35) may also be written 

p=v+p~ +v_pr:_ +vRTlny:l: m:l:, 

where the mean ionic molality m:!: is_ defined by 

(10·37) 

m:!:=(m~m~)l'"· (10·38) 

In the ca.se of many strong electrolytes it is known that the 
ionization is essentially complete.t In this ca.se we have 

m+=v+m, 

m_=v_m, 

so that m :1: is immediately known from a knowledge of the tota.l 
molality m of the electrolyte. This makes poBBible the ca.lculation of 
y :1: in equation (10·37). Even in ca.ses where the ionization may not 
be quite complete it is conventional to a.dopt the same procedure, 
i.e. to put m+ = v + m and m_ = v _ m. Activity coefficients y:!: ca.lculated 
on this ba.sis are sometimes called stoichiCYITU3tric aitivity coefficients, 
since they are ba.sed on the total molality of the electrolyte. This does 
not involve any thermodynamic inexactitude, but it means that the 
stoichiometric activity coefficients include the effect of incomplete 
ionization or dissociation, a.s well a.s the deviations from idea.lity-and 
the effects of any lack of proportionality between the molality and 
the mole fraction sca.les (§ 9·4). 

Equation (10·36) implies that the mea.surable quantity y :1: is 
determined by the properties y + and y _ of the individual ions. Al
though these properties are not mea.surable the eqqation does have 

t In the case of an electrolyte such as BaC11, which is not of the 1 : 1 type, 
a solution which is one molal for, say, the Bat+ ion is two molal for the Cl- ion. 
This does not affect the significance of p.~ and p.r:, which each refer to an 
ideal solution which is one molal for the particular ion in question. 

t This is not quite the same as speaking of complete dissociotion. In any 
solution of a strong electrolyte such as sodium chloride there may be a certain 
number of ion paire, Na+Cl-, ion triplets Na+clr, etc., and in this respect 
dissociation is not complete. As regards the randomneBB of the solution it is 
the degree of dissociation which is significant rather than the degree of 
ionization. 
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a significant result. Consider, for example, a sc•lution containing the 
ions Na+, K+, Cl-, Br-. There are .four mean ion activity coefficients 
involving these ions in the given solution, but the equation (10·36) 
shows that only three of them are independent. The relation between 
them is seen to be 

'YNa+,Cl- YNa+,Br
YK+,Cl- YK+,Br-

where YNa+,cJ-• etc., denote the mean ion activity coefficients. 
The temperature coefficients of fl-r:J, #r::_ and of 'Y+ andy_ are given 

by equations (9·27) and (9·28): 

Oft-~fT H1 
aT=-T2 ' 

olnyi_ H~-Hi J. 
aT- RT2 ' 

(10·39) 

where H~ and Hi refer to the partial molar enthalpy of the ion at 
infinite dilution and in the particular solution where the activity 
coefficient is y1 respectively. It follows that the temperature coeffi
cients of the physically significant quantities (V+fl'r:J +v_ft-r::..) and 
y ± are given by the relations 

!__("+fl'r:J+v_ft-r::..)=- H 0 

oT T T 2 ' 
(10·40) 

vain y ± no-H 
oT RT2 ' 

(10·41) 

where (10·42) 

and is the partial molar entlu~Jpy of the electrolyte . .Mv+Av_ in the 
particular solution. H 0 is the value of the same quantity at infinite 
dilution. 
10·10. Phase equilibrium of an electrolyte. Solubility product 

The fact that it is the linear combination 

ft-=V+P·++V_ft-_ 

which is the physically significant quantity for an electrolyte may be 
seen very clearly by considering phase equilibrium. Consider the 
equilibrium between the saturated electrolyte solution and the pure 
solid electrolyte. At constant temperature and pressure any varia
tion in the composition of the solution gives rise to a change in 'the 
free energy of this phase by the amount 

dG=ft-dm+ft-odn0 , 
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as given by equations (10·27) and (10·29). The corresponding variation 
in the free energy of the solid phase may be written 

dG'=p'dm', 

where JL' and m' refer to the chemical potential and the amount 
respectively of the solid material. Since dm= -dm' it is evident that 
the least value of G+G', the total free er..ergy, occurs when 

p=p'. (10·43) 

Therefore it is the quantity p, which has been called the chemical 
potential of the electrolyte as a whole, which provides the criterion 
of phase equilibrium in the usual way. Similar considerations relate 
to a solution of an electrolyte (e.g. HCI) in equilibrium with its vapour 
(§ 10·17). 

Substituting from (10·35) into (10·43) we obtain 

v 11.0 + v 11.0 + RT In "'p mP+ mP- = 11' +r+ • -r- f ± . + - r • (10·44) 

Now the addition of other substances to the saturated solution may 
alter the solubility of the electrolyte, and in this case will alter the 
values of m+ and m_. On the other hand, these additions do not alter 
the value of p', the chemical potential of the solid electrolyte (provided 
that solid solutions are not formed) and also they do not alter the 
values of p~ and pr:_. (The activity coefficient has been defined in such 
a way that these quantities are independent of composition.) It 
follows from equation (10·44) that the product 

(S.P.)=y±m~m~ (10·45) 

is constant (at fixed temperature and pressure) in any saturated 
solution in a. particular solvent of the given electrolyte. This quantity 
is called the solubility product. It is only in very dilute solution that 
we can ~te as an approximation 

m++-m~ =constant. (10·46) 

The temperature coefficient of (S.P.) is obtained by dividing (10·44) 
by T followed by differentiation in the usual way and the application 
of equations (10·40) and (2·113b). We obtain 

c3ln(S.P.) H 0-h' (10.47) 
-aT-= RT2 ' 

where H 0 is the partial molar enthalpy of the electrolyte at infinite 
dilution and h' is the enthalpy per mole of the pure crystal. The 
numerator is thus equal to the heat absorbed in the process of solution 
at infinite dilution. · 
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10·11. Equilibrium constant for ionic reactions 

For the dissociation reaction 

.. M.,+A.,_ = v+Mz+ + v_A'-
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we have obtained already the condition of equilibrium (equation 
(10·26)) Pu= II+P++ v_p_( =p), 

where Pu is the chemical potential of the undissociated part of the 
electrolyte. Substituting in this equation from (10·31) and (10·35) 

we obtain _ RT ln K = AG~, (10·48) 

where 

and 

')'" m"+m"K= ± + -
'Yufflu 

AG~=v+p~ +v_p.~ -p~. 

(10·49) 

(10·50) 

K is the true dissociation constant of the electrolyte and is in
dependent of composition because of the characteristics of the p 0 • 

It is only equal to the apparent dissociation constant 

(10·51) 

under conditions where y ± and 'Yu are unity, which is to say 
approaching infinite dilution. In all solutions which are not very 
dilute Km is very far from being constant, due to the large deviations 
from ideality which occur in electrolyte solutions. 

Similar considerations apply when the dissociating species is itself 
an ion. For example, in a solution of carbonic acid there are the 

equilibria H2COa = H+ + HCOa' 

HC03 = H+ + COJ-. 

The first and second dissociation constants are given by the relations 
2 

K _ 'Yu+ ,uco;- mu+ mi!CI.~ 
1- ' 

'YBaCOa mH1COa 

K2 = 'Yu+ ':co_:- m~~_+m~;~ 
'Yucoamuco-

'Yk+ 'Yco•-mu+ mco•-= a I 

'YH+ 'Yuco,- muco,-

'Y~H+ co•-mu+mcrn·-= ··-'·----•----:. ... --·· . --~- . 
yJt.,.. uco:- muco;-
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where the symbols ')'2H+,co:-, and 'YH+•Hco; denote the mean ion 
activity coefficients of pairs or trios of ions which together are 
electrically neutral. Similar equilibrium constants can be set up for 
reactions between ions, such as 

2Fe9+ + Sn2+ = 2Fe2+ + Sn4+, 

and also for reactions involving ions together with neutral species 
such as the solvent. 

The temperature coefficient of InK may be obtained by differen
tiation of equation (10·48) and application of equation (10·40). The 
results are equivalent to those already obtained in§ 10·4. For example, 
the temperature coefficient of the dissociation equilibrium discussed 
above is given by 8 InK fl.HO 

aT= RTa' (10·52) 

where l::l.H0 is the enthalpy increase in the dissociation process at 
infinite dilution. 

10•12. Ma~nitude of activity coefficients of charged and 
unchar~ed species 

At this point it is convenient to discuss very briefly the relative 
magnitudes of the activity coefficients of the ions and of the un
charged parent electrolyte. In the region of low concentrations where 
molality and mole fraction are proportional to each other, the extent 
to which the activity coefficients differ from unity is a measure of the 
deviations from ideality in the solution, and this in its tum depends 
on the forces between the various components of the solution. 

Consider in the first place the uncharged components. Between 
these the attractive force is that which is known by the name of van 
der Waals, and, according to London's theory, the potential energy of 
the interaction varies as the inverse sixth power of the separation of 
the attracting centres. Therefore it falls off extremely rapidly with 
distance. It follows that in any solution which is moderately dilute 
the solute molecules do not interact with each other at all appreci
ably. As mentioned already in §8·1b, each of them is present in an 
almost constant force field due to the solvent molecules. For this 
reason it is found that deviations from ideality of the order of 1 % are 
generally not encountered until the mole fraction of the solute is at 
least 0.001,tand in many cases the region of ideal behaviour may 
extend up to much higher concentrations and in exceptional cases 
over the whole range of mole fractions. 

Consider now the coulombic forces acting between the various 
t Guggenheim, Modern Thermodynamica by the Methods of Willard Gibbs 

( 11133), p. 92. 
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ions. Between two ions of charges z+ and z_ at a separation r the force 
is proportional to z+z-/r2• The potential energy of the interaction 
therefore varies inversely as the first power of the separation and may 
be expected to be appreciable at quite high degrees of dilution. For 
this reason the activity coefficient may be expected to differ appre
ciably from unity even in very dilute solutions and to a greater extent 
the larger the charge on the ions. 

TABLE 10. Mean ion activity coeifteientll at 25 oct 

Molality 'Y±HCI 'Y±H1SOc 'J'±MgSOc 'Y ±Al,(SOcla 

0.000 5 (0.9752) 0.885 - -
0.001 (0.965 6) 0.830 - -
0.005 0.928 5 0.639 - -
0.01 0.904 8 0.544 - -
0.05 0.830 4 0.340 - -
0.1 0. 796 4 0.265 (0 .150) 0.035 0 
0.5 0. 757 I 0.154 0.068 0.014 3 
1.0 0.809 0 0.130 0.049 0.0175 
2.0 1.009 0.124 0.042 -
4.0 1.762 0.171 - -
6.0 3.206 0.264 - -
8.0 5.907 0.397 - -

10.0 10.49 0.553 - -
12.0 17.61 0.742 - -
14.0 27.77 0.967 - -
16.0 41.49 1.234 - -

Some values of the mean ion activity coefficient y ± of hydrochloric 
and sulphuric acids at 25 oc are given in Table 10. (These results 
were obtained by a method, to be described shortly, based on the 
measurement of electromotive force.) Some values for magnesium 
sulphate and aluminium sulphate are also quoted, and the effect of 
the charge of the ions in increasing the deviations from ideality is 
shown very clearly. Even in the case of hydrochloric acid, where the 
ions are singly charged, it will be seen that there are appreciable 
deviations even at extreme dilution. Another feature of the activity 
coefficients of electrolytes is that the values often pass through a 
minimum and then, with increasing concentration, rise to values 
considerably greater than unity. 

According to the theory developed by Debye, Hiickel and others, 
the departure of electrolytes from the ideal solution laws may be 

t This data. is from Hamed and Owen, The Physical Chemistry of Electrolytic 
Solutions (1943), Tables 11-4-lA, 13-11-1A and 14-9-lA, and also from the 
extensive compilations of Robinson and Stokes, Trans. Fajw}g.y Soc. 45 (1949), 
612. 
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accounted for, at least partially, in terms of the electrostatic attrac
tion between the ions. Debye's limiting law which becomes valid as 
the concentration of all ions approaches zero is 

log10 y ± = -etz+ I z_IIl, (I0·53) 
where z+ I z_l is the positive number which is the product of the ionic 
charges for the particular electrolyte and the quantity I, called the 
ionic strength of the solution, is defined by 

I::p::zfmi,(mol kg--1) (10·54) 
the summation being taken over all ions in the solution. For a solution 
in water the constant ex has the values 0.509 and 0.488 mol-1/2 kg111 

at 25 and 0 oc respectively. 
The limiting law (10·53) agrees with experiment only at very high 

dilutions. Even in the case of a I : I electrolyte, such as HOI, deviations 
are significant when I is as small as I0-2• An empirical formula, not 
containing adjustable parameters, which can be used for many 
electrolytes up to I =0·1, is 

Il 
log10 y ± = - exz+ I z_l--1 , (I0·55) 

l+b 
where ex has the same value as above. 

10·13. Free energy of dissociation 

Consider the dissociation of a weak electrolyte such as acetic acid. 
The dissociation constant is 

2 
K= mg+mAo-Y::i:. (10·56) 

mHAoYHAo 

According to the remarks made in the previous section the activity 
coefficient YHAo of the undissociated acid can probably be taken as 
being nearly unity up to a mole fraction of at least I0-8, which corre
sponds to a molality in wat.er of about 0.05. On the other hand, the 
application of equation (10·53) shows that y ± is within I% of unity 
only when the molality of the ions is less than 10-4. It follows that 
the apparent dissociation constant defined by 

K - mg+mAo- ex2m (10·57) 
m- mHAo (l-ex)' 

where ex is the degree of dissociation and m is the total molality, can 
be expected to be constant only under conditions of great dilution. 

In the Ostwald treatment of dissociation it was assumed that ex is 
given by A/A«>, where A is the molar conductivity at the molality 
m and A«> is the molar conductivity at infinite dilution. Some 
values of Km at 25 °0 worked out on the basis·of this supposition, and 
using A«>=390. 7, are shown in Table II. 
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TABLE 11 

Nonnality A K.,. X 106 

0.000 1 131.6 1. 71 
0.001 48.63 1. 77 
0.005 22.80 1.81 
0.01 16.20 1. 79 
0.06 7.36 1.81 
0.10 5.20 1.80 

The approximate constancy of the Km values may be attributed 
partly to the fact that the concentration of the free ions in the various 
solutions is very low, so that y ± is close to unity, and partly to the 
fact that the Ostwald assumption a=A/A= is probably fairly near 
to the truth under the same conditions of high dilution of the ions. In 
general, the Ostwa.l~ method gives reasonably satisfactory results 
for dilute solutions of weak electrolytes for which the dissociation 
constant is of the order 10-5 or less. 

In stronger solutions, or in the case of electrolytes which have a. 
higher dissociation constant, 'Y ± is no longer close to unity. The 
assumption a=A/AfZ> also becomes erroneous. Whenever the con
centration of the ions is appreciable the ions of opposite charge 
attract each other, with the result that their speed of migration in the 
electric field is no longer independent of their concentration, as is 
supposed in the Ostwald treatment. 

In order to make proper allowance for these factors it is necessary 
to estimate the value of y ± (e.g. by use of equations (10·53) or (10·55)) 
and also to use a. more adequate theory of the dependence of a on 
the molar conductivity. For details the reader is referred to the 
literature on electrochemistry.t When these corrections a.re applied 
the thermodynamic dissociation constant of a.cetic acid at 25 °0 is 
found to be 

K= l. 758xlO-Ii. 

(Using an independent method based on the e.m.f. of a. galvanic cell 
Hamed and Ehlers obtained the figure 1.754x 10-11 in close agree
ment.) The standard free energy of the dissociation process at 25° C 
may now be calculated by using equation (10·48), and the va.lue is 

~G~ea=Pi+ + P2o--PiAo 

=6485 cal mol-1• 

t Kortiim, G., Treatise on Electrochemistry, 2nd ed. (Elsevier, 1965). 
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The free energy of dissociation of other weak electrolytes such as 
water and ammonia may be obtained by similar methods. For 
example for the process 

H10(l)=H+(aq.)+OH-(aq.), 

where the symbol (aq.) denotes the hypothetical ideal solution of 
unit molality, we obtain 

Pi++P8B--Pl,o= +19 095 cal moi-1 at 25 °0. 

Now the standard free energy of formation of liquid water at 25 °C 
is -56 690 cal moi-1.t Combining this with the above figure for 
the free energy of ionization we obtain 

H+ (aq.)+OH- (aq.), 11/1£=-37 595 cal moi-1, (10·58) 

this being the free energy of formation of 1 mol of hydrogen ion and 
1 mol of hydroxyl ion, each in an ideal solution at unit molality, from 
gaseous hydrogen and oxygen each at I atm pressure. 

Similarly for the process 

NH8 +H10=NHt +OH-, 

a measurement of the degree of ionization gives 

!4hlt+P8B--Piu:1 -/41o= +6465ca.lmoi-1 at 25 °0. 

In §10·2 the figure -6360 cal moi-1 was worked out for the standard 
free energy of formation of dissolved ammonia. If this figure, 
together with the value -56 690 cal mol-1 for the free energy of 
formation of water, is combined with the above result for the free 
energy of ioDization, we obtain 

NHt (aq.)+OH- (aq.), 11,0£=-56 585 cal mol-1, (10·59) 

and this is the free energy of formation of the pair of ions in their 
standard states in aqueous solution. 

10•14. The hydro~en ion convention and the free ener~es and 
enthalpies of formation of individual ions 

It follows from what was said in § 10·7 that it is impossible to 
obtain absolute values of the free energies of formation of individual 
ions. For example, in the case of ammonia discussed above the figure 
which was obtained from experiment was the total free energy of 
formation of ammonium and hydroxyl ions when they are present 
in the solution in equivalent amounts. 

t This is a more recent value than the figure of :._56 560 cal mol-1 quoted 
in §HO. 
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Nevertheless for tabulationt it is convenient to be able to quote 
values for each ion separately, and this can be done if an arbitrary 
value is chosen for the free energy of formation of any one ion. 
According to the convention which is generally adopted the free 
energy of formation of the hydrogen ion, in its hypothetical ideal 
solution of unit molality, from gaseous hydrogen at 1 atm pressure, is 
taken as zero. Moreover, this is taken to apply at all temperatures, with 
the result that the corresponding enthalpy and entropy of formation 
of the hydrogen ion are also zero, as follows from the relations 

o(llGfT)foT= -t:JlfT2 and ollGfoT= -M. 

In brief the convention is 

(10·60) 

and on this basis it is possible to obtain numerical values for the free 
energies of formation of all other ions. For example, from equation 
(10·58) we obtain fOl" the hydroxyl ion 

OH- (aq.), ~.Pis=-37 595 cal mol-1, 

and combining this with the result (10·59) we obtain for the am
monium ion 

NHt (aq.), ~,,is=-18 990 ca.l mol-1 

The procedure will now be clear by which a table of arbitrary but 
self-consie: mt free energies of the individual ions may be built up. 
An important experimental method for determining these quantities, 
based on the use of the galvanic cell, has still to be described. 

The method of obtaining a corresponding table of enthalpies of 
formation of the individual ions is straightforward and need not be 
discussed in detail. As an example, the heat of formation of gaseous 
hydrogen chloride at 25 °0 is-22 063 cal mol-1.The heat of solution 
in water at infinite dilution is 17 960 cal mol-1, with the result that 
the heat of formation of hydrochloric acid at infinite dilution is 
-40 023 ca.l mol-1• On the basis of the above convention the heat of 
formation of the hydrogen ion is zero, and hence for the chloride ion 
we obtain 

It will be noted that this figure refers equally to infinite dilution and 
to the hypothetical ideal solution of unit molality. This is because 
the enthalpies in ideal solutions are independent of composition, as 
discussed in § 8·5. 

t A very large compilation of free energy and enthalpy data has been 
published by the National Bureau of Standards under the title Selected V aluu 
of Chemical Thermodyoomic Propertiu (Washington, U.S. Government 
Printing Office, 1965). 
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Another important experimental method fo:r the determination of 
ionic enthalpies is based on the temperature coefficient of the e.m.f. 
of galvanic cells. From a knowledge of the temperature coefficient, 
the enthalpy change in the cell reaction may be determined by use of 
the Gibbs-Helmholtz equation. 

10•15. Activity coefficients and free energies as measured by 
the use of the galvanic cell 

The subject covered by this heading is a large one, and we shall aim 
only at describing it in outline by means of some examples. In par
ticular, the discussion will be confined to cell8 without tran&jerence. 
This is the class of cells in which the electrolyte solution has essenti
allyt the same composition at each electrode. The other class of cells, 
those with tran&jerence, contain two or more solutions in contact 
which differ appreciably in composition. Between these solutions 
there is an irreversible diffusion process and a corresponding liquid
junction potential. Because of the irreversible diffusion, the e.m.f.'s 
of such cells cannot be discussed in a really exact manner by the 
methods of classical thermodynamics.t 

The general principles of the reversible cell have already been 
discussed in §§4·14 and 4·15. Let it be supposed that the chemical 
reaction which takes place in the cell when there is a flow of current is 

l;v,M,=O 

(the stoichiometric coefficients v, being taken as negative for those 
substances on the left of the chemical equation as usually written and 
positive for those substances on the right). (For a cell to be useful for 
thermodynamic purposes it is necessary, of course, that the cell 
reaction shall be completely known.) The electrical work done by the 
cell is equal to the decrease of Gibbs free energy. The e.m.f. is 
therefore given by (10·61) 

where the p 1 are the chemical potentials of the various reactants and 
products in the states in which they are present in the cell and z is 
the number of Faradays which pass through the cell for the chemical 
reaction as written. 

For any dissolved strong electrolyte Mv + Av_ in the cell the chemical 
potential is related to the stoichiometric activity coefficient by 
equation (10·37) 0 0 RTln (10·62) p=V+P+ +v_p_ +v y±m±, 

t As Guggenheim hae remarked (Thermodynann.icB (1949), pp. 342, 347) the 
solution is never quite identical at the two electrodes. 

t Bee, for example, the author's ThermodynamicS of the Steady State (London, 
Methuen, 1951), pp. 5 and iS. 
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where the mean ionic molality is related to the stoichiometric molality 
m of the electrolyte by the relatioh 

m±=(m+m~-)lfv 

=m(v+ v~)lfv. (10·63) 

A measurement of the electromotive force of a suitable cell can there
fore be used for the purpose of determining activity coefficients and 
also the standard free energy change in the cell rE!actions. 

(a) The activity coefficient of hydrochloric acid. To measure 
the activity coefficient of the electrolyte Mv + Av _ we require a cell in 
which one of the electrodes is reversiblet with respect to the ion 
M•+ and the other is reversible with respect to the ion A•-. 

Consider, for example, the cell 

Pt, H 2 l HCl (m) I Hg2Cl2 l Hg, 

which is reversible to the hydrogen ion at the hydrogen electrode on 
account of the rapid process 

!H2 =H+ +e, 
and is reversible to the chloride ion at the calomel electrode on account 
of the rapid process 

!Hg2Cl2 + e = Hg (l) + Cl-. 

This cell can be used for measuring the activity coefficient of hydro
chloric acid and also the standard free energy change in the cell 
reaction. 

t The cell as a whole is reversible if it is in a state of stable equilibrium when 
there is no flow of current (otherwise equntion (10·61) would not be applicable). 
If the direction of a small current through the cell is reversed it will exactly 
reverse all the changes taking place in the cell. 

A cell such as Zn I H 1SOc I Cu is not reversible. In addition to the proceBS 
Zn = Zn•+ + 2e, the proceBS 2H+ + 2e = H 1 (g) can also take place with appreciable 
speed at the zinc electrode and causes short-circuiting. Both proceBSes continue 
to take place spontaneously and irreversibly even when no current is taken 
from the cell. Thus the system is not at equilibrium. 

From a practical standpoint it is desirable also that the passage of a very 
small current through the cell, such as is involved in the use of a potentio
meter, shall cause a negligible change in the measured p.d. (Where electrodes 
are easily polarizable a current of 10 -e A may produce a potential several 
tenths of a volt different from the reversible value.) Therefore it is desirable 
that the establishment of equilibrium at the electrodes shall be extremely 
rapid. 

Consider the metal M in contact with a solution containing the ion M+; 
the electrode is BBid to be reversible with respect to the ion M+ if the prooe1111 
M = M+ + e takes place extremely rapidly in either direction. All other con· 
ceivable electron exchange processes at this electrode must be so slow that 
they may be regarded as non-existent. 
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This reaction is 
iH2 + !Hg11Cl2 = HCl + Hg (l), (10·64) 

and therefore the general equation (10·61) takes the particular form 

PHCl+PH~r-iPH.-tPHc1Ct.= -FE. (10·65) 

In this equation we can substitute 

PH01 =Pi++ P81- +2RTln 'Y :1: m, 

as follows from (10·62) and (10·63), m being the molality of the hydro
chloric acid solution in the cell when the e.m.f. has the value E. We 
also substitute _ 0 +RTln 

PHs-PH. PH.• 
where PHs is the partial pressure of the hydrogen a.t the hydrogen 
electrode. Provided that the cell is operating at a. pressure near to 
that of the atmosphere we can also put }tHg = P¥rg and PHgaCla = P¥rg1Cl1• 

where the p 0 's refer to the chemical potentials of mercury and calomel 
respectively a.t 1 atm. (See p. 164.) 

The result of these substitutions is 
ll ll 

RTln 'Y:t:~ -FEO= -FE, (10·66) 
PHs 

where E 0, ca.lled the standard e.m.f. of the cell, is defined by 

- FEO=Pi+ +P81- +p9Jg-tP¥r.-iP'kg1Cia• (10·67) 

which is equal to the standard free.energy change in the cell reaction. 
Under conditions where the partial pressure of the hydrogen is 
exactly 1 a.tm (10·66) simplifies to 

(10·68) 

It is clear that EO would be equal to the measured e.m.f. if the hydro
chloric acid in the cell were an ideal solution of unit molality, since the 
logarithmic term would then vanish. 

Rearranging (10·68) we obtain 

2RTlnm+ FE= FE0 - 2RTln y ±• (10·69) 

and the two quantities on the left are measurable. It follows that 
if the sum of these two measured quantities is extrapolated to infinite 
dilution the limiting value will be equal to FE0, since lny± vanishes 
a.t the limit. Having determined FEO in this way, the equation can 
then be used for the calculation of y :1:, for any of the solutions for which 
the e.m.f. has been measured. 

Considerable care needs to be exercised in the extrapolation to 
infinite dilution. One of the simplest methods is to use Debye's 
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limiting law (equation (10·53)). In the case of a hydrochloric acid 
solution this takes the form 

log10 y ± = -ex .Jm, (10·70) 

and it follows that if the left-hand side of equation (10·69) is plotted, 
not against the molality but against the square root of the molality, 
the experimental points may be expected to fall on an approximately 
straight line, thereby facilitating an accurate extrapolation. On 
account of the deviations from the Debye limiting law when the 
molality is appreciable, more elaborate kinds of extrapobtion are 
usually used, based for example on equation (10·55). 

Some of the very accurate e.m.f. measurements made by Hills 
and Ivest on the cell in question at 25 oc are quoted in the table 
and the extrapolation gives the following value for the standard 

e.m.f.: Eg98 = 0.267 96 V. 

The activity coefficients worked out by these authors are in very close 
agreement with those already quoted in Table 10 in § 10·12, which 
were based on the measurements of Harned and Ehlers using a silver
silver chloride electrode in place of the calomel electrode used by 
Hills and I ves: 

Molality of 0.119 304 0.051 645 0.0109474 0.005 040 3 0.001 607 7 
HCI 

E.m.f. 0.389 48 0.429 94 0.505 32 0.543 665 0.600 80 

The value of E0 can be used to obtain the standard free energy change 
of the cell reaction by application of equation ( 10·67). The result is 
-6195 cal moi- 1 of HCl (or twice this value per mol of Hg1Cl1 ). 

Since the other two substances involved are both elements, this figure 
is equal to the free energy of formation of hydrochloric acid in its 
ideal solution of unit molality minus half the free energy offormation 
of solid Hg2Cl2• If one of these two quantities is known the other can 
be calculated. (See one of the problems at the end of the chapter.) 

(b) Single electrode potentials. In §2·9c it was shown that the 
potential difference between identical phases is a meaningful quantity, 
but not the potential difference between phases which differ in com
position. Therefore, although the e.m.f. of a complete cell is quite 
definite, it is not possible to attribute absolute values to the potentials 
of the separate electrodes. 

However, for tabulation it is convenient to regard the e.m.f. as 
being the sum of the individual electrode potentials and to adopt the 
convention that the potential of some particular electrode is zero. 

t J. Ohem. Soc. (1951), p. 318. 
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O.n this basis, it is possible to give numerical values to the potentials 
of a.ll other electrodes. The fact that such potentials can be 
combined additively follows from the fact that the cell e.m.f. is 
related to the free-energy change of the cell reaction and the latter 
is a. change in a. function of state. 

In § I O·I4 the convention was adopted that the standard free energy 
of formation of the hydrogen ion is zero at all temperatures. Thus 

lH11 (g, Ia.tm)=H+ (aq.)+e, ll,, 0 =0. 

Since this is the process which takes place at the hydrogen electrode 
an equivalent and self-consistent convention is to take the potential 
of this electrode as zero. That is to say the potential of the standard 
hydrogen electrode, 

Pt, H 2 (I atm) I H+ (a.q.) 

(where the symbol a.q. refers to an ideal solution at unit molality), is 
taken as zero at a.ll temperatures. 

Now the standard e.m.f. of the cell 

Pt, H1 (I atm) I HCI (m) I HgCII Hg 

hp.s been shown to be .Eg98 = 0. 267 96 V. To the electrode 

CI-IHgCIIHg, 

when written in this sequence, we therefore attribute the standard 
potential 

.E&,8 =0.267 96 V, 

and this refers of course to the case where the chloride ion is in an 
ideal solution at unit molality. 

By similar measurements on the cell 

Pt, H 11 l HCl (m) I AgClj Ag, 

the standard e.m.f. is found to be 

J'L8 =0.222 4 V, 

and this is therefore the standard potential of the silver-silver chloride 
electrode when written in the sequence 

crj AgClj Ag. 

As an example of the additivity principle, it follows that the standard 
e.m.f. at 25 °C of the cell 

Ag I AgCI. .. HgCll Hg 
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is equal to 
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-0.222 4+0.267 96=0.045 6 v, 
321 

which is in good agreement with a directly measured value of 
0.0455V.t 

(c) The standard free energy of formation of the zinc ion. It 
will be useful to discuss an example concerning an electrolyte which 
is not of the 1 : 1 type. Consider the cell 

Zn I ZnC12 (m) I AgCl (s) I Ag, 

for which the cell reaction is 

Zn + 2AgCl (s) = 2Ag + Zn2+ + 2Cr. 

The general equation (10·61) takes the form 

2fLAg+Pzn•+ +2Pct- -Pzn -2PAgCI = -2FE, (10·71) 

where the factor 2 on the right-hand side arises from the fact that the 
cell reaction as written involves the passage of two Faradays. In 
this equation we can substitute for the chemical potential of the zinc 
chloride in solution by means of equation (10·62)t 

(10·72) 

where the mean ionic molality is related to the stoichiometric molality 
by equation (10·63) m± = 4!m. (10·73) 

The result of the substitution is 

2p.Ag+ P~nl+ +2p81- +3RT In y ± m±-Pzn- 2pAgCl =- 2FE. 

On rearranging we obtain 

3RTlnm±+2FE=2FE0 -3RTlny±• 

where - 2F E0 = 2p'lg + P~nH + 2p8t- - P~n- 2p'lgct• 

(10·74) 

(10·75) 

the chemical potentials of the various solid species having been 
written as p0, their values at atmospheric pressure. 

The sum of the terms on the left-hand side of (10·74) can be deter
mined by experiment. By carrying out an extrapolation to infinite 
dilution (e.g. by plotting against .jm) it is therefore possible to deter
mine the value of the term 2F E0 on the right-hand side of the equation. 
The value of EO which is obtained in this way is 

Eg98 =0.9834 V. 

t Quoted by Guggenheim and Prue, TranR. Faraday Soc. 50 (1954), 231. 
t In working out a problem concerning an electrolyte which is not of the 

1: 1 type the author actually finds it easier to start from equations such as 
(10·30). This avoids the need to memorize, or to look up, ~he definition of the 
mean ionic molality, equation (10·63). 
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Now the cell can be considered as the sum of two electrodes 

Zn I Zn2+ and el-l AgCll Ag. 

The standard potential of the latter has been shown already to be 
0~2224 Vat 25'00. The standard potential of the zinc electrode written 
in the above sequence is therefore 0.7610 V. It follows that the free. 
energy change in the process 

Zn=Zn11++2e 

is -2F X 0. 7610= -35 084 cal mol-1, and this is the standard free 
energy of formation of the zinc ion at 25 °0. 

(d) Redo~ Electrode. This type of electrode consists of an inert 
metal, such as gold or platinum, dipping into a solution containing 
oxidized and reduced ions which are in equilibrium with each other. 
For example, when platinum is immersed in a solution containing the 
ferric and ferrous ions the process 

Fe2+ = Fe8+ + e 

can take place in either direction at the electrode, according to the 
direction of flow of current. Measurements of the potentials of such 
electrodes can therefore be used for the purpose of calculating the 
free-energy change in the oxidation-reduction process. 

10·16. Activity coefficients by use of the Gibbs-Duhem equation 

· In a solution of an electrolyte the activity coefficientt of the 
solvent can be determined by measurement of its partial pressure, or 
from the freezing-point depression or the osmotic pressure. The 
relevant equations are the same as those developed in § 9·6. Provided 
that values of the activity or osmotic coefficient have been deter
mined over a wide range of concentrations, including some solutions 
which are very dilute, it is possible to calculate the activity coefficient 
of the solute in some particular solution by application of the Gibbs
Duhem equation. This procedure, as applied to solutions of non
electrolytes, was described in §9·7 and 9·8. 

Consider a solution consisting of m mols of electrolyte and n0 . 

mols of solvent. It follows from equation (10·27) and (10·29) that 
any change in the Gibbs free energy of the solution at constant tem
perature and pressure is given by 

dG=pdm+p0dno, (10·76) 
t The deviations from ideality of the soWmt are more frequently expressed 

in terms of the osmotic coefficient, rather than the !M)tivity coefBoient, for the 
reasons discussed in §9·11. 
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where p. is the chemical potential of the electrolyte as a whole and p.0 

is the chemical potential of the solvent. The complete equation 
which allows for variations of temperature and pressure is 

dG= -SdT+ Vdp +p.dm+p.0 dn0• (10·77) 

Since G=p.m+p.0 n0 , (10·78) 

it follows that the Gibbs-Duhem equation for the electrolyte solution 
is SdT- Vdp +mdp.+n0 dp.0 =0. (10·79) 

(To these equations additional terms must be added, of course, if 
there are other substances present whose quantities can be varied 
independently.) 

Applying (10·79) to conditions of constant temperature and pres
sure and rearranging we obtain 

- m dp. = n0 dp.0• 

If we take the quantity of solvent n0 as being equal to 1fJl0 , m is 
equal to the stoichiometric molality of the electrolyte. Thus 

(10·80) 

The activity coefficient of the electrolyte is related to its chemical 
potential by equation (10·35) 

f.t=J(T,.p) +RTln Y± m+m~-. 
In this equation, if we put m+ = v + m and m_ = v _ m, the quantity y ± 
becomes the stoichiometric activity coefficient and includes within itself 
the effect of any incompleteness of the dissociation as well as the 
deviation from ideality, as discussed in § 10·9. Adopting this con
vention we obtain 

p.= f(T, p) + RTln Y± mv v++ v~, 

and therefore for any variation of composition at constant tem
perature and pressure 

dp.=vRT(dlny± +dlnm). (10·81) 

The activity coefficient Yo of the solvent is related to its chemical 
potential by equation (9·16), 

p.0 =f(T,p) +RTlny0 x0, 

where x0 is the mole fraction of the solvent. Therefore for any varia
tion of composition at constant temperature and pressure 

dp.0 =RTdlny0 xa, (10·82) 
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Substituting (10·81) and (10·82) in (10·80) we obtain 

1 
-vm(d In Y± +dIn m)= M dIn YoXo• 

0 

[10·17 

1 
or rearranging -dlny±=dlnm+u--dlny0 x0• (10·83) 

.1UoV7n 

The integration of this equation, by graphical or other methods, 
makes it possible to determine the value of y ±, at some particular 
molality, from a series of measured values of y0 x0 which extend up to 
this molality from high dilution. For this purpose it is often convenient 
to express dlny0x0 directly in terms of some measurable variable, 
such as the differential dT ofthe freezing-point depression.t 

10·17. Partial pressure of a volatile electrolyte 

In § 10·10 it was shown that .the equilibrium of an electrolyte in a 
saturated solution with its pure solid phase depends on p, the chemical 
potential of the electrolyte as a whole. Similar considerations apply 
to the equilibrium of a volatile electrolyte, such as hydrochloric acid, 
wi~h its vapour. 

Let p' be the chemical potential of hydrogen chloride in the vapour 
phase. For equilibrium with the solution 

p'=p 

=Pi++ P81- + RT In 'Y~ mu+ mCl-

by equation (10·35). If it is supposed for simplicity that the vapour 
behaves as a. perfect gas 

p' = P~Cl + RT In Puc1 

where Puc1 is the partial pressure and p0 refers to gaseous hydrogen 
chloride at unit pressure. Between the two equations 

RT In PBCl o + o o 
-~----=Pu+ 1-'Cl--PBCl· 
'Y±mu+mCl-

The quantities on the right-hand side of this equation are independent 
of composition. Hence 

PBCl K 
II ' 'Y±mu+mCl-

(10·84) 

where K depends only on the temperature and pressure. Since hydro
chloric acid is a strong electrolyte we can put 

mu+=m01-=m, 

t For details of the integration procedure see, for example, Glaestone, 
TMrmodynamics for Chemists, Chapter XVI. · 
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where m is the stoichiometric molality of the solution (alternatively 
y ± may be regarded as a. stoichiometric activity coefficient). Hence 
finally 

PBCl K 
<r±m)z ' 

(10·85) 

a.nd K is the limiting value of PBCifm2 as the molality approaches zero. 
In principle, equation (10·85) can be used for the calculation of y ± 

as soon as this limit has been determined. The difficulty is to deter
mine K with any certainty because the partial pressures become 
almost immeasurably small in a. region of concentration where y ± 
is still appreciably different from unity. t On the other hand, if values 
of y ± for dilute solutions are taken from some independent source 
(e.g. e.m.f. measurements at the same temperature), the equation 
can be used for the calculation of y ± in more concentrated solutions, 
using the measured partial pressures. 

10·18. Limiting behaviour at high dilution 

Consider a. solution of a. single strong electrolyte whose molality is m. 
From equations (10·53) and (10·54) it is evident that the Debye limiting 
law can be written in the form 

lny± =-Ami, 
where A is a constant and is positive. Hence differentiating with respect 
tom 8ln')'± A 

-a;n-=-2ml' (10·86) 

As m approaches zero the right-hand side of this equation approaches 
minus infinity. Therefore if the logarithm of the activity coefficient is 
plotted against the molality (rather than against its root) the gradient 
becomes infinitely steep as the molality approaches zero. In this respect 
electrolytes differ sharply in their behaviour from non·electrolytes, and 
this is due to the long·range forces between the ions. 

Although the slope becomes infinite, the activity coefficient itself 
approaches unity. For this reason the result of equation (10·85) is in 
no way contrary to the fact that the behaviour of the solv,ent approaches 
Raoult's law as a limit. Tllis may be shown in more detail by using the 
Gibbs-Duhem equation as developed in§ 10·16. 

In place of equation (10·82), the change in the chemical potential of 
the solvent may be expressed in tenns of the change of its partial pressure 

Po· Thus dpo = RT dIn Po• 

t As shown in §7·4b the experimental results, as far as they go, indicate that 
p 801 plotted against the square of the molality (or the square of the mole 
fraction) probably has a finite slope at the origin, as is to be expected from 
equation (10·85). 
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and in place of equation (10·83) we obtain 

1 
-dlny:l: =dlnm+M-dlnp0, 

oJml. 

[10·18 

(10·87) 

or in view of the fact that the variations in question are due to the 
variation in the molality m of the electrolyte, 

- olny±= dlnm +-1_c31npo. 
c3m dm M 0 vm, c3m 

In the extremely dilute solution where the Debye limiting law may be 
applied, the term on the left-hand side of this relation is given by equation 
(10·86). Making this substitution we obtain 

A 1 1 c3lnp0 
-=-+----
2mt m M 0 vm, c3m ' 

or rearranging c3lnp0 = M 0v (Amt -1) (10·88) 
Om 2 • 

Therefore the limiting gradient of ln p 0 plotted against m is given by 

. olnpo 
lim --= -M0v, 

m-+0 Om 
(10·89) 

and is seen to depend on the nwnbel' of ions v which are formed on dis
sociation of the electrolyte. 

Consider the mole fraction x0 of the solvent. In the solution whose 
molality is m the amounts of all the ions together is vm and the amount 
of the solvent is 1/M 0• Hence 

l/M0 

1/M0+vm 
Rearranging and differentiating we obtain 

1dx0 
vdm= -----, 

M 0 x: 
and thus 

dxo 
dm-+- M 0v as x0 -+ I (i.e. m-+ 0). 

Now (10·89) may be written 

lim olnpodxo= - Mov, 
m-+0 c3x0 dm 

and combining this with (10·90) we obtain 

lim c3lnp0 =1, 
m-+0 Oxo 

in agreement with Raoult'slaw. 

(10·90) 
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PROBLEMS 
1. At 25 °C the solubility of chlorine in water under a partial pressure 

at 1 atm is 0.061 8 mol kg-1• Calculate the standard-free energy of 
formation of an aqueous solut.ion of chlorine and also the free energy 
of formation of a solution which is 0. 01 mol kg- 1• Assume the solution 
to behave ideally. 

2. Using the following da.ta, estimate the number of moles of ethyl 
acetate which may be obtained at 25 °C by mixing 1 mole each of acetic 
acid and ethyl alcohol and allowing the mixture to come to equilibrium. 
Estimate the corresponding yield which would be obtained at 200 °C 
under a pressure sufficient for the system to remain liquid. What approxi· 
ma.tions are involved in these calculations? 

EtOH(l) 
AcH(l) 
EtAc(l) 
H 10(l) 

~,a~os 
-40 200 
-94 500 
-77 600 
-56 700 

ll1Hzos 
- 64 710 
-117 200 
-111 800 
- 68 320 

3. The standard free energy of formation of a gaseous substance A at 
25°C is-25 000 cal mol-l. At 25°C its vapour pressure as a liquid is 76 mm 
Hg, and at this pressure its solubility in water is 0.001 mol kg-1. 
Calculate the standard free energy of its formation in aqueous solution 
according to the following conventions: 

(a) mole fraction scale and 'YA-+ 1 as :r:""-+ 1; 
(b) mole fraction scale and 'YA-+ 1 as :r:"" -+0; 
(c) molality scale and 'YA-+ 1 as m..~ -+0. 

Sketch the probable form of the partial pressure curves of A and water 
and decide which of the above conventions it would be most natural 
to adopt. 

4, At 25°C the mean ion activity coefficient of a 4 mol kg-1 solution of 
hydrochloric acid in water is 1. 762, and its partial pressure of hydrogen 
chloride is 0.2395 x 1o-4 atm. 

The standard free energy of formation of gaseous hydrogen chloride is 
-22 770 cal mol-1 and the standard potential of the calomel electrode 
is 0.268 0 V. 

Calculate the standard free energy of formation of solid mercurous 
chloride. 

5. "The activity coefficient of a component of a solution is a numerical 
factor by use of which all the deviations of the solution from ideality can 
be correlated with each other." 

The following table relates to aqueous solutions of HCl at 25 °C; the 
activity coefficients were obtained by measurement of e.m.f. and the 
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figures for the partial pressures of HCl over the solutions were also 
obtained experimentally. 

(a) Show that these results are consistent with MOb other, in agree
ment with the above statement. 

(b) Calculate the partial pressures which would be expected for these 
solutions if they behaved in accordance with Raoult'slaw. 

The vapour pressure of liquid HCl is 41. 6 a.tm at 20 °C and 64. 5 a.tm 
at 40 °C. 

Molality 
Activity coefficient, 'Y :1:: 
PHa (atm) x 10' 

6. The electrochemical cell 

4 
1.762 
0.239 5 

6 
3.206 
1.842 

8 
5.907 

11.10 

(Pt) H 1 (latm); HCI(aq.), AgCl(s); Ag 

has a. standard e.m.f. of 0. 222 4 V at 25 °C (Pt negative), and an e.m.f. 
of 0. 162 1 V when the concentration of HCl is 3 mol kg-1, The standard 
free energies of formation of HCI (g, I a.tm) and AgCl (s) are respectively 
-22 740 and -26 220 cal moi-1 at 25 °C. Estimate the partial vapour 
pressure of HCl above a 3 mol kg- 1 solution at 25 °C, and the mea.n 
ionic activity of HCl in a. solution saturated with HCI at a partial 
pressure of 0.1 atm. [C.U.C.E. Tripos, 1952] 

7. Chlorine at a. partial pressure of 0. 5 atm is bubbled through water 
at 25 °C. Using the data given below estimate the molalities in the 
solution at equilibrium of (a) dissolved chlorine, (b) hypochlorous acid, 
(c) chloride ions and (a) hypochlorite ions. Indicate clearly any assump
tions which must be made in using the data below for this purpose. 

The standard free energies of fonnation on a molality scale, in 
cal moi-l at 25 °C, of the various dissolved species from the gaseous 
elements at 1 atm pressure are as under: 

Cla 
H++Cl-
HCIO 
H++Cl0-
H10(l) 

+ 1650 
-31370 
-19020 
- 6500 
-56 560 

[C.U.C.E. Tripos, 1950] 

8. A waste liquor consists of a 0. li·mol kg- 1 solution of CaC11 in water, 
and is at atmospheric temperature and pressure. It is proposed to separate 
the liquor into anhydrous CaC11 and pure water. Estimate the minimum 
work per mol CaC19 required for the process and the corresponding 
quantity of heat absorbed. 

The free energy and enthalpy of fonnation of CaCl1 are given below. 
The free energy figures for the ions refer to the standard state on the 



Reaction Equilibrium in. Solution. 329 

molality scale. The mean ionic 
CaC11 is 0.448: 

activity coefficient of 0. 5-mol kg-1 

a,oi'os il1H2os 
kcalmol-1 kcalmol-1 

CaCI1 (s) 
eas+ (aq.) 
Cl- (aq.) 

- 179.3 -190.0 
-132.18 
- 31.35 

CaC12 (0.5 mol kg-1) --209.1 
[C.U.C.E. Tripos, 1953] 

9. Nitrogen containing a trace of C08 is bubbled steadily, at 1 atm 
pressure, through a suspension of lime in water at 25 °C. Use the data 
below to calculate the percentage of C08 in the nitrogen leaving the 
system on the assumption that equilibrium is reached. State clearly any 
other necessary assumptions. 

Discuss briefly the application of the phase rule to the system. 

Solubility of calcium hydroxide 
Dissociation constant of water 
Solubility product of CaC03 

Standard free energies of formation 
C08 (g) 
H 10(Z) 
cor (ideal molal) 

0·0211 mol dm-s 
IO-U 
0·87 X 10-8 
Ll/0298 in Cal mol-1 
-94 260 
-56 700 
-126 400 
[C.U.C.E. Tripos, 1951] 

10. A continuous process for the manufacture of potassium chlorate 
is based on the electrolysis of an acidified potassium chloride solution. 
The feed liquor consists of a fresh 4. 5 mol kg-1 solution of potassium 
chloride at 25 °C, together with the recirculated liquor described below. 

The hot liquor which leaves the cell contains a high concentration of 
potassium chlorate and on cooling to 25 °C the bulk of it crystallizes out. 
Solid potassium chloride is added to the mother liquor; this is then 
recirculated to the cell, together with the 4. 5 mol kg-1 feed solution. 

Using the following data calculate the minimum amount of energy, 
and the corresponding e.m.f., which is necessary for the production of 
one mole of potassium chlorate from the given raw materials by the cell 
reaction KCI + 3H80 = KC103 + 3H1 • Mention causes of inefficiency in 
the process as it is actually carried out. 

KCl(aq.) 
KCl(s) 
KC108(s) 
H 10{Z) 

a,o.,s 
cal mol-1 

-98820 
-97 590 
-69290 
-56 690 

Activity coefficient of KCl in 4.5 m solution = 0. 583. 
Faraday equivalent= 23 050 cal V-1 mol-1. 

[C.U.C.E. Qualifying, 1955J 
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11. It is proposed to produce benzaldehyde by the reaction of carbon 
monoxide with benzene in presence of a. catalyst. The proceBB is to be 
carried out a.t 50 °C and 500 atm. 

Describe the calculations by which you would estimate e.n upper limit 
to the fraction of the benzene which could be converted to benzaldehyde 
if the a.va.ila.ble data. were a.e given below. State clearly e.ny BBBumptione 
which are neceBBa.ry for this purpose. 

(a) Heat capacities a.nd standard free energies e.nd entha.lpiee of 
formation of the compounds in question at 25 °C. 

(b) The densities of benzene and benzaldehyde at 25 °C. 
(c) p-V data. for carbon monoxide a.t 20 °C a.nd 30 °C in the preBBure 

range 0-500 atm. 
[C.U.C.E. Tripos, 1955) 
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CHAPTER 11 

STATISTICAL ANALOGUES OF ENTROPY 
AND FREE ENERGY 

11•1. Thermodynamics and molecular reallty 

The whole of classical thermodynamics is based on the empirica.l 
laws which lead to the notions of temperature, interna.I energy and 
entropy as functions of state. At no point in the development of these 
laws, or of their consequences, does any reference need to be made to 
the idea that matter consists of ultimate particles, i.e. the atomic 
theory. But thermodynamics gives an insight neither into the pos
sible origin of its laws nor any means of making a direct ca.loulation 
of the thermodynamic properties of a substance. It is the purpose 
of statistical mechanics to advance knowledge in both of these 
directions. 

First of all it is shown that the laws of thermodynamics are a con
sequence of the postulates of the quantum theory, together with one 
other postulate which is of a statistical character. Secondly statis
tical mechanics makes it possible to obtain important new theorems 
not known in pure thermodynamics, including methods of calculating 
heat capacities, free energies, etc., from spectroscopic data. 

Statistical mechanics is a. large subject, and it is not poBBible to 
put forward an entirely rigorous treatment in a. short compass. In 
the present chapter. the main ideas will be developed in a fairly simple 
manner, and the formulae obtained will be applied in subsequent 
chapters to perfect gases, crystals and reaction kinetics. 

11•2. The quantum states of macroscopic systems 

The whole of this chapter is concemed with the quantum states of 
mact'08copic Byatema. This is not a very familiar idea because the 
chemist or engineer becomes accustomed to thinking of the quantum 
states of Bi114le molecules, for which approximate solutions of SohrO
dinger's equation may be obtained. However, these solutions have 
significance only if the molecules are independent and this is not the 
ca.se in liquids or solids. The form of statistical mechanics to be aimed 
at is one which will apply to liquids a.nd solids, as well as to gases. 

In a. diatomic molecule, as is well known, it is not poBBible to 
a.scribe sets of quantized energy levels to each of the two atoms; the 
potential energy of interaction is mutual a.nd, therefore, a separate 
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energy cannot be attributed to each atom. Similar considerations 
must apply, in any precise sense, to the molecules within a sample of 
liquid or solid. Here again there is a strong potential energy of inter
action among the component molecules, and the system is a single 
quantum-mechanical whole. We cannot speak, except approximately, 
of tlie quantum states of the individual molecules; we can speak only 
of the quantum states of the whole macroscopic system. 

To be more definite, let it be supposed that e0, e1, e8, etc., are the 
energy levels of a hydrogen molecule, as obtained by solving the 
SchrOdinger equation for a Bingle molecule contained in a. vessel of 
a given volume. If there were actually N molecules in this volume 
(where N is not so large that the molecules are close together), then 
the energy levels nf the total system could be taken quite correctly 
as being superpositions of the energy levels of the single molecules, 
i.e. as being Ne0, (N-l)e0 +e1, etc. But it would not be correct to 
attribute this set of levels to a. sample of hydrogen a.t high density, 
and still less to liquid or solid hydrogen. The calculated levels e.,, e1, 

etc., refer specifically to a single molecule in the absence of any inter
action with other bodies. In fact, it is only in the case of the perfect 
gas that it is really justifiable to think of each molecule as having its 
'private' energy, to use SchrOdinger's phrase. 

For a mass of solid or liquid, containing a total of, say, IOS11 electrons 
and nuclei, the possible quantum states could be obtained, in prin
ciple, by solving a SchrOdinger dift'erentie.J equation containing 
3 x 10811 terms, one for each of the necessary co-ordinates. However, 
for the present purposes it is not necessary to suppose that this equa
tion has been solved; all that we need for the statistical theory is the 
idea that these quantum states exist. 

11•3. Quantum states, energy states and thermodynamic 
states 

It is evident that the thermodynamic specification of a. system, 
for example the statement that it has fixed values of its energy, 
volume and composition, is a. very incomplete specification from a 
molecular point of view. In the case of a. crystal, for example, a. great 
many distinguishable arrangements of different atoms on the lattice 
ma.y all correspond to the same thermodynamic state, a.s discUBBed 
aJrea.dy in § 1·17. 

According to wave mechanics the most complete statement which 
is possible about a system is a. statement of its wave function, the 
quantity Vr which appears in Schrodinger's equation. A statement 
of Y,., a.s a function of the co-ordinates of the elementary particles, is 
a specification of the quantum state of the system. A grea.t many of 
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these quantum states, indeed, astronomically large numbers in the 
case of a macroscopic system, may all be compatible with the sa.me 
total energy, volume and composition. In brief, a great many quantum 
states are always wmpriaed within a given thermodynamic state. 

For the purposes of illustration consider a system of four indis
tinguishable atoms which move about independently in a large 
container. For simplicity it will be supposed that they are free to 
move only along the x co.ordinate. Let e0 , e1, etc., be the quantized 
translational energies of the separate atoms, counting upwards from 
the lowest level e0• It will be supposed that these levels are equally 

spaced; thus (el-eo) =(ea-et)= (ea-e2) = .... 

Provided that the total energy of the four atoms is at least equal to 
2e1 + 2e0, there is more than one quantum state of the total system 
which is compatible with the given energy. We could have either two 
atoms with energy e0 and the other two with energy e1, or we could 
have three with energy e0 and the fourth with energy e2• These two 
possibilities correspond to two different quantum states of the total 
system, but to the same thermodynamic state. It is easy to see that 
any increase in the total energy of the system will give rise to a very 
rapid increase in the number of quantum states which are compatible 
with this energy. 

The number of quantum states of a closed system which are com
patible with fixed values of its energy and volume will be denoted n. 
It has been noted that n increases rapidly with the total energy, for 
fixed volume. Even if the total energy and volume of the system are 
constant, n may still be able to change in a spontaneous process, such 
as a reaction, due, for example, to a change in the nature and spacing 
of the energy levels as reaction proceeds. These points will become 
clearer in later sections. 

11•4. Fluctuations 

What is called equilibrium is the state of a closed system in which 
its various macroscopic properties do not change with time. How
ever, as soon as we wish to consider the interpretation of these pro
perties at the molecular level, it must be home in mind that the 
equilibrium state is of a dynamic rather than a static character, as 
a result of the motion and collisions of the molecules. Macroscopic 
properties such as pressure, temperature and entropy have a meaning 
therefore only as a result of averaging over a great many molecules. 
For example, the pressure exerted on a manometer is the mean change 
in the momentum of the molecules per unit time. and surface area. 
The number of molecules striking the surface changes from moment 
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to moment and the instantaneous pressure is therefore a fluctuating 
quantity. Of course on any large surface the probability of appreci
able deviation from the mean is quite trivial, but on a. body of sma.ll 
area., such as a colloidal particle, the fluotuations become observable, 
as shown in the Brownian movement. 

Similar considerations apply to the other macroscopic properties. 
For example, the density of a fluid is not absolutely constant through
out its bulk, but undergoes slight variations about a mean. Under 
the conditions of very low pressure prevailing in the upper atmosphere 
these fluctuations are sufficiently appreciable to give rise to the 
scattering of the sun's light which is the cause of the blue colour of 
the sky. From measurements of the intensity of the blue it is possible 
to calculate the Avogadro constant. Another type of fluctuation 
which is important in the present chapter is that of energy. If a 
body is in contact with a heat bath its energy is not absolutely 
constant but fluctuates about a mean value, due to the passage of 
energy to and fro because of the molecular collisons at the 
interface. 

11•5. Avera~ng and the statistical postulate 

From what has been said it is clear that the calculation of the 
macroscopic properties of a body involves a process of averaging. 
Let it be supposed that the precise position and velocity of every 
molecule in the body could be determined. Then it would appear that 
we could, at least in principle, compute the future state of the system 
at any moment, and also its average properties over a long period, by 
using only the laws of mechanics. But this completely detailed 
knowledge of the instantaneous state of a system is clearly impossible 
in practice and also, according to the uncertainty principle, it is 
impossible even in theory. Any measurement of the position of 
a molecule disturbs the velocity and vice versa.. 

A specification of the state of a system in complete det&il is there
fore unattainable. This is one of the bases of the second law, as 
discussed already in §1·18, and it is for the same reason that it is 
impossible to calculate the average properties of a system by seeking 
to apply the laws of mechanics to the individual molecules. In order 
to calculate this average it is necessary to UBe an extra postulate, over 
and above the postulates of mechanics. t This postulate is of a 
statistical character, and it asserts that if there are n quantum states 
of an isolated system, all of them compatible with the fixed value of 
the energy, then the system is as likely to be found in any one of the 
states as in any other. Thus each of these quantum states is to be 

t For further discussion on this point ses To~, Principlu of 8~ 
Mechaniu (Oxford, 1938), §25, and Bom, No~urol P'A~lay of Ca.Uile cmd 
C'Aonce (Oxford, 1949). 



11·6) SUJrisrieal ..4.nologues of Entropy and Free Energy 337 

given an equal statistical weight when we proceed to take the average 
over all these states. This postulate will be expressed in a more 
precise form at the end of the next section and again in §11·9. 

11•6. AccesslbWty 
It may be remarked that thermodynamics and statistical mechanics 

always deal with idealized conditions. For example, in a discussion 
on the properties of hydrogen it is tacitly assumed that this is a 
stable su bsta.nce, whereas it may actually be changing into helium 
over immense periods of time. The same considerations apply to a 
mixture of hydrogen and oxygen at room temperature. In the 
absence of a catalyst, we are again dealing with a system which is 
not stable from the aspect of geological ages, but i8 quite stable 
relative to the duration of our measurements on the system. If 
formation of water took place it would greatly increase the number, 
0, of quantum states of the system, and it is entirely consistent with 
what was said in § 1·17 to regard the 'driving force' of the reaction, 
under adiabatic conditions, as being the increase in n. However, in 
the absence of a catalyst, this increase does not take place at an 
appreciable speed. In other words, those additional quantum states 
which would occur if the catalyst were present are not accesBible to 
the mixture of hydrogen and oxygen alone. 

Thus, when we compute the average properties of the hydrogen and 
oxygen mixture, we include neither the quantum states which could 
arise from the formation of helium nor those which could arise from 
the formation of water. Certain quantum states are regarded as 
inaccessible, on the basis of our empirical knowledge of the system. 
In statistical mechanics we take avera.ges only over those quantum 
states which are believed to be accessible, but each of these is regarded 
as being equally accessible (which is to say as having equal weight) 
when the system in question is of constant energy. 

In the averaging process we thus idealize the system which is under 
discussion by making a sharp distinction between two classes of 
quantum states: (a) those which are taken as being totally inaccessible 
during the time taken to measure the property of interest; (b) those 
which are so readily accessible that a representative sample of them 
are passed through during this period. We average only over the 
latter (which correspond to an equilibrium in the macroscopic 
system) and our postulate asserts that they are each reached with 
equal frequency. The idealization thus amounts to assuming very 
rapid rates for certain types of molecular process and absolutely 
zero rates for all other types. t 

t For further disoussi.on on accessibility - Fowler and Guggenheim, 
SIGINW:aZ Mechanic8 (Cambridge, 1949), Chapter 1 and <Mayer and Mayer, 
SIGIVticGZ Mechanic8, §3/ (New York, Wiley, 1940). 
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The basic postulate may now be expressed as follows: each of the 
accessible and di8ti111Jui8hable quantum states of a system of fixed energyt 
is equally probable. This number of quantum states, or' complexions', 
is denoted n and will be shown to be a. function of the energy, volume 
and composition of the system. The postulate will be given in a. 
slightly modified and more concrete form in § 11·9. 

It may be remarked that the assumption that each quantum state 
has an equal a priori probability is less arbitrary than any alternative 
assumption, in the absence of any information to the contrary.~ 

11·7. The equillbrium state 

The statistical interpretation of the trend towards equilibrium has 
been discussed in §§ 1·17 and 1·18, and the significant points will be 
briefly summarized. Consider any closed macroscopic system of 
chosen energy and volume. In general, the statement of the values 
of these variables is sufficient to fix neither the thermodynamic state 
of the system nor the value of n~ Thus we need to know in addition 
whether the volume is divided interna.lly by means of impermeable 
or non-conducting partitions, and also what catalysts are present. 
In brief, we need to know what quantum states are accessible to the 
system. 

The r_,moval of a. partition or the introduction of a catalyst is the 
lifting of a restraint. They may result in either of the two possi
bilities: either the system stays as it was, with the same value of n, 
or it undergoes an internal change, such as the flow of energy or of 
matter, or a. chemical reaction. This is equivalent to a.n increase inn, 
the number of quantum states which the system can take up, each of 

t On account of the uncertainty principle the energy itself cannot be known 
with complete precision. Thus 0 1 is really the number of quantum states of a 
system whose energy lies within a very small range near the eigen energy E1• 

Throughout the chapter, whenever we speak of an energy E1 it is to be under
stood in the same sense. 

: In this connexion the following remarks from David Hume are very much 
to the point: 'as chance is nothing real in itself, and, properly speaking, is 
merely the negation of a cause, its influence on the mind is contrary to that 
of causation; and it is eBBential to it to leave the imagination perfectly in
different, either to consider the existence or non·existence of the object (event) 
which is regarded as contingent •••• Since, therefore, an entire indifference is 
essential to chance, no one chance can poBBibly be superior to another, other
wise than as it is composed of a superior number of equal chances. For if we 
affirm that one chance can, after any other manner, be superior to another, 
we must at the same time affirm, that there is something which gives it the 
superiority, and determines the event rather to that side than the other: that 
is, in other words, we must allow of a cause, and destroy the supposition of 
chance, which we had before established' (A Trealise of Human Nalure (1740), 
Book I, Part III, §xi). 
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which is compatible with the given values of the energy and volume. 
An irreversible process, in a system of constant energy and volume, 
thus corresponds to an increase in the number of accessible quantum 
states. The equilibrium state of such a system, i.e. the state in which 
there is no further change, is therefore the state in which n has 
reached its maximum value . 
. . it may be remarked, once again, that the need for the basic postu
late arises because it cannot be predicted which one of the n states 
the system will actually be in, at any given moment. Failing the 
possibility of prediction the next best thing is to assume that the 
system is as likely to be in any one of the quantum states as any other. 

So much for the effect of lifting a restraint. In the converse case, 
where a partition is inserted, or a catalyst is removed, the value of n, 
or at any rate the value of Inn, is not significantly affected. Intui
tively this is fairly plausible, and we shall not seek to prove it in 
detail;t if a gas is uniformly distributed throughout a vessel, the 
replacement of a partition between the two halves of the vessel does 
not cause any significant decrease in the logarithm of the number 
of accessible quantum states. 

11•.8. Statistical methods 

In the setting up of the statistical theory there are several alter
native procedures, and the newcomer to the subject often finds it 
difficult to see the connexion between them. The essential problem, 
of course, is that of averaging and the various methods differ prin
cipally in the following respects: 

(1) Whether the averaging is carried out over 
(a) the quantum states of molecules, or 
(b) the quantum states of macroscopic systems. 

(2) Whether the averages which are obtained are 
(a) true mean values, or 
(b) 'most probable values' based on picking out the largest 

term in a summation, together with the use of Stirling's 
theorem. 

(3) Whether the system under discussion is regarded 
(a) as having fixed values of its energy, volume and com

position (isolated system); 
(b) as having fixed values of its volume and composition and 

secondly as being in thermal equilibrium with a heat bath; 
(c) as having a fixed value of its volume and secondly as being 

t See, for example, Mayer and Mayer, Statistical Meehanics, §§3/, 4b and 
4e (New York, Wiley, 1940). 
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in equilibrium both with a heat bath and with reservoirs 
of the various substances which it contains, through semi
permeable membranes (open system). 

Most introductory accounts use the combination (Ia), (2b) and 
(3a), which is one of the easiest to grasp. However, the disadvantage 
of averaging over the quantum states of molecules, as in (Ia), is that 
the statistical formulae which are obtained are applicable only to 
systems in which the particles are independent, as in perfect gases. 
In many elementary accounts of this method it is also necessary to 
adopt a subterfuge in order to introduce an important term, nl, into 
the formulae. The method (2b) may also lead to an erroneous impres
sion of the nature of equilibrium, for it might be taken to imply that 
the system stays always in the particular distribution known as the 
'most probable' distribution. This would be to preclude fluctuation 
phenomena. 

For these reasons we shall put forward an elementary treatment 
based on the combination (I b), (2a) and either (3a) or (3b) according 
to circumstances. t This treatment will apply only to equilibrium 
Bituations; a statistical mechanics which would take account of the 
approach to equilibrium would require a much more elaborate 
treatment involving Liouville's theorem. It may be remarked too 
that (3a), (3b) and (3e) signify three different choices of the indepen
dent variables in the corresponding thermodynamic analysis of the 
problem-these are (U, V, n1), (T, V, n1) and (T, V, p1) respectively. 

11·9. The ensemble and the averaatng process 

Let it be supposed that we wish to calculate the value of some 
property X of a macroscopic system which is in equilibrium. Now the 
experimental measurement of this property always requires a certain 
interval of time for its execution, and if the calculated value of X is 
to be relevant the latter must clearly be some sort of average over all 
the quantum states through which the system is likely to pass during 
the period of measurement. 

During a virtually infinite interval of time, !lt, the system may be 
expected to pass through each of its accessible .quantum states a 
great many times. Let P 0, P10 P 1, etc., be the fractions of this interval 
which the system spends in the quantum states 0, 1, 2, etc. P1 may 
be called the probability of tlie system being in the quantum state i. 
Let Xo• XJ., Xe• etc., be the values of the property X which occur when 

t The methods used in this chapter are similar to those adopted .by Tolmm, 
Principles of Statistiwl Mechanics (Oxford, 1938). Somewhat similar procedures 
are introduced in later chapters of Mayer and Mayer, Statistical Mechanics, 
Chapter x (New York, Wiley, 1940) and Rushbrooke, Introduction to Statistical 
Mechanics (Oxford, 1949), Chapter xv. 
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the.system is in the quantum states 0, 1, 2, etc. (We shall consider 
only those properties X to which a meaning can be attached in each 
quantum state). Then the time average of x over the intervall::lt is 

x=:EP,x,. (11·1) 
where ~Pi=l. (11·2) 

In each equation the summations are to be taken over all of the 
quantum states which are accessible under the prescribed macro
scopic conditions of the system. The next question to be discuBSed is 
the values which must be attributed to the Pi when these prescribed 
conditions are either (a) constancy of energy and volume or (b) con
stancy of volume together with equilibrium with a heat bath. 

Case (a). The system is of ft~ed energy and volume. As dis
cussed in § 11•7, the fixing of the energy and the volume is usually 
sufficient to determine the thermodynamic state of a closed system, 
provided that it has reached a condition of internal equilibrium with 
respect to all chemical reactions, diffusions, etc., which are possible 
under the prescribed restraints. The equilibrium of such a system 
corresponds to a maximum value of !l, the number of accessible 
quantum states. Now because the energy of the system is fixed, each 
of these possible quantum states must correspond to this particular 
energy and no other. Therefore, according to our basic postulate, 
each of these states is equally probable-the system may be expected 
to spend an equal fraction of the time l::lt in each of them. Thus a.ll of 
the ~ are the same and each is therefore equal to the reciprocal of 
the number of quantum states: 

1 
~=n (fixed U and V), (11·3) 

and therefore from (11·1) 

This is the time average over the interval fl.t, chosen as virtually 
infinitely long so that the system may pass through each of its 
accessible quantum states a great many times. It is by no means 
obvious that the calculated average X will necessarily be the same 
as would be measured during an experiment, since only a. small 
fraction of the accessible quantum states will be passed through 
during the duration of the experiment. On the other hand, the very 
fact that the results of measurement do not vary from one moment 
to the next (when the system is in equilibrium) indicates that the 
duration of such experiments is usually sufficient to correspond to 
a true average value of the property. Indeed this will be so if it is 
supposed that the quantum states which are passed through are a 
random, and therefore a representative sample of the total. 
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This supposition is somewhat distinct from our previous postulate 
of equal a priori probabilities (§ 11·6) but may be combined with 
it to form a single postulate, in a more concrete form, as follows: 
the equilibrium properliu of a system of con8tant l!/M.'If1l and tJOZume are 
obtained by averagi:niJ OtJer aU the acassible quantum Btatu, eo.rA of 
lhue being given equal weight. 

The totality of quantum states is referred to as an ensemble. In 
the special case under discussion where each of the states is of equal 
energy the ensemble is said to be microcanonicaZ, and it is only in 
this special case that the probabilities P, may all be assumed equal. 

Case (b). The system htU ft$ed volume and is in a heat bath. 
The averaging procedure as discussed above for the isolated system 
is of limited value for several reasons. In the first place there is diffi
culty in calculating the value of n for such systems. Secondly, we 
are usually much more interested in the properties of a thermostated 
system than of an isolated one. Fina.lly, as shown in Chapter 1, the 
second law is bound up with conditions relating to an energy transfer, 
and this involves at least two bodies. The case discussed above is 
thus of limited value as a statistical model precisely because the 
system in question is of fixed energy. 

We consider now the case of a closed system of constant volume 
which is at internal equilibrium and immersed in a large heat bath. 
Due to fluctuations between itself and the bath the body can have 
a range of energies about a mean value. These are all quantized and 
the energy states will be denoted E0 , E., etc., counting upwards from 
the state of lowest energy. Each energy state E1 will comprise a very 
large number 0 1 of quantum states. However, there is only a single 
thermodynamic state because the body has a chasen volume and is in 
thermal equilibrium with the given heat bath. (Thermodyna.mica.lly 
it would be said to have a fixed temperature, but one of our aims is 
to define temperature statistica.lly.) 

The question which arises is: how shall we do the averaging for 
such a system 9 In other words, what values must be attributed to 
the P, in equations (11·1) and (11·2)! For quantum states of equal 
energy our postulate asserts that the correct averaging is obtained 
by giving equal values to each of the .P,. We now have to consider what 
is the relative frequency with which states of unequal energy are 
occupied. 

In answer to this question it seems reasonable to assume that the 
probability of the occurrence of any one of the quantum states 
depends only on the energy of that state. This statement is actually t19t 
an additional tUISumption in the theory, for i1; is shown in Appendix 1 
to this chapter that it may be derived from the basic postulate. 
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However, in order to avoid breaking up the continUity of the discus
sion by giving the proof at this stage, the sl;a.tement will be used a.s if 
it were an additional a.ssumption. In any case it is clearly a. reason
able one. 

We assume therefore that the probability~ of the ith quantum 
state of the body, when it is at equilibrium with the given heat bath, is 
a. function only of E1: 

~=f(Ec>· (ll·4) 

Consider a. second body in the same large heat bath. Let the quan
tum and energy states for the first body be denoted by Roman letters, 
a.s in (ll·4), and for the second body by Greek letters. For the second 
body the corresponding a.ssumption is that the probability of its being 
in the quantum state 1e is a. function only of e": 

~=f(e"). (ll·5) 

Let ~" be the probability that the first body is in state i and the 
second is simultaneously in the state IC. The same a.ssumption used 
once again asserts that the compound probability ~" is a. function 
only of the total energy,t E 1+e", of the two bodies 

Pt~e=f(E;+e"). (11·6) 

Now because the heat bath is assumed in the first place to be very 
large compared to either of the two bodies, and therefore to be capable 
of a. large supply of energy, the fraction of the time that the first body 
is in the state i is quite independent of the fraction of the time that the 
second body is in the state 1e. Hence the fraction of the time for the 
combined event is equal to the product of the two fractions separately, 
i.e. (11·7) 

(This is the multiplication rule for the probabilities of events which are 
independent.) Thus, using (11·4), (ll·5) and (11·6) 

f(Ec+e~)=f(Ec)f(e"). (11·8) 

We ask, what kind of function is it which satisfies this relation t 
A function of the sum of two variables must be equal to the product 
of the functions of these two variables taken separately (and, of course, 

t As pointed out in § 11·2, the energies of moleculu cannot, in general, be 
combined additively because of their interaction. However, the energies of 
macroscopic systems can ~ so combined to a high degree of approximation. 
The larger the number of molecules that they contain, the smaller is the 
relative contribution of the interfacial energy, which arises from the molecular 
forces acting acroBB the interface. The surface energy becomes a trivial part 
of the total energy of the bodies, because it varies as the square of the linear 
dimensions whilst the volume varies as the cube. 
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the physical situation requires that the functions a.re a.ll of the same 
form). This is only satisfied if the functions a.re of the exponential 

formt ~=f(E,) =01 ePBt, } 

P~e=f(e")=08 eP'"• (11·9) 

~"=f(E,+e~e)=0108 efllBt+'">, 

which a.re in accordance with (11·7). In these equations, 01, 01 and p 
a.re constants. 01 is characteristic of the first body and 08 of the second, 
but it is to be noted especially that the ccmstant P mtUt be the same for 
both bodies, a.s otherwise, the functional relationship would not be 
satisfied. It ma.y be anticipated therefore that the 8tati8tical quantity 
p is related to the thermodynamic quantity called temperature. This 
will be discussed in a. later section, but it ma.y be remarked that p 
must normallyt be a negative quantity, as otherwise, according to 
(11·9), ~ would become infinite for infinite values of the energy of 
the quantum state. (See also Appendix 1.) 

We thus conclude that for a. body in a large hea.t bath the pro
bability of one of its quantum states is an exponential function of 
the energy of this state. 

t A proof that (11·9) is the cmZy possible functional form is 88 follows. 
Writing (11·8) aa 

/(~) J(y) =/(~ + y), 

differentiate partially with respect to 11 

/(~) d/(11) = il/(~+11) = il/(~+11) il(~+y) ""d/(~+1/) X I. 
dy ily il(~+y) ily d(~+11) 

Similarly, by differentiating partially with respect to~ 

~( ) d/(~) = d/(~+11) • 
.1' 11 ~ d(~+y) 

Between these two equatioDS we obtain 

or 

/(~) d/(y) =/('!/) d/(~) 
d11 ~ 

1 dJ(y) 1 df(~) 

/(11) ""dY = /(~) dZ. 
Now ~and yare independent variables. Hence the left-hand aide of this eqnation 
does not depend on ~ and the right-hand aide does not depend on 11· Thus each 
aide must be equal to a coDStant, which ia the ~CJme coDStant, p. Thus 

and the integral isJ(~)=Ae"•, 

_1 ilj(~) ... p 
/(~) ~ . 

f An exception occurs in the caae of certain spin systems which have a 
limited number of quantum states. Such systems can display ilUJilS 88 nega
tive and thus have negative absolute temperatures. See footnote on p. 31. 
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Instead of writing the constants outside the exponentials as 0 1 and 
01, it is more convenient to write them as 1/Q1 and 1/Q2• Thus 

(11·10) 

(11·11) 

However, the second body, which has served its purpose, can now be 
forgotten. We proceed to consider the meaning of Q1, cutting out the 
subscript. Summing over all quantum states we ha.ve, as in (11·2), 

l:Pi=1, 

a.nd therefore--from (11-IO) Q=l:eP~i. 

Combining this equation with (11·10) we..obta.in finally 

ePB; 

~=l;ePB;' 

(11·12) 

(11·13) 

where the summation is taken over all of th~ accessible quantum 
atates. This sum, which is Q, is known as the paf#tion function of the 
system for constant temperature and volume. 

The procedure for obtaining the average value Of a property x by 
use of equation ( 11·1) is therefore to use the valuea of the ~ which 
a.re given by (11-13). 

The totality of the quantum states which a.re accessible to a. body at 
equilibrium with a heat bath iS called the canonical en,emble, and the 
equation ( 11·13) describes the canonical distribution of probabilities. 
(The equation implies, of course, that quantum states of equal energy 
a.re a.ll equally probable, in accordance with our basic postulate.) 

11•10. Statistical analogues of the entropy and Helmholtz free 
energy 

Consider the quantity 8' defined by the relation 

8' = - kl:Pt In .Pt. (11·14) 

where the summation is over all the accessible quantum states of the 
system and k is a positive constant whose value will be chosen in 
Chapter 12. 8' will shortly be shown to have all the properties of the 
thermodynamic entropy and may be called a stati8tical analogue of 
the entropy. 

The relationship of 8' to another type of statistical analogue, 

8":=kln!l, (11·15) 
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which was tentatively introduced in § 1·17, will also be discussed, but 
for the present purposes 8' is the more useful quantity. 

In equation (11·14) the ~·s are all positive fractions and therefore 
8' is always positive. Suppose that the system could exist in only a 
single quantum state, say state 0. Then for this state we should have 
Po=1 and all other P's would be zero. Such a. distribution would 
correspond to no randomness, and (11·14) shows that it would give 
rise also to zero 8'. On the other hand, a. distribution of the ensemble 
over a. large num her of states, for each of which P1 is very sma.ll, will 
clearly give rise to a. large positive value of 8'. The similarity of 
(11·14) to the thermodynamic expressions for the entropy increase 
of mixing in perfect gases and ideal solutions may also be noted. 
These various points provide some prelimina.ry justification for the 
idea. that 8' is related to entropy. t 

CtUe (a). The microcanonical ensemblet. The dift'e'rentia.tion 

of(11·14)gives dB'=-kl:(lnPt+l)~. (11·16) 

Consider a. virtual variation in the ensemble which involves thej and 
1c states only, their probabilities changing by ~ and dPA: respec
tively. Since l:Pt=O it follows that~- -dPA: and the last equation 

becomes dB'= -k(ln~+l)~-k(lnPA:+l)dPA: 
(1H7) 

It follows that 88' /8~ is zero whenever the conditions of the system 
are such that ~ and PA: are equal. The same applies to a. virtual change 
affecting any other pair of accessible quantum states. § 

t In E. T. Jaynes' treatment of statistical mechanics on the basis of 
information theory, the starting point is that the maximum value of the 
quantity 8', as defined in (11.14), describes the distribution of probabilities 
P 1 which is maximally non-committal with regard to missing information. The 
quantity B' thus measures the • amount of uncertainty' and it is to this that 
Jaynes gives the name entropy (Phys. Rev. 106 (1957), 620; 108 (1957), 171). 

! Cases (a) and (b) of the present section correspond to (a) 8Dd (b) of the 
previous section. 

§ The discussion of the quantum states in fXJWB is adopted for reasons of 
mathematical simplicity. Alternatively, Lagrange's method of undetermined 
multipliers may be used, or the following method shown to me by Prof8880r 
N. R. Amundson. Equation (11-18) may be written 

as' aP, aP, 
ap = _, l: (In P,+ 1) aP = -kl: 1n P, aP. 

I I I f I 

The latter equality follows since~ :~;=0. For the. same reaeon the quantity 
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Let it be supposed that the body is isolated so that all of these 
states are of equal energy. Then, according to the basic postulate, all 
of the P's become equal when the body reaches equilibrium. It 
follows from the above that the function S' simultaneously reaches 
a maximumt value and, of course, this is also a property of the thermo
dynamic function called entropy, under the same physical conditions. 

The same postulate gives also 
pi= 1/0. 

as in equation (11·3). Substituting this relation in (11·14) we obtain 

S' = -ki:(l/0.) In (1/0.), 
and since there are altogether just n terms in the summation this 
reduces to 

S'=kinn. 
Thus, in the case of the microcanonical ensemble, the quantities 
S' of equation (11·14) and s• of equation (11·15) are identical. Of 
course, any change in the system which increases n, the number of 
accessible states, will cause an increase in S' or s•. 

Case (b). The canonical ensemble. In the ensemble discussed 
above the quantum states of the system were all of equal energy. 
Therefore there was no question of difference of energy, and for this 
reason the concept of temperature did not enter. We tum now to the 
more useful canonical ensemble, i.e. the totality of the quantum 
states of a body in a thermostat. 

Let the function A' be defined by 

A'= U + S'fkf3, (11·18) 

le In P1 r :~; is zero, and therefore it may be added to the last equation. 

We thus obtain as• aP aP 
-=-lei: In P1 - 1+1eln P1 I:-' BP1 t BP1 c 9P1 

=-leI: In P, aP,, for all j. 
, P1 aP1 

This is Uf'O if all P's are equal. A second differentiation of the last equation 

gives a•s• =-lei:!_ (aP,)' -lei: In P, a•P, 
9Pf c P, BP1 c P1 91'} ' 

and the last term is again zero when the P's are equal. Thus 918' /91'} is negative, 
and 8' is a ~mum, since It, P1 and (9P1/9P1)1 are all positive. 

t A aeoond differentiation of ( 11•17) gives 

d18' =-It(!_-dIn Pt),. -It(!_+_!_) 
dPJ PI dP1 PI Pt '. 

11ince dP1 ... -dPt. Thus, because lr i11 positive, S' is a maximum and not a 
minimum when PI = Pt. 
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where U is the mean internal energy of the system and pis the quan
tity which appears in equation (11-13). Now, in accordance with 
equation (11·1), fj =l:~E,. (l1·19) 

Substituting (1H4) and (11·19) into (11·18) we obtain 

A' =~:E~(pE,-InP1), (l1·20) 

and it is to be unrlerstood that the summation is over the accessible 
quantum states, and for these the P, are greater than zero. It will 
now be shown that A' is a minimum if there is a state of equilibrium 
in the system, and therefore A' may be expected to be an analogue of 
the Helmholtz free energy. 

Consider the effect on A' of a virtual displacement oftheP's about 
their equilibrium values, i.e. small changes in the fraction of the time 
that the system resides in the various quantum states whose energies 
E,, E1, etc., remain unchanged.t In this proceBB p remains constant 
because the system is at equilibrium with the heat bath. For the 
variation in A' we therefore obtain from (11·20) 

dA' =~l:(pE,-JnP,-1) dP1, 

but this is subject to the conditiont 

:EP1= 1 or I:dP1=0. 

(l1·21) 

(11·22) 

Assume for simplicity that the variations in question affect only two 
quantum states i andj. Then (11·21) and (11•22) may be written 

d.A'=~{(pE,-lnP1 -1)dP1+(PE1-lnP1-1)dP1}, 
dP,+dP/=0. 

Eliminating dP1 from these two equations we obtain 

8A' 1 
aP, =p(pE,-InP,-PE1+lnP1). (11·23) 

t We are concerned here with an ensemble of states, all of which are of the 
same volume, and it is shown in wave mechanics that the values of the B, 
depend only on the volume in which a fixed number of fundamental particles 
are contained. (In certain problems other geometrical parameters may become 
important. For example in problems of interfacial tension, the area of the 
system is significant in its effect on the B, of the surface phase. In the above 
it is 886umed that all such parameters are held constant.) 

t There is no additional restriction dU=:E.liJ1dP1=0 because the system 
can exchange energy with thA heat bath. 
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Now according to equation (11·13), if there is a state of equilibrium, 
the P's satisfy the relation P,=efJBI/Q,} 

(11·24) 
Pl=eflBifQ, 

and Q is, of course, the same in both equations since we a.re dealing 
with the same body. Substituting these relations in (11·23) we obtain 

8A' aP, =0. (11·25) 

The same result may be obtained. for a variation between any other 
pair of quantum states. The canonical distribution (11·24), which we 
have derived on strictly statistical grounds with the help of our basic 
postulate, therefore results in the function A' being at a minimumt 
when a body of fixed volume is at equilibrium in a thermostat. The 
thermodynamic function which has this property is the Helmholtz 
free energy A. It seems probable, therefore, that A', as previously 
defined, is a statistical analogue of the free energy of thermodynamics. 
Further grounds for this will be discussed in the next section. 

Substituting (11·24) in (11·20) we obtain the minimum or equi
librium value of A' for our body as 

A'eq. =~:EP1(.8E1-pE1+1nQ) 
InQ 

=p:tP, 

InQ 
=p· (11·26) 

The mean value at equilibrium of any property X is obtained from 
(11·1) and (11·24): _ 1 

Xeq. =Q:tx,efJB,, (11·27) 

In pa.rticula.r, the mean internal energy is 

- 1 Ueq.=Q:EE1ePBf, 

and this equation may aJso be written in the form 

Veq. == e~ Q) v. oomp.' 

t A second differentiation of (11•23) gives 

a•A' = _! (.!..+..!..). 
8Pf p P, PI 

(11·28) 

(11·29) 

As shown in the lines following equation (11·9) p must normally be a negative 
quantity. Therefore A' is a minimum at equilibrium and not a maximum. 
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as may be confirmed by differentiation of the defining equation 

Q=:l:ePEi, (11·30) 

In (11·29) the subscripts denote constant volume and composition, 
as otherwise the E, are not constant. 

Finally, the value of 8' at equilibrium is obtained from (11·18), 
(11·26) and (11·29): 

8~q. =kfJ(A~q. -UeqJ 

=klnQ-kfl(olnQ) 
ap v,oomp. 

(11·31) 

11•11. Comparison of statistical analo~ues with thermo
dynamic functions 

In the last section we defined 8' and A' by means of the relations 

8'= -kl:P,InP,, (11·32) 

- 8' 
A'=U+k/1' (11·33) 

where k is a positive constant. Both 8' and A' are clearly functions 
of state, being determined by the P, and theE,. Also it has been shown 
that 8' is at a maximum in a system of constant energy and volume 
and A' is at a minimum in a system of constant volume in a heat 
bath, whenever there is equilibrium. The same properties apply to 
the thermodynamic quantities, entropy and Helmholtz free energy 
respectively. Now the latter quantities are related by the equation 

A=U-T8. 

The~fore, if we identify 8 with 8' and A with A', we must have 

1 
kp= -T. (11·34) 

That this is not unsatisfactory may be seen by returning to the 
discussion following equation (11·9). It was shown that fJ is normally 
a negative quantity and also that it has the same value for any two 
bodies which are in equilibrium in a heat bath. The statistical quantity 
fJ is therefore a function of the thermodynamic temperature. Equa
tion (11·34) is clearly consistent with everything that has been 
established so far. 

A more complete identification of the statistical with the thermo
dynamic quantities can be carried out if we make use of a result from 
wave mechanics, namely, that the energies E, depend only on the 
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volume and other geometrical parameters of the system. t That is to 
say, the E 1 depend on those variables which measure work, as distinct 
from heat. 

Consider the differentiation of equation {11·19), fJ ='t.P1E1, giving 

dU =I:EidP,+I:P1dE1• {11·35) 

The first term on the right-hand side represents change due to the P1 

when the E1 are constant. This term therefore represents a change in 
the system due to a change in the relative frequency with which 
various quantum states are occupied, but it implies no change in these 
quantum states themselves and therefore no volume change of the 
system. This term is clearly a change in the energy of the system in 
the absence of any performance of work and therefore it must be 
identified as heat. The absorption of heat by a system is interpreted 
as a shift in the relative occupation frequency towards quantum 
states of higher energy, the nature of the quantum states remaining 
unchanged. Also, since dU =dq+dw, the second term on the right
hand side of (11·35) must be identified as the work done on the 
system. The quantum interpretation of work is a change in the E,, 
whilst the relative distribution over the quantum states, as measured 
by the P's, remains unchanged. 

For the present purposes we therefore have 

dq=I:Et~· {11·36) 

Consider now the quantity 8' defined by 

8' = -ki:PtlnPt. 
Differentiating, we obtain 

dB'= -ki:{ln~+l)~. 

Now whenever there is a state of equilibrium with a heat bath, the 
P1 are given by 

Substituting this in the previous equation we obtain for the change of 

8' at equilibrium dS~q.= -ki:{,BE,-lnQ+l)dPi 

= -k,8I:E1~, {11·37) 

since I:dPi=O. Therefore between equations {11·36) and (11·37) 

dS~q.= -k,Bdq. (11·38) 

Now 8' is a function of state because of the way in which it has been 
defined. The result of equation (11·38) is therefore to !!Jhow that if 

t See footnote t on p. 348. A proof of the statement for the special case o£ 
a perfeot gas will be given in the next ohapter. 
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dq is multiplied by - kp it becomes equal to the differential of a 
function of state. On the other hand, in pure thermodynamics, it is 
shown that the only way in which dq can be converted into the 
differential of a function of state is by multiplying by 1/T, where 
T is the thermodynamic temperature. Therefore we can make the 
identification 1 

-kP=-p· 

Combining this with (11·38) we obtain 

, dq 
dSeq.= T. 

(11·39) 

(11·40) 

We thus conclude that S' satisfies all the requirements of the thermo
dynamic entropy. Of course the latter is only defined as a change of 
entropy, and therefore any statistical analogue which purports to 
give the absolute value of entropy, as in the case of 8', is satisfactory 
provided that its differential obeys (11·40}. 

Using (11·39} we can now replace p by -1/kT in the important 
equations (11·12} and (11·13) and·(ll·26}-(11·31}. We shall also delete 
the primes, etc., and adopt the normal thermodynamic notation. 
The resulting equations are 

Q = :E e-BtfA7'' 

P,=e-BtfATJQ, 

A= -kTlnQ, 

U=kT2(alnQ) • 
aT Y,comp. 

B=klnQ+kP(a:;,Q) • 
Y,comp. 

(11·41} 

(11·42} 

(11·43} 

(11·44} 

(11·45) 

The equilibrium pressure of the system is given by the thermo-

dynamic relation P = _ (a A) • 
av 7',oomp. 

(ainQ) p=kT av . 
7',comp. 

and is therefore (11·46} 

The other thermodynamic functions G, H, etc., can all be obtained 
by linear combination of those above. Values of the heat capacities 
and expansion and compressibility coefficients may also be obtained 
by appropriate differentiation. Therefore all ~;>f the thermodynamic 
properties of a system of fixed composition may be calculated if it is 
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possible to evaluate Q and to know its dependence on volume and 
temperature. t 

This quantity Q, a.s given by (11·41), is a. sum over all quantum 

states Q= I: e-Bu"T. (11 '47) 
states 

Let the number of states of energy E0 be denoted 0 11, etc. 0 1 is the 
'degeneracy' of the energy state E1• Therefore in (11·47) each term 
of the type e-Bj/"T repeats itself n, times. The partition function can 
therefore be expressed in the alternative form 

Q= I; Q1e-Bu"T, (11·48) 
levels 

where the summation is over the distinct energy states only. 
Similarly, the probability P~ of the occurrence of a particular energy 
state at equilibrium is given by 

P;=01P1 

= fi,e-BuiiTfQ, (11·49) 

since there are 0 1 quantum states comprised within the given energy 
state. Finally, it remains to be proved in the next chapter that 

k=R/L (11·50) 

where R is the gas constant per mole and L is the Avogadro 
number. 

11•12. Thermal and configurational entropy 

The quantity Q a.s previously defined (§ 11·6) is the number of 
accessible quantum states of a system. Therefore Q ha.s a clear meaning 
only in the ca.se of a system of fixed energy. Now for such a system it 
wa.s shown in § 11·10 that the two entropy analogues 

8' = - k:EP1ln P1, 

S"=klnO, 

are identical (because all of the P's are equal and have the value 1/0). 
Consider now a system which is able to exchange energy with neigh
bouring systems. On account of the fluctuations the energy of the 
system in question is no longer definite and neither is n. On the 
other hand, in any macroscopic system the fluctuations are very 
minute, and for almost all of the time the system remains very close 

t As noted previously Q is called the partition Junction at fixed temperature 
and volume and it refers to a macroscopic system. It is not to be confused with 
the molecular partition function which is discuBBed in the next chapter. In 
some text-books the symbol Z is used in place of Q. 
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to its mean energy U. It can thus be shown that 8' a.nd 8" are entirely 
equivalent for such a. system, although no longer quite identical. 
(See the second appendix to this chapter.) 

Of the two formulae above the second has probably the greater 
intuitive significance, and it was for this reason that it was originally 
introduced in § 1·17. On the other hand, even if we consider systems 
of fixed energy rather than of fixed temperature, the value of n is 
usually quite unknown. The advantage of the formulation 

8' = -kl:P1lnP1 

is that the P's can be obtained in terms of the partition function and 
the latter can often be evaluated completely. From this point of view 
the Helmholtz free energy, which is given by equation (11·43), is 
more directly calculated from statistical mechanics than the entropy 
itself. 

There are, however, certain situations where it is possible to 
calculate the ratio of n, as between two states, and therefore the 
corresponding entropy change. This occurs when the system can 
exist in a. number of geometrical configurations each having the same 
energy levels. In such instances the use of the expression 

81-81 =kln01/01 

can be very helpful. Applications occur mainly in connexion with the 
solid state, adsorption and the quasi-crystalline model of liquids. 

Suppose, for example, that there are two distinguishable types of 
molecules, A and B, .distributed over lattice sites. Such a. system was 
discussed in § 1·17: Each geometrical arrangement which is physically 
distinct from all other arrangements gives rise to a. fresh quantum 
state of the system. In addition to this there is the randomness of the 
energy distribution. The molecules can vibrate about their mean 
situations on the lattice with varying amounts of quantized energy, 
and there are also the vibrations within the molecules and states of 
electronic excitation, etc. All of these forms of kinetic energy may be 
called the thermal energy of the system, i.e. that part of U which is 
not potential energy on the molecular scale. Each alternative dis
tribution of the thermal energy, for a given geometrical distribution 
of molecules on the lattice, clearly gives rise to a new quantum state. 
We can thus speak of a configuratioMJ, randomness, as pertaining to 
the number of distinguishable arrangements of molecules on the 
lattice, and a. thermal randomness as pertaining to the energy dis
tribution. Changes in the former are often much more easily cal
culated than changes in the latter. However, in certain problems it 
may occur that the energy levels are the sa.~e for each of the geo
metrical states. In such . instances the thermal randomness will not 
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be affected by changes in the configurational randomness, and this 
makes it possible to calculate the entropy of mixing by quite simple 
methods. 

For example, in § 1·17 we discussed the mixing of four A atoms with 
four B atoms on eight lattice sites. The number of configurational 
states is 8! 

ncon1lg. = 4!4! =70. 

Consider the system as having a constant amount of thermal energy, 
and let it be supposed that each of the seventy arrangements has the 
same number of quantum states which arise from the quantized 
vibration of the atoms and are accessible for the fixed amount of 
thermal energy. Let this number be nth.· Thus the first geometrical 
arrangement has nth. accessible quantum states, the second has also 
nth. quantum states and so on. Therefore the total number of accessible 
quantum states is 70 X nth.· It follows that the entropy of mixing 
when the system passes adiabatically from a first state, in which it is 
known that all the A atoms are to the left of a certain plane and all 
the B atoms to the right of this plane, into a second state in which the 
system may be in any of the seventy configurations, is given by 

dS=kln 70 x ntb.=kln 70. 
1 x nth. 

It is evident that this simple result would not have been obtained 
if nth. were not the same for each of the configurations. However, 
whenever this condition is satisfied we can write 

It is useful also to define 

Boon1lg. =kIn noon1lg.• 

stb. =kIn~-· 
and therefore the total entropy is given by 

B=klnn 

=kIn noon1lg. +kIn nth. 

=Boon1lg, +8th.• 

An application of the equation 

Sa-81 =kin noonflg. I, 
noon1lg.l 

(11·51) 

(11·52) 

(11·53) 

(11·54) 

(11·55) 

which may be used under the above conditions, has already been 
given in § 8·1, where it was used to derive the laws of ideal solutions. 
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For this purpose it was assumed that the molecules are located on a 
quasi-crystalline lattice and can be moved about on this lattice 
without af!ecti'YIIJ the spaci'YIIJ of the energy levela of the system. This will 
be discussed again in Chapter 14 in connexion with' regular solutions', 
and the equations above will aJso be applied to the problem of 
adsorption. 

11·13. Appendix 1. Origin of the canonical distribution 

In this section we shall seek to derive equation (11·13) without the 
need for any extension to our basic postulate. The discussion will a.1so give 
some a.dditiona,J insight into the nature of therma.l equilibrium. 

Consider a. body in a. very large heat bath. Let the energy and quantum 
states of the body be denoted by Roman letters and those of the heat bath 
by Greek letters. Let the energy of the total system, body plus heat bath, 
beE and let n be the number of quantum states of the total system which 
are accessible when the energy is fixed at this value. Because of our basic 
postulate, the probability P1K that the body is in a. quantum state i and 
the bath is simultaneously in the quantum state /C is 

P,K= lf0, (lloli6) 

as discussed in§ 11·9. Now if the body is in a quantum state i, whose 
energy is E 1, the quantum state /C of the bath may be any one of those 
quantum states which all have the same energy eK given by 

eK=E-E1• (11·57) 

Let nK be the number Of SUCh quantum States Of the bath, i.e. nK is the 
degeneracy of the bath level eK. Then the probability that the body is 
in the quantum state i independently of the partioula.r quantum state 
Of the bath is Obtained by multiplying (11•56) by nK: 

(11·58) 

For convenience the heat bath will bt1 considered as being a. very large 
amount of a monatomic gas. For such a substance the number nK of 
quantum states which are comprised within the energy state eK is known. 
It will be shown in the next chapter (equation ( 12·93)) that this number is 

nK=~. (11·59) 

where cz depends on the volume of the gas and p is equal to I times the 
number of atoms in the gas. This equation is based on wave mechanics 
and is quite independent of our statistical postulate. For the present 
purpose the essential point is this: for the case of a macroscopic heat 
bath, where p is of the order of 1088 or more, nK varies rJB an e:m-emely 
high power of eK. (The same is true of substances which are not perfect 
gases but for such substances equation ( 11·59) is no longer exact. It may 
be remarked that the choice of a monatomic gas for our heat bath, in 
order conveniently to use the above equation. does not affect the be
haviour of the body which is immersed in this bath.) 
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Let (}and e be the mean energies of the body and the bath respectively 
when they are in contact. Thus 

e+ tJ=E, (11·60) 

and combining this with (1H57) 

eiL'=e+tJ-E, 

=e(1+ O'~E')· (11·61) 

Using equations (11·58), (11·59) and (11·61) we obtain 

ex_ ( fJ -E1)P P,=nel' 1+~ . (11·62) 

Now almost all energy states E, of the body whose probabilities are at 
all appreciable lie very close to (}, the mean energy. This is because of the 
smallness of the energy fluctuations (see also below). Also the body has 
a much smaller mean energy than the heat bath, which is taken as being 
relatively large in heat capacity. That is to say 

'(] -E, 
-_-.C1, (11·63) 

6 

and therefore equation (11·62) can be closely approximated by the 
exponential form 

(11·64) 

Now if the body is at equilibrium with the heat bath, the number n 
of quantum states of the combined system has reached a maximum value 
and is constant. The last equation can therefore be written 

P, =constant x e-/Ufli. (11·65) 

It will be shown below that pfi is equivalent to - fJ, as introduced in 
equation (11-10) and (11-13). The equation (11·65) is therefore the same 
as these equations, and the apparent extension in the scope of the basic 
postulate which was used in § 11•9 was not actua.lly needed. 

Since pfi is obviously a positive quantity it follows from (11·65) that 
the probability P, of a quantum .tate of the body decreases exponentially 
with increase in the energy of this state, for fixed mean energy of the heat 
bath. On the other hand, the probability of an energy state of the body has 
an exceedingly sharp maximum at a particular value of E. This pro
bability, denoted ~. is obtained by multiplying P, by U,, the number of 
quantum states of the body whose energy is E1: 

(11·66) 

In this equation there are two opposing effects: (a). P, tUcrBMU ex· 
ponentially with increase in E 1, and this is due essentially to the rapid 
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increase of n" with e" for the heat bath, as shown above; (b) on the other 
hand, n, for the body, like the bath, also increaBea rapidly with E,. 
Because of these opposing effects P~ passes through a very sharp 
maximum. 

This important conclusion is equivalent to saying that the body spends 
almost all of its time in energy states very close to its mean energy. 
This result may be proved in more detail if we assume a relation connecting 
0 1 and E 1 similar to equation (11·59): 

n,=AEr. (11-67) 

where m depends on the number of particles in the body. This relation is 
strictly accurate only if the body is a perfect gas, but for the present 
purposes is sufficiently accurate as applied to other states of aggregation 
as well. Combining equations (11·65), (11·66) and (11·67) 

(11·68) 

Treating P; and E, as continuous variables, we obtain by differentiation, 

aP; -(m "') -=constant Er;' x e-pllus --- • aE, E, e (11-69) 

Therefore P; has its maximum value at a particular energy E• given by 

(11·70) 

Wld this energy state is the one which is by far the most frequently 
occupied out of the whole range E 0, E 1, ••• , E1, .... 

The extreme sharpness of the maximum may be shown as follows. 
From equation (11·68) the ratio of the probability P~ that the system is 
in the energy state E• to the probability F; that it is in any other 
energy state E 1 is given by 

P'. E"' e-pllu'i 
_!=_!___ (11·71) 
P'• E; e-plloi'il • 

Putting E, = E•( 1 + 8), this becomes 

P' -f = ( 1 + 8)"' e-JI!••li 
p• 

=(1+8)"'e-8m, (11·72) 

on account of equation (11·70). Taking logarithms and expanding we 
obtain p' 

In~ =m(8-l81 + ... )-8m 

= -lmcf•, (11-73) 

for small values of 8. For example, if we choose m equal to 10", corre
sponding to about a mole of material, and 8 equal to 10-• we obtain 

p;- -1011 

P'.. -e ' 
• 

(11·74) 
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which is exceedingly minute. The chance that a system containing about 
a mole of material, when placed in a. thermostat, should have a momentary 
energy differing from its most p:roba.ble value by as little as one part in 
a. million, is thus entirely negligible. This confirms what has been said 
previously about the sma.llneBB of the energy fluctuations. 

For the same reason E. is practically the same as U, the mean energy 
of the body. Equation (11·70) can thus be inverted and written 

fJ 6 ---. (11-75) 
m p 

This equation shows that a.t equilibrium there is an equality between the 
quantity U/m, which is a characteristic of the body, and the quantity 
6/p which is a. characteristic of the heat bath. Either of these quantities 
is therefore a. function of the thermodynamic variable T. In fact, the 
comparison of (11·65) and (11•10) shows that 6/p is the same as -1/P, 
which was identified in equation (11·39) with ItT. Thus 

6 1 
--=--=ItT. (11·76) 
p p 

In the special case of a monatomic gas it will be shown in the next 
chapter that pis J times the number of atoms. It follows from (11·76) 
that the mean energy per atom is JilT, a. well-known result. 

11·14. Appendix 2. Entropy analogues 

There are several statistical analogues, S', S", etc., of the entropy, all 
of which have the required thermodynamic properties. Such functions 
are not always algebraically identical but are numerically identical to 
a. very high degree of accuracy. One of the difficulties in studying statis
tical mechanics is to recognize that the various analogues, although they 
may appear to be quite different in form, are actually equivalent when 
they are worked out numerically. This arises for several reasons: 

(1) The entropy is related to the logarithm of the statistical quantities 
P1, 0, etc. Now the product xy is certainly not the same as x, but the 
value of ln xy is almost the same as ln x, whenever x > y. 

(2) According to Stirling's theorem the following relation is a. very 
good approximation, at large values of x, but is not an identity 

lnx!=xlnx-x. (11·77) 

(3) Because of the smallneBB of the energy fluctuations of a. macro
scopic body in a. thermostat, its thermodynamic behaviour is the same as 
if it were an isolated system having a. constant energy equal to its mean 
energy fJ in the thermostat. 

(4) For the same reason it may occur that only one term in a summa
tion is significant. Thus, as shown in the last section, a body in a thermo
stat behaves as if it spends all of its time in the 'most probable state'. 
This is equivalent to neglecting terms corresponding t.o all other states 
in a. summation over such states. 
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PROBLEM 
I. (a) The Helmholtz free energy A of a system is known as a function 

of temperature and volume. Obtain expressions for 8, P, U, H, 0.,, a., 
at (expansivity coefficient) and K (compressibility coeftl.cient) in terms 
of A, T and V. 

(b) Show that if A is known as a. function of temperature and pressure, 
it is not possible to calcula.te the volume V. 

[C.U.C.E. Tripos, 1951] 



CHAPTER 12 

PARTITION FUNCTION OF 
A PERFECT GAS 
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12·1. Distinguishable states of a gas and the molecular parti
tion function 

In the last chapter it was shown that the thermodynamic properties 
of a system may be calculated from a knowledge of its partition 
function. The latter is defined by equations (11·47) or (11·48): 

Q= ~ e-Ej/kT 
states 

= 1: Qi e-EjlkT, 
levels 

(12·1) 

(12·2) 

where the E1 are the quantized energy states of the whole macroscopic 
system. In the present chapter we shall discuss perfect gases, and it 
will be shown how ( 12·1) may be expressed in terms of a function of 
the individual molecules-the molecular partition function-and 
how this may be evaluated from SchrOdinger's equation. 

Let it be supposed, to start with, that there are just two molecules 
in the given volume V and also that the8e molecules are different in 
kind. I.et e0 , e10 etc., be the quantized energy states of the first kind 
of molecule, as obtained by solving the Schrodinger equation for this 
molecule when it is alone in the given volume. Similarly, let e~, e~, 
etc., be the energy states of the other molecule. Because the mole
cules of a gas do not appreciably interact, the energy of the system 
when both molecules are present in the volume V is the sum of the 
energies of the individual molecules when each is present on its own. 
If the quantum states of the molecules are not degenerate, then 
(12·1) may he writtent 

Q = eP!eo+•~ + eP!•o+eil + eP<eo+•ll + .•. 

+ eP!•l+s~ + aP<el +ell+ eP!el+•ll + ... 

+ ... , etc. (12·3) 

However, in general, each level e1 of the first type of molecule will be 
w1-fold degenerate, i.e. the e1 level comprises w1 different quantum 
states (see§ 12·2 below). Similarly, let w; be the degeneracy ofthejth 
level of the other molecule. When the first type of molecule has the 

t For convenience -1/kT is replaced by the symbol p, as used in the 
previous chapter. 
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energy e1 and the second has the energy e;, there are therefore (t),(t); 
quantum states of the combined system each of energy e1+e;. It 
follows that the term eP<•tHI> occurs (t),(t); times in the summation 
for Q. Thus, in general, (12·3) must be replaced by 

Q = (1)0 (t)~ eJII•oH~ + (1)0 Ccl~ eP<•oH1> + ... + (1)1 (t)~ eP<•1HOl + ••. 
=Cclo eP•o (:Ew~eP••) +(1)1 eP•1 (:E(t)~eP·~) + ... 
=(:E(t)1eP8i) (:E&J~eP••), (12·4) 

where the summations are over the different energy states of the 
molecules. 

In the case where there are not two but N molecules, a.ll different 
in kind, in the volume V, it will be seen that the partition: function 
again factorizes into a. product of N terms. This property offactoriza. 
tion occurs whenever the energies are additive, due to the independence 
of the molecules, and is a consequence also of the exptmentialstructure 
of the partition function: 

However, what we are actually interested in is the partition func
tion of a. gas all of whose molecules are the same. The above discussion 
has been included only for the sake of clarifying what follows. Now it 
is to be remembered that Q is a. summation over quantum states which 
are independent, i.e. which are distinct from each other. On the other 
hand, if the two molecules in the vessel are identical, so that e0 =e~, 
etc., then the quantum state of the system in which the one molecule 
ha.S the energy e1 and the other has the energy e1, is in no way dis
tinguishable from the state in which the first molecule has the energy 
e1 and the other the energy e1• In fact these two 'states' are not two 
at all, but only one. This arises from the fact that the particles are 
identical and because they are both free to move throughout the 
whole of the common volume V. 

Returning to equations (12·3) or (12·4) it will now be seen that these 
equations are not applicable as they stand to a system containing 
two molecules of the same kind. Thus almost all of the terms in these 
equations occur twice too often. For example, the term eP<•o+•1> is 
the same as the term eP<•1+•0I, and only one of these should be included. 
These considerations apply to every term in the matrix except those 
along the diagonal, e.g. eP<•o+•O>, eP<•1+•I.I, etc. In brief, every term for 
which i=t=j occurs twice too often. Now there are obviously an enor
mously larger number of terms of this type than those for which i = j, 
i.e. those along the diagonal. There will perhaps be a negligible error if 
we divide all of the terms in the summation by 2, and not merely those 
for which i =t= j, in order to allow for the identity of the two molecules. 
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Before proceeding we must consider rather more carefully whether 

the simplification which has just been proposed is a valid one. Now 
our purpose is to evaluate Q which is a summation over all of the 
possible quantum states of the system right up to virtually infinite 
energies. It is thereforu entirely correct that the number of terms in 
the summation for which i=t=j enormously exceeds-really infinitely 
exceeds-the number for which i=j. However, in evaluating Q we 
are also concerned with the magnitude of the terms. Each term is of 
the form 

and therefore the higher is the energy of the particular quantum 
state the smaller is its numerical contribution to the partition 
function. Beyond a certain point in the series of terms, additional 
terms make an almost negligible contribution to Q, and this will 
clearly occur at a lower total energy, e1 +e;, the lower is the tern. 
perature T. Suppose, for example, that only the terms containing e0 

and e1 are significant in equations (12·3) and (12·4). In this case it is 
evident that there will be appreciable error in dividing all of these 
terms by 2, in order to eliminate indistinguishable states, as we have 
proposed above. However it can be shown by numerical evaluation 
of the translational energies of a molecule in a container that this 
kind of situation only arises at exceedingly low temperatures, of the 
order of 1° K. Under almost all conditions which are met with in 
practice the procedure of dividing a.ll of the terms in equations (12·3) 
or (12·4) by two leads to an entirely negligible error. Thus in place of 
(12·4) we obtain Q=!(~w,ePs;)2 (12·5) 

as the partition function of a system containing two identical 
molecules. 

Consider now the case where there are three molecules of the same 
kind in the enclosure. If, at any moment, .these three molecules are 
in the energy states e1, e1 and ek respectively, then the total energy 
of the system is 

Let it be supposed that the three molecules are actually distinguish
able. Then the above energy state of the system could arise in 3! 
different ways. Thus the e, level could be filled in three ways, by 
choosing between the three molecules, and each of these could be 
combined with the two alternative ways of filling the e1 level from 
amongst the two remaining molecules. Because the molecules are 
actually identical it is evident therefore that in the summation for 
Q all terms for which i =t= j =t= k occur 3! times too often. Using the same 
argument as previously, there will be no significant error if we divide 
all terms in Q by 3!. in order to avoid including terms which are not 
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independent. We thus obt&in as the partition function for a perfect 
gas system cont&ining three molecules of the same kind 

1 
Q= 31 (EwiePei)a, (12·6) 

and in general for N molecules of the same kind 

1 
Q= Nl ('1:-wie-tJ"T)N. .. (12·7) 

In this expression fJ has been replaced by -1/ kT, and the summation 
is over the molecular energy levels e0, e1, etc., whose degeneracies are 
w0, w1, etc. 

The whole basis of the simplification is that there are always far 
more quantum states per molecule, of energies such that e-et/112' is not 
insignificant, than there are molecules in the vessel. t It follows that 
almost all the terms whick make appreciable contribution to Q correspond 
to every molecule being in a different quantum or energy state. When this 
condition is satisfied, the kind of molecular statistics which are 
obtained, as given in the present chapter, are known as MaxweU
Boltzmann. When it is not satisfied, the procedure for evaluating Q is 
more difficult but leads to the two kinds of molecular statistics known 
as Bose-Einstein and Fermi-Dirac respectively. (The latter includes 
the application of the Pauli exclusion principle a.nd the former does 
not.) However, the Maxwell-Boltzmann statistics are satisfied by 
a.ll molecular gases at all temperatures and pressures at which they 
are effectively perfect, i.e. a.t which these gases consist of essentially 
independent molecules, which is one of the necessary assumptions 
of the present chapter. The only types of perfect 'gas' to which the 
formulae of the present chapter ma.y not be applied are radiation 
and the free electrons in metals. 

Equation (12·7) may be rewritten 
1 

Q= N!fN, (12·8) 

where f= '1:-wi e-ei/kT, (12·9) 

which is called the molecular partition function. 
In the case of a. mixture of two gases, consisting of N1 molecules 

of type 1 a.ndN11 moleculesoftype2, itisrea.dilyseen tha.tthepartition 
function for the whole system is 

_ 1 N, No 
Q-N IN, ,!1 fs • 

1· I• 
(12·10) 

where / 1 a.nd/1 a.re the molecular partition functions for the two types 
of molecules. 

t See Problem 1 at the end of the chapter. 
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12·2. Scbr&linger's equation 

The discussion so far has been almost entirely statistical and has 
been based on the postulate concerning the equal probability o:f 
quantum states of equal energy. The quantum aspects must now be 
considered in more detail, and in particular we shall determine the 
value of thew, and e, which appear in equation (12·9).t This informa
tion makes it possible to calculate f and Q and therefore the thermo
dynamic functions of the gas. For this purpose it is necessary to 
introduce an extra. postulate-SchrOdinger's equation. 

As is well known, it is not possible to make a direct application of 
Newtonian mechanics to phenomena which are on a very fine scale. 
This shows itself in the first place in a certain ambiguity in the con
ventional mental images of the particle and the wave. It would have 
been obliging on the part of nature if it were possible to attribute to 
the smallest pieces of matter (electrons and protons) the same 
Newtonian properties-in particular, definite positions and velocities 
-as are normally associated with the notion of a particle. Experi
ment shows, however, that these minute objects do not have such 
clear-cut properties. To be sure, in certain kinds of experiment they 
behave in the compact manner of a particle, but in other types of 
experiment, such as electron and proton diffraction, they seem to 
have the extended character of a wave. 

In a closely analogous manner radiation is found to have both a 
particle and a wave aspect, the former being shown, for example, in 
the photoelectric effect. In short, the things of the senses, matter and 
radiation, do not correspond in a simple one-to-one relationship 
with the mental images of the particle and wave respectively. 

For our present purposes we shall take as our additional postulate 
the supposition that the mechanical behaviour of matter on the 
atomic scale is in accordance with the Schrodinger wave equation. 
Its numerical solution, for appropriate conditions, expresses the 
observable properties without contravening the principle that it is 
impossible to make an exact and simultaneous specification of 
position and velocities. It may be remarked that it is because of this 
principle of uncertainty that wave mechanics seek to describe the 
state of a system by means of the function ifr, whose purpose is to 
describe probabilities and not certainties. 

Consider a system containing n fundamental particles, of masses 
fnt, m2, ... , m,, some or all of which may be present as atoms or 
molecules. The system would be described classically by assigning 

t The chapter will actually be concerned mainly with translational states 
and not with vibration or rotation. 
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values to the Cartesian co-ordinates X;, y;, z;, of the various particles, 
together with corresponding values of the momenta. 

Wave mechanicaJly, the system is described by means of a wave 
function Y,, which has the following property: the probability that 
the various particles have their co-ordinates in the range x1 to 
~ + dx1, •.. , z,. to z,. + dz,., is given byt 

'l/r11 dxl dyl··· dz,.. (12·ll) 

Y,11 is thus a probability density. 
We shall be interested in systems of the above type which are in 

a time-independent state and where the particles move in a field of 
force which can be described by a potential energy V which is a func
tion of the co-ordinates x1, Yu ... , z,.. For such systems we shall now 
take as our postulate that Y, may be obtained by solving the equation 

1 (a•t a"t a¥) s11• 
~- <il+ ~ .• +-8• =- h" (E- V>t. (12·12) 

i m; dX; va; Z; 

together with any boundary conditions which are appropriate to the 
particular problem. The summation in (12·12) is over all the particles. 
his Planck's constant and E is the total energy. It is an ordinary 
differential equation, and complications arise only on account of the 
large number of co-ordinates. Similar equations are used in classical 
wave theory and Y, may therefore be regarded as being the amplitude 
of a probability wave. However, it is not a wave in physical space 
because the equation is concerned with 3n dimensions. 

The essential requirement of Y,, if it is to fulfil its wave-mechanical 
purpose, is that it shall describe a probability, in accordance with 
equation (12·11). For this purpose it must be Bingle-valued, continuous 
and finite throughout the range of the co-ordinates. For example, if 
it is known that aJl of the particles are contained within a certain 
range of the co-ordinates (e.g. if they are in a box), then Y,2 must have 
the above properties within this range but must be zero at all points 
outside it. Otherwise y,a does not have the required properties as 
a probability density. 

In brief, not aJl possible solutions of the differential equation 
(12·12) necessarily lead to values of '1/r which correspond to physical 
reality; it may occur that significant soluticms are obtained only for 
particular values E0 , Eu etc., of the energy.! These are called eigenvalues 

· t If 1/r is complex, the product of 1/r and ita conjugate 1/r* is to be used in 
place of l/r1• 

t It should be noted that discrete energy states occur in most problems, but 
not all. For example the translational energies of a particle not confined in 
a container are not quantized. Quantization arises from the requirement that 
1/r shall be single-valued, etc., together with the boundary conditions of the 
particular problem. 
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and the corresponding values of 1/r are lfr0 , lfr1, etc., and are called 
eigewolutiow. t 

Each eigensolution specifies a possible quantum state of the 
system, and their successive numbering gives rise to a quantum 
number. Instead of numbering the quantum states, an alternative 
procedure is to number the energy levels (eigenvalues) successively. 
If it occurs that there are nt different quantum states of the system, 
all of which correspond to the same energy E;, this level is said to be 
0;-fold degenerate. This is the same notation as was used in equations 
(12·1) and (12·2). For molecules, on the other hand, the symbols 
f; and w; are used in place of Et and nt respectively. 

12·3. Separability of the wave equation 

The quantum states of samples of solids, liquids or gases, of which 
we have spoken in the statistical discussion, are obtained in principle 
by solving equation (12·12). However, the equation can only be 
solved in actuality under especially simple conditions, particularly 
where there are separable energy states. The particular significance of 
separability-and this applies whether we carry out the separation 
as between different particles (as in the case of a perfect gas) or as 
between the different kinds of energy (translational, rot.ational, etc.) 
of any single molecule-is that it allows equation (12·12) to be broken 
down into a number of simpler differential equations, each containing 
a smaller number of variables. 

In order to illustrate this point consider the form of equation 
(12·12) when it contains only two independent variables x and y. 
We shall set about the problem of separating this equation into two 
others, one containing x only and the other containing y only. For 
simplicity it will be supposed that the physical situation corresponds 
to one of constant potential energy, i.e. V is not a function of x or y 

t The student should not be put off by the seemingly abstract notion of 
eigenvalues and eigensolutions. As an example of their occurrence in ordinary 
algebraic problems Margenau and Murphy (The Mathematics of Phyll'ics and 
Chemistry (New York, Van Nostrand, 1943), §8·1) quote the pair of simul
taneous equations 

(1-E) x+2y=0, 

2:1:+(1-E) y=O. 

Solution of these equations (other than the trivial solution x=O, y=O) can be 
obtained only when E has the values 3 or - 1. For any other values of E the 
equations are inconsistent and thus the two equations could not refer simul
taneously to the same physical problem involving the variables x and y. 
The eigenvalue E=3 has as its solution, or 'eigenfunction', x=y and the 
eigenvalue E= -1 has as its eigenfunction x= -y. 
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and ca.n be taken a.s zero by appropriate choice of the basis for 
computing energies. Equation (12·12) therefore reads 

82!fr 82!fr 81T2m 
ox2 + 8y2 = -112 E!fr. (12·13) 

This would be the wave equation of a particle of mass m which moves 
only in an x-y plane of constant potential energy. ~4Jternatively, it 
could refer to a system of two particles, of equal mass, one confined 
to motion along the x axis and the other to motion along the y axis. 

Let it be assumed, for purposes of trial, that an eigenfunction !fr, 
corresponding to a permitted value of E, may be expressed as a 
product of a function !fr z which depends only on x a.nd a function 
!fr v which depends only on y: 

!fr=ifrzVrv· (12•14) 

The correctness of this assumption depends on whether (12·14) 
satisfies (12·13), and this remains to be seen. From (12·14) we obtain 

Adding these equations 

fJ2!fr d 2lfr.. 'I 
ox2 =tv dz2, 

(j2ifr - I d 2lfr !I J. 
oy2 -Vz dy2 . 

(J21fr 82!fr d 2!fr fJll d 2!fr 'II 
8x2 + oy2 = !fr 11 dx2 + !fr fJll dy1 • 

(12·15) 

(12·16) 

Comparing this with (12·13) it is evident that (12·14) will meet all 
requirements provided that we can satisfy the relationship 

d 21/r fJll d2!fr 'II 81T2m 
Vrv dx2 +!frz dy2 = -----,;z-E!fr. 

Dividing through by !fr = !fr z !fr v we must therefore be able to satisfy 

I d2!frz I d2!fr11 _ 8112m E 
!fr fJll dzll + !fr 'II dy2 - - --,z . (12·17) 

What does this condition imply1 Now E, which is a particular eigen
value, is a constant of the motion and does not vary with x or y. 
Therefore each of the left-hand terms in the equation must be 
separately constant. (The first term is a function only of x a.nd is thus 
not. affected by any change in y and similarly the second term is a 
function only of y and is independent of x.) Provided that we impose 
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these conditions (12·14) is a satisfactory solution of (12·13). !frc and 
ifr., are therefore obtained by solving the equ11.tio1U1 

_!_ d2!frc=- 87Tim E {12·18) 
ifr, dx2 hi c• 

_!_ d 2!fr., = _ 81rlm E 

"'" dy9 h 8 
"' 

where E, and E., are constt~onts which satisfy 

Ec+E,=E. 

(12·19) 

(12·20) 

The original differential equation has thus been separated into two 
equations, (12·18) and (12·19), each involving only a. single indepen
dent variable. 

In brief, in the example discussed, the property of separability 
implies that the wave f"Qnction ifr can be expressed as a product of 
two wave functions ifr c and ifr 11, each dependent on only a single 
co-ordinate. It implies also that the total kinetic energy E (orE- V) 
can be expressed as the sum of kinetic energies, Ec and E 11, which are 
characteristic of motion along the x andy co-ordinates respectively. 
For example, if (12·13) refers to a single particle moving in the x, y 
plane then Ec and E., may be interpreted as the kinetic energies for 
motion along the x andy co-ordinates respectively. Alternatively, 
if (12·13) refers to two particles, one moving along x and the other 
along y, then Ec and E, refer to the individual kinetic energies of the 
two particles respectively. At any rate these are what may be called 
the 'classical ' interpretations. 

Similar considerations apply when the wave equation contains 
more than two independent variables. However, it is to be em
phasized that separability is not a. neceasary property of the wave 
equation, and it can be achieved only when the potential energy is 
constant or is a particularly simple function of the co-ordinates. In 
the present connexion three important types of separability are as 
follows: 

(a) The wave equation for a macroscopic quantity of a perfect gas 
can be separated into wave equations characteristic of each separate 
molecule in the same volume. This follows immediately as a general
ization from the discussion above, together with the fact that in a 
perfect gas the potential energy of interaction betw.een the molecules 
is zero. This result has already been tacitly assumed in§ 12·1, where 
the total energy ofthe gas was taken as being the sum of the energies 
of the individual molecules. A similar assumption is not true of liquids 
or solids because the molecules are not independent. 
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(b) The wave equation for each individual molecule of a gas can be 
separated into a part characteristic of its translational motion and 
a part characteristic of its internal motion. This is because the poten
tial energy for the internal states does not depend on the position of 
the molecule in space. It follows that any molecular energy e,, such 
as appears in equation (12·7), may be taken as the sum of a transla
tional part and an internal part. Thus 

(12·21) 

where e~· is the jth level of translational energy and 4nt. is the kth 
level of internal energy (this usage of the term internal energy is not 
to be confused with the usage in thermodynamics). 

(c) The wave equation for the internal state of the molecules may 
be further factorized, but not with quite the same degree of accuracy 
as in the two cases above. A detailed investigation, which cannot be 
given here, shows that ert. may justifiably be regarded &Iii t.he sum 
of two terms, one due to the state of electronic excitationt of the 
molecule and the other due to the combined rotational and vibrational 
motion.t At a rather poorer degree of approximation the latter may 
also be regarded as separable. From a classical point of view, the 
inaccuracy in this separation is due to the following reciprocal effect: 
the "Centrifugal force due to the rotation causes a stretching of the 
molecule, and thus affects its vibration, whilst the change of inter
nuclear distance during vibration causes a. variation in the moment 
of inertia and thus modifies the rotation. However, to the extent to 
which this approximation is valid, we can write 

efnt.=erot·+evlb.+,el80•• (12·22) 

(Subscripts to denote the particular rotational, vibrationll.l or elec
tronic quantum states have not been included.) 

In summary, separability is attained whenever there is negligible 
interaction between two or more degrees of freedom of the system. 
Under these conditions the total energy can be expressed as a sum 
of the energies which are attributable to each degree of freedom and 
the complete eigenfunction ..p can be expressed as a corresponding 
product. In the next section it will be shown that, under the same 
conditions, the partition function can also be expressed as a product 

t At normal temperatures the electronic states of moat molecules are not 
'excited'. That is to ·say the separation between the lowest electronic state 
and the one above is large compared to ItT so that only the lowest state con
tributes a significant term to the partition function and almost all molecules 
are in the lowest state. An important exception is nitric oxide. 

t In the present simplified treatment no account is taken of states internal 
to the nucleus, nor of spin variables. 
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of partition functions, one for each separable degree of freedom. 
The fact that independent eigenfunctions and partition functi,ons 
combine as product8 (and not as sums) is related, of course, to the 
fact that they both determine independent probabilities. 

12·4. Factorization of the molecular partition function 

In equation (12·8) the partition function Q was expressed as a 
product of the partition functions f, of each of the N molecules, 
together with the factor N! which allows for indistinguishability. 
As noted in the last section, the justification for this procedure is the 
separability of the wave equation in the case of a perfect gas. In 
addition, there is also the separability which is expressed by equations 
(12·21) and (12·22), and this permits a factorization off itself. Let 
w~r. and w~nt. be the degeneracies of the jth translational level and the 
kth internal level respectively. The degeneracy of the energy state 

ei = e~r. + e~t. 
is Wt=w~r.wf,.nt.. (12·23) 

This is because any of the w~r. translational quantum states, all of· 
energy 4r., may be combined with any of the w~nt. internal quantum 
states, all of energy 4nt., to give a state of a given total energy. 
Substituting the above in (12·9) we obtain 

f= I: w}r·w).nt·exp [- (e}r. +4nt.)/kT]. (12·24) 
i,k 

This ma.y be factorized in the same way as in equation (12·4). This 

gives /=/trpnt., (12·25) 

where ftr. = I:w~r. exp [- e~r. J kT], 

pnt. = ~w~nt. exp [ _ 4nt./ kT], 

(12·26) 

(12·27) 

and the summations are over the translational and internal states 
respectively. To the extent to which the further separation of equa
tion (12·22) is valid, we can proceed a step further and write 

(12·28) 

where rot., Jvlb. and rlec. are rotational, vibrational and electronic 
partition functions respectively. 

In speaking of, say, the translational and internal parts of the 
energy as being independent forms of energy, it is to be borne in mind 
that whenever we have an isolated system the total energy is constant. 
Thus any decrease in the translational energy of the molecules would 
result in ·an increase in the energy of the internal motions and vice 
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versa. For the isolated system n tends to a maximum and the 
equilibrium distribution between the translational and internal 
parts of the energy is determined by the maximum of the product 

n = ntran& oint.. 

The allocation of a fixed quantity of energy between the various 
forms of motion thus depends on the 'spreading' of this energy in 
such a way as to maximize n, due allowance being made for the 
different spacing of the quantum levels. This point was mentioned 
previously in § 1·17. 

The equilibration of the various forms of energy implies also that 
the statistical parameter T, the temperature, has the same value in 
all of the various parts, such as (12·26) and (12·27), of the total 
partition function. This follows from the same kind of argument as 
was used in§ 11·9, where it was shown that two bodies at equilibrium 
have the same value of p. To demonstrate the equality ofT or p 
between, say, translational and internal states, we should set up 
equations similar to (11·4)-(11·6), noting on the one hand that the 
probability of a chosen translational state and a chosen internal state 
is multiplicative and, on the other hand, that the energies are additive. 

It may be remarked that the equilibration between the different 
forms of energy of a system of molecules which are not undergoing 
reaction is usually attained quite rapidly due to the collisional process. 
It is only under rather exceptional conditions that the equilibration 
is not attained, for example, in flames or in the rapid adiabatic com
pressions due to sound waves. In the latter instance the vibrational 
energy does not attain equilibrium with the translational (and rota
tional) energy within the period of the wave. Under such conditions 
it may occur that the various translational states are at approximate 
equilibrium with each other and have a statistical parameter Ttr.• 
and also that the vibrational states are at equilibrium amongst 
themselves with a characteristic temperature T vib.· However, if 
there is only a relatively slow equilibration between the translational 
and vibrational states Ttr. is not equal to T vib. during the thne 
required to attain this equilibrium. 

12•5. The translational partition function 

From equation (12·25) we have 

/=Jf-r.pnt., 
and within the scope of the present chapter we sha.ll deal in detail 
only with the translational partition function. Now, as shown in 
§ 12·3, the wave function of a. gaseous molecule has the property of 
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being separable into parts which are characteristic of the trans
lational and internal motions, 

1/F = 1/Ftr.I/Fint., 

where 1/ftr. is an eigenfunction of the equation 

EJ2ifFtr. EJ2ifFtr. EJ2ifFtr. g172m tr 
EJx2 + EJy2 + 8z2 = -fi2elf! ·. (12·29) 

e is the total translational energy of the molecule, and it has been 
assumed that the potential energy is constant and zero throughout 
the containing vessel. The permissible values of e are those we require 
in order to evaluateftr. by means of equation (12·26). 

The last equation is again separable, and we obtain 

1/Ftr. =ifF"' ifF 111/f., (12·30) 

where ifF.,, ifF 11 an~ 1/f. depend only on x, y and z respectively. This 
follows in exactly the same manner as in the treatment of equation 
(12·13) where, however, the discussion was concerned with the case 
of two dimensions only. In this way we obtain the three simpler 
equations 

1 d21/f. 81T2m 
1/F. dz2 = -~e,, 

where e.,+e11 +e.=e. 
The solution to (12·31) is 

1/F.,=A sin(~ "(8me.,)+B), 

(12·31) 

(12·32) 

(12·33) 

(12·34) 

(12·35) 

where A and B are constants, as is readily verified. Similar solutions 
are obtained for (12·32) and (12·33). 

Let it be supposed that the gas is confined in a rectangular box 
whose sides have lengths a, b and c parallel to the x, y and z axes 
respectively. In accordance with the probability interpretation 
(equation 12·11), 1/f., must therefore be zero at all values of x which 
lie outside the range of length a. This is because we specify that the 
molecules are certainly inside the box. Thus ifF., is zero for all values 
of x less than zero and greater than a, and it must approach these 
zero values quite smoothly within the box, M otherwise ifF., would 
not be a continuous function and the probability interpretation 
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would become ambiguous. The application to (12·35) of the boundary 
conditions lfrz=O at x=O, x=a, gives 

B=O, (12·36) 
7Ta 
h ..j(Smez) =qz7T, 

where qz is an integer (not including zero as otherwise 1/f z would be 
zero everywhere). The last equation may be rewritten 

e = h2 (qzr. z Sm a (12·37) 

Similarly h 2 (qvr 
ev=sm b ' (12·38) 

e = h2 (~r. 
~ Sm c (12·39) 

where qv and q~ are also integers. These are the quantum numbers and 
they determine the permissible energies or eigenvalues. It will be 
noticed that the origin of these translational energy levels is the 
imposition of the boundary conditions; in the case of unconfined 
motion there is no quantization and the kinetic energy is continuous. 
Moreover, the larger are the dimensions a, b and c, the smaller is the 
separation of adjacent levels, reaching zero when the box is infinitely 
large (cf. the discussion following equation (12·7)). 

It will be noticed from (12·37) that to each possible value of the 
energy ez there is only a single choice of the quantum number qz. 
The levels ez are therefore not degenerate and the same applies also 
to ev and e •. The corresponding eigenfunctions are obtained by 
substituting (12·36) and (12·37) in (12·35): 

,f, • qz7TX 'l'z=Asm--, etc. 
a 

On the other hand, the total.translational energy is given by 

e=ez+e,+e~ 

=!:(~+~+~. 
and the complete eigenfunction for translation is 

1 sin qz1TX sinq117Ty sinq,7Tz 
ljl' =constant x b ---

a c 

(12·40) 

(12·41) 

(12·42) 

Now x, y andz are present in (12·42) but not in (12·41). It follows that 
each choice of the integers qz, etc., corresponds to a different eigen-
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function, but possibly to the Bame energy e. For example, if the box 
is such that a=b, then the choice of quantum numbers q.,=7, q11 = I, 
q,=3 will give the same energy as the choice q.,=5, q11 =5, q.=3-
Thus if a, b and c are commensurate, it will occur that many of the 
energy levels e are degenerate. 

The translational part of the molecular partition function is given 

by (12·26) /tr·=:Ewf"·exp[ -e)r·fkT], 

where the summation is over the energy levels. Alternatively, we can 
sum over the quantum states 

/tr.= ~ exp[ -4r·fkT], 
states 

and substituting from (12·41) 

ftr.= L exp[-_!!:__(~+~+~~J. q,q,,q, SmkT a b c2) 
(12·43) 

This may be factorized Jtr.=JJ11f1 , (12·44) 

( hlq= ) 
where /., = ~ exp - 8mkTa2 

h2 
if g= 8mkTa2' (12·45) 

and similarly for / 11 andf,. 
The Boltzmann constant k, which originated in (11·14), has not 

yet been finally identified with R/ L (see equation ll·50). However 
if it is assumed for the moment that this is the case, it is readily shown, 
by inserting numerical values, that the coefficient g in (12·45) is 
exceedingly small for all reasonable values of T and a. It follows 
that the first term (i.e. q.,= 1) in the summation is practically unity, 
the second term is also practically unity and so on. In fact, the various 
terms diminish so slowly that the summation may be replaced by an 
integral.t 

A plot of e-g~ as a function of q., is shown in Fig. 41, where, however, 
the decrease in the function is much magnified. The value of f., is 
the sum of all the vertical lines up to q., = oo. Bearing in mind that the 
horizontal separation of the vertical lines is unity, the value of f., is 
therefore equal to the area of the rectangles. This again is equal, to 
a very high degree of approximation, to the area under the dotted 
curve of the continuous function e-gq~' where q., is no longer limited 
to integral values. Thus 

ao fao f.,-= L e-gq~- e-gq:dq.,. 
q..,-1 0 

(12·46) 

t Degrees offreedom for Which this property holds are usually called clas.rical. 
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The integral is a. standard one and we obtain 

Jz= }(77/g)l, 
or inserting the value of g 

a 
fz=h (21TmkT)l. 

f ~-- -- -... ... ...... 

~ ... 

1 2 3 5 

Fig. 41 

....... 

' ....... 

' 

The same result is obtained for j, and f •. Thus finally we have 

rr·=!Ju!. 

=abcC1T;2k~ • 

[12·6 

(12·47) 

(12·48) 

= vC17~~~ 1, (12·49) 

where V is the volume of the vessel. This result is not limited to 
rectangular boxes. 

12·6. The internal partition function 

For methods of determining the internal part of the molecular 
partition function the reader is referred to more comprehensive 
accounts in the literature. t Suffice it to say that it is a. sum of ex-

t For example, Fowler and Guggenheim, Statistical Thermodyntlmies 
(Cambridge, 1949); Mayer and Mayer, Statistical Mechonies (New York, 
Wiley, 1940). 



12·7] Partition Function of a Perfect Gas 377 

ponentia.ls, as in equation (12·27), and the most accurate method of 
ca.lculatingpnt. is to analyse the spectrum of the particular molecule 
and thereby to obtain the value of each energy level relative to the 
lowest. If the degeneracies, wi, are known from theory, it is therefore 
possible to calculate the numerical value of each term, w1e-«tlkT, 

which contributes significantly to the summation, and these terms 
can then be added. 

An alternative method is based on the approximation discussed in 
§ 12·4, where pnt. was expressed as a. product of rotational, vibra
tional and electronic factors. Analytical expressions for rot. and 
rib. may be obtained by the methods of wave mechanics; these 
expressions are rather complicated, being expressed as series expan
sions, and will not be quoted here. 

The convention is usually adopted of using an energy scale in 
which the lowest level of each type is taken as having zero energy of 
that particular kind. The use of (11·43) and (11·44) to calculate free 
energy and internal energy will therefore give values of these func
tions relative to the same zero. 

Consider the vibrational part of the molecular partition function; 
according to the above convention the first term, e-eoJIIT, in the 
summation is just unity. The second, and all succeeding terms, are 
very much smaller, and this is because the separation of the vibrational 
levels is usually rather larger than kT. The vibrational partition 
function is therefore not much larger than unity at room temperature, 
and the same usually applies a fortiori to the electronic part. By 
contrast, the rotational partition function, for which the spacing of 
the levels is much closer, is usually of the order of magnitude 10-100 
at room temperature and the corresponding value of ftr., as given by 
equation (12·49), is enormously larger still. This does not necessarily 
imply that it is the translational partition function which always 
makes the largest contribution to the thermodynamic functions of 
a gas. For example, from (11·44) it is evident that C,=8Uf8T is 
strongly dependent on the rate at which the partition function 
increases with temperature. In certain regions of temperature this 
may be larger for the vibrational part than for the translational part, 
even though the latter is much greater in magnitude. 

12·7. Thermodynamic properties of the perfect gas 

Using (12·25) and (12·49) we obtain for the molecular partition 
function of a perfect gas whose volume is V, 

!= ve7T-;kgi pnt., (12·50) 
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where m is the mass of each molecule. Hence from (12·8) the partition 

function Q is 1 (21Tmk~iN 
Q=- VN -- (/int.)N (12·51) 

N! h 2 ' 

where N is the number of molecules in the volume V. We are now in 
a position to apply the important equations (11·42)-(11·46) which 
give the macroscopic properties of the gas in terms ofT, V and N as 
the independent variables. Consider first of all the gas pressure, 
which is given by (ll·46): 

p=kT(8~~Q) . 
T,N 

Now in (12·51) the only quantity which is a function of Vis the 
term VN. In particular, pnt. does not depend on V, and this was 
implicit in the separability discussed in §§ 12·3 and 12·4. (It is because 
the potential energy for the internal motions of the molecule does not 
depend on the distance between one molecule and another in a perfect 
gas phase.) 

Taking the logarithm of (12·51) and differentiating we obtain 

p=kTain VN 
av 

NkT =----y-· (12·52) 

If there are n moles of gas in the system then N =Ln, where L is 
the Avogadro number. Thus (12·52) may be written 

pV=nLkT, (12·53) 

and this is therefore a derivation of the gas law from the principles of 
statistical and quantum mechanics. The discussion of § 12·3 shows 
that it arises because of the negligible interaction between one 
molecule and another whenever they are far apart, and it was this 
condition which allowed the wave equation for the whole macro
scopic system to be separated into a number of equations, one for 
each individual molecule. 

The last equation may be expressed as p V oc nT. Now the coeffi
cient of proportionality is usually denoted by the symbol R. Hence 

R= Lk. (12·54) 

This serves to identify the Boltzmann constant k as equal to the gas 
constant per molecule, as was foreshadowed in § 11·11. 

Further application of equations (11·42)-(11·46) can only be made 
if the value of Jint. is known. Methods of calculating this quantity 
were briefly outlined in the previous section, and it follows from what 
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was said that pnt. can usually be taken as unity in the case of mon
atomic gases. t In the remainder of this section we shall develop the 
equations which are applicable to this special case. First of all (12·51) 

reduces to =..!._ N(21TmkT)fN 
Q N! V h2 , (12·55) 

and therefore, applying (11·44), we obtain for the internal energy 

U = kTz(o In Q) 
oT Y,N 

=kT2olnTfN 
oT 

=JNkT=JnRT. (12·56) 

This familiar result is also obtainable from the kinetic theory, and 
it corresponds to the fact that in a monatomic gas the energy is 
entirely translational. The enthalpy is 

H=U+pV 

=fnRT, (12·57) 

and the heat capacities per mole are obtained by differentiation and 

cv--g , by putting n = 1: _ aR } 
(12·58) 

c»=fR. 

The Helmholtz free energy is obtained by substituting (12·55) in 

(11"43), A= -kTlnQ. 

This may be expressed in the following form, which is obtained by 
using the Stirling theorem (equation 11·77) for Nl and by putting 
m=M f L, where M is the molecular weight of the gas: 

[ ( V MiTt) (21Tk)fJ A= -nRT In -- +1+ln--1 • n hBL62 

The corresponding Gibbs free energy is 

G=A+PV 

= .A+nRT 

[ ( V MiTt) (21rk)fl 
= -nRT ln n +ln haL6/zj. 

(12·59) 

(12·60) 

t If there is appreciable electronic excitationJIDt. cannot be taken aa unity, 
even in the case of a monatomic gas. This occurs in the case of the alkali 
metal vapours where there are two electronic states of equal energy. In this 
inRtance pot. =/"len. = 2 Ycry nearly • 
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This may be expressed more conveniently by using p, T and n a.f1 
variables in place of V, T and n, by means of (12·53): 

[ (.iJf·lpl) (2") hiJ G= -nRT In -p +In L ha . (12·611) 

The chemical potential, which in the case of a single component gas 
is simply Gfn, is obtained by putting n= 1 in the last equation. If 
p is expressed in atmospheres, the insertion of the numerical values 
of k, h and L gives 

(12·62) 

Finally, for the entropy of the gas, we obtain from (12·57) and (12·61) 

S=(H-G)JT 

=nR[ln (M:TI) +f+ln (~)·:!] (12·63) 

=nR[ln (M;Tl) -1·16 J, (12·64) 

where the units of pressure are again in atmospheres. This is known 
as the Sackur-Tetrode equation and was first obtained in 1912, in 
the early days of the· quantum theory. 

Although the above equations are applicable only when pnt. is 
unity, they may be regarded as giving those parts of the internal 
energy, entropy, etc., of a polyatomic gas which are due to the 
translational motion. Equations analogous to those above may be 
readily obtained for the more general case. For example, the equation 
for the chemical potential is 

[ (MiTt) (2")i ki J p= -RT In -p +In L h8 +lnpnt. , (12·65) 

and this can be evaluated if put. is known, for example, from band 
spectra. It is one of the great achievements of statistical mechanics 
that it has made possible a method of determining the thermo
dynamic functions of polyatomio molecules, a method which is at 
least as accurate as that which is based on calorimetry and the 
measurement of equilibrium constants. For example, the equilibrium 
constant of the reaction 
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at 1000 K is 1. 37 as calculatedt from spectroscopic datat on the 
various substances and is 1·5 according to the direct measurements 
of Haber and Hahn. The latter figure is based on gas analysis and is 
perhaps less accurate than the former. 

It may be remarked that the above equations lead to perfectly 
definite numerical values for that part of the energy, entropy, etc., 
which is due to the translational motion. For example, from (12·56) 
it ma.y be calculated that the kinetic energy of translation at 300 K 
is 3. 74 X 108 J mol-1, and of course, this is the value of the internal 
energy relative to the energy of the same molecules when they are 
at rest. Similarly, if equation (12·64} is evaluated for a gas of molec
ular weight 44 (001 )_ at 300 K and 1 atm the result is an entropy 
of 159 J K-1 mol-1. 

The fact that this is an absolute value arises from the statistical 
definition of entropy in equation (11·14). According to this equation 
the entropy would be zero if the system were known to be in a single 
quantum state. This point will be discussed in more detail in the next 
chapter in connexion with the third law. For the moment it may be 
noted that equation (12·64} leads to an apparent paradox-as T 
approaches zero it appears that 8 approaches an infinitely negative 
value, whereas the least value of 8 should be just zero, as occurs 
when the system is known to be in the single quantum state. This 
difficulty is due to the fact that equation ( 12·8), on which the equations 
of the present section are based, becomes invalid at very low tem
perature. Under such conditions the Boltzmann statistics must be 
replaced by Einstein-Bose or Fermi-Dirac statistics. 

In conclusion to this section it is of interest to obtain an expreBBion 
for the equilibrium constant of a gas reaction in terms of molecular 
partition functions. In equation (12·10) we obtained an expreBBion 
for the partition function of a mixture of two gases, and the corre
sponding expression for the partition function of a. mixture of three 
gases A, Band 0 is 1 

Q- j,NaiN6f.N• 
- N,!Nb!Ncl II Jb c ' 

where N,, etc., are the numbers of molecules of each species in the 
volume V of the system and f,, etc., are the molecular partition 
functions. The Helmholtz free energy of the system is obtained by 
substituting the above expreBBion in (11·43): 

A=-kTlnQ 
= -kT(N,lnf,+N,Inf,+Nclnfc-lnN,!-InN,!-lnNcl}. 

t Guggenheim, Thermodynamics, 3rd ed., §7.10. 
~ Together with a value for the heat of reaotion. This is noeded in order to 

fix the energy zero of the products relative to those of the reaotants, i.e. the 
relative energiee of the lowest levels or ground states. 
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Let it be supposed that there is a. reaction 

A+B=C, 

so that d.N0 =d.Nb= -dNc. Differentiating the above equation at 
constant temperature and volume and using these relations, together 
with Stirling's theorem, we obtain 

(:~) =- kT( -ln/0 -ln/b+lnfa+lnNa+lnNb-lnNc)• 
c T, V 

~ow the condition of equilibrium is (8Afo.Neh_ v=O, as follows from 
§ 2·8. Hence it follows that .,.., 1 

J.Vc Jc 

:VaNb =/J~· 
Let [C], etc., denote the number of molecules per unit volume. Then 
Ne= V[O], etc. From (12·50) we also have the result that the partition 
functions fe, etc., are proportional to the volume V of the system. 
Let ¢>~, etc., denote partition functions per unit volume, thus 
if>~=fefV, etc. Then we readily obtain 

[0] ¢>; 
[A][B]= f/J~f/J~· 

In this expression the partition functions f}~. etc., must a.ll be 
calculated relative to the same zero. On the other hand, it is more 
convenient to calculate the partition function of each molecule 
relative to its own lowest level taken a.s having zero energy. Relative 
to any arbitrary zero let the lowest level of the A, Band C molecules 
have energies e0 , eb and Ec respectively. From equation (12·9) it is 
evident that the terms e-eoflaT, etc., may be factorized out of each of the 
molecular partition functions. The last equation can therefore be 
rewritten 0] ,~.. 

_( __ = _'f'_c_ e-<sc--s0 -IIJ)/IIT 
[A] [B] if>aif>b ' 

where f/Je, etc., are now calculated relative to the lowest level of each 
molecule as having zero energy. This relation may also be expressed 
in the form 0] ,~.. 

_[ -=-'f'_c_e-Bo/RT (12·66) 
[A] [B] if>aif>b ' 

when E0 is the difference in the zero-level energy per mole of the 
reactants and products. 

J:<'inally it may be remarked that, on account of the development 
of spectroscopic methods of calculating thermodynamic quantities, 
and also the extension of calorimetry to ve1y low temperatures, it 
has become customary to tabulate these quantities in the form of 
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values of (H0-H8)/T and (G0-H8)/T, or preferably the dimension
less ones (H0 -H8)JRT and (G0-H8)JRT, whose meaning will be 
briefly described. t 

As noted already in §12·6, the convention is us.ually adopted of 
evaluating the partition function as if the lowest levels of each type 
had zero energy. This is equivalent to the factoring out of a 
term Eo/kT from the partition function and this is q~ite satisfactory. 
But when it is a question of chemical reaction the existence of the 
factored out term must very definitely be allowed for, since the Eo 
values of different molecules are in general not the same. In other 
words there exists a heat of reaction at absolute zero, this being 
essentially the algebraic sum of the Eo's for reactants and products. 

This may be formally taken into account on the following basis. 
Let ~G¥ and ~m be the changes in the standard Gibbs free energy 
and enthalpy respectively at the temperature T. These may be 
expanded in the forms: 

and 

( G¥-H8) ~G¥=~H8+~ IFf' . RT 

AHO A 0 (H~-H8) u T=uHo+~ RT . RT 

The term ~H8 may be taken as being the energy change in the 
reaction at the absolute zero and can be determined by applying 
the second of the above equations using a measured value of ~H~ 
together with the statistically calculated value of the second term 
on the right-hand side. It follows that the tabulated values of 
(G0-H8)fRT and (H0-H8)/RT (where the subscript T has now been 
omitted) can be used as effectively, in conjunction with the equations 
of previous chapters, for the calculation of equilibrium constants as 
any of the other equivalent forms of tabulation. 

12·8. The Maxwell-Boltzmann distribution 

Under this heading we are concerned with the question: what is the 
average number of molecules in a sample of a. perfect gas which are in 
some particular energy state e1? To start with, it will perhaps be clearest 
if we deal with the quantum states of the molecules, rather than with the 
energy states, since the latter ma.y be degenerate. Let the quantum 
states be numbered 0, 1, 2, ... , i,j, .... 

Over a.ny large period of time let p 11 be the fraction of the time that 
there is just one molecule in the sample of gas in the ith quantum state, 
let P1a be the fraction of the time that there are two molecules in the ith 

t Sometimes E8 is used in place of Hg. This is of no significance since the 
energy and enthalpy of a perfect gas become equal at the absolute zero. 
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state, etc. The mean number of molecules in the ith state is therefore 

(12·67) 

Now, as discussed already in§ 12·1,t the number of quantum states per 
molecule is enormously larger than the number of molecules in the 
sample. (This is the basis of the Maxwell-Boltzmann statistics and 
applies under all conditions of temperature and pressure at which a gas 
is effectively perfect.) In any sample of gM it is therefore very improbable 
that there will be more than one molecule in a particular quantum state 
-in fact, the mean number, n;, will be very much less than unity. In the 
above equation we can therefore neglect all p's except p 11 and write 

n;=Pn· 
Alternatively-and this makes our discussion easier-we can put 

n,=p;. (12·68) 

where p, is the probability that there is at least one molecule in the ith 
quantum state, this being effectively the same as the probability p 11, 

that there is only one molecule in this state. 
For simplicity consider a. gas sample containing just three identioa.l 

molecules. A quantum state of the whole system will be specified by saying 
how many molecules there are in each of the molecular quantum states, 
but without seeking to distinguish between these molecules, which is 
impossible. An expression for the prob'l.bility of this state has already 
been obtained in equation (11·42). For example, the probability that 
one molecule is the zeroth molecular quantum state, a. second also in the 
zeroth, and the third in the ith is 

p = eP<Bo+«o+BiljQ, 

where p has been written in place of -1/kT~ Similarly, the probability 
that there is one molecule in the zeroth state, one in the first and the third 

again in the ith is P=eP<•o+Ba+BilfQ. 

The totl\l probability that there is at least one molecule in the ith state is 
obtained by summing tan expressions of the above kind in which at least 
one of the e's is an e1• Thus 

ePBi 
p 1 =·Q [eP<•o+Bol + eP<•oHal + eP<Bo+Bol + ..• 

+ eP<••+6 a) + eP<••+•tl + ••• 

+eP<••+••l+ ... 

+ ... ]. (12·69) 

Consider the expression in brackets. Going back to § 12·1 it is seen that 

t See also Problem 1 at the end of the chapter. 
t Note that we are concerned here with a summation of probabilities. The 

events represented, for example, by the two· P's quoted above exclude each 
other and do not occur simultaneously, 
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this cxprcs..,;ion is a correct form for the partition fWlction, CJ, of a system 
consisting of only two identical molecules. In fact, thh; expression is the 
same a.s equation ( 12·3) with the identical term!:! in the latter left out. 
Therefore ( 12·69) can be written 

Pt = cfl•t Q2, 
Q3 

where Q2 and Q3 are the partition functions for systems of two and three 
identical molecules respectively. In general, for a syst.em which actually 
contains N molecules, the probability that at least one of them is in the 
ith stutH is 

- -•lfk1'Qif-l P;-c ---. 
(JN 

Substituting the values ofQN .1 and Q6 a.'l given by (12·7) 

Nt (~w e-•ttkT)N-1 
p. = e-•11"'~' __ :__ ~ t .. ·-"··· -·-· 

' (N -1)! (~l,J;e-•lfk1')N 

N 0 -•ttkT 
= }.;w,e-•tlkt'. ( 12·70) 

The denominator is a summation over molecular energy levels and is 
the same 8.1:! the molecular pttrtition fWlction,J, of equation (12·9). 

Combining (12·68) and (12·70) we thus obtain 
Ne-•ttkT 

n;=-----,-
I:w, e-•ttkT 

(12·71) 

a.s an expression for the mean number of molecules in the ith quantum 
state. Let N 1 be the mean number of molecules in the ith energy level. 
If this is w1-fold degenerate then-since each of the w1 quantum states is 
equally probable-we have 

N,=w;'ii; 

Nw,e-•ttk7' 
= 'iw,e-6iili'i•' 

( 12·72) 

These equations express the quanta! analogue of the Maxwell-Boltzmann 
distribution law, and they are more general in their scope than the Max
well expression for the distribution of velocities (the latter will be derived 
from (12·72) in§ 12-11). 

Equation (12·71) can be used to give a verbal interpretation to f, 
which is its denominator. If, in accordance with the usual convention, 
we take the lowest level as having zero energy, then from (12·71) 

n0 1_ 
N=-j' ( 12·73) 

The molecular partition function may thus be interpreted a.s equal to 
N {n0, the ratio of the total number of molecules to the number in the 
lowest quantum state. Equation (12·72) can similarly be used to gi.ve a 
meaning to each term which occurs in j; for example, the term w, e-•ttkT 
is proportional to the mean population N1 of the particular level e1• 

Thus each term in the molecular partition fWlction is proportional to the 
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probability of the energy level to which it refers. The ratio of the popula
tion numbers of two levels, e1 and e1, is.obtained from (12·72) 

Fl, W;e-61/kT 

~ = wle-•JtkT' 
(12·74) 

and similarly the mean total population of any two levels taken together, 
for example, the ith andjth levels, is 

Fl1 + N1 =!!.. ( w1 e-e~tkT + w1 e-•JtkT). 
J 

(12·75) 

12·9. Distribution over translational and internal states 
The ideas of the last section may be extended to the various parts of 

the factorized partition function. As discussed previously, any molecular 
energy level e1 may also be specified by stating that the molecule is in the 
jth translational level and the kth internal level. From equations (12·21) 
and (12·23) u + ..~n~ e,=el· e"i, 

w,=wr·w:~. 
Substituting in (12·72) 

-cv _ Nw~·w~'·exp[ -(e~·+e~~)fkT] 
J.Y1,1c- j , (12·76) 

where Fl1 " is the mean number of molecules which are in the jth trans· 
lational ievel and at the same time in the kth internal level. Let Nr· be 
the number of molecules in the jth translational level, irrespective of the 
internal level of the molecules. This is obtained by summing(12·76) over 
all internal levels. Thus 

or·="£.~." 
k 

_ N wr· exp [ - er· jkT] "" mt. [ _ -"'t·jkT] _ ._w" exp e"i" · 
J k 

Here the summation is just the internal part of the molecular partition 
function, as given by equation ( 12·27). Therefore, using ( 12·25) and ( 12·27) 

- Nw"·exp[ -e"·fkT] 
N'f'= I f"'·. I (12·77) 

Similarly, the number of molecules, N~L, in the kth internal level, 
irrespective of their translational states, is 

- N wmt. exp [ - e10LfkT] NIDt._ " II: 
1c - pot. • (12·78) 

;r'he same propex:-y of factorization applied to the internal energy states 
-m s? far as there Is approximate separability of energies-allows similar 
equations to be obtained relating to rotational, vibrational and electronic 
distribution functions. For example, the number of molecules in the ith 
rotational level, irrespective of the particular translational, vibrational 
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and electronic level, is 
EJroL_ N~Lexp [- f..r;'LfkT] 

I - Jrot. • ( 12·79) 

In brief, the distribution of a particular type of energy, i£ it is separable, 
can be discussed without reference to the other types of energy; each 
distribution function is determined only by its own partition function. 
It will be apparent also that the larger is the value of, say,f'0 L, the smaller 
is the fraction of all the molecules which populate any Bingle rotational 
level. The magnitude of a molecular partition function, or any factorized 
part of it, is a. measure of the total number of levels which can be appreci
ably populated at the given temperature. 

12·10. Number of translational states of a given energy 
Before proceeding to the Maxwell distribution of velocities it will be 

useful to derive equation (11·59). This was assumed without proof in 
the appendix to the last chapter. It is 

Ok=aEfN, 

where Ot is the number of quantum states of a. macroscopic sample 
consisting of N atoms of a. monatomic gas of total energy E k· (The expres
sion will also give the number of tramlational quantum states of a. poly
atomic gas.) 

From ( 12·37) the quantum number q,. is given by 

(12·80) 

a.nd this is therefore the number of translational quantum states of a 
single molecule corresponding to an x component of energy which lies 
between zero and a. value e,.. The number of quantum states which corre
spond to an energy which lies between e,. and e.,+ ~e,. is therefore 

Mz=~ (8m)l [(e .. +~e.,)t-e!J 

=~(Sm)te![(l+ ~:=t -1]. 

and if ~e., is small compared to e., this expression can be approximated by 

a 1 1( 1 ~e., ) 
~q.,=h(8m)"2"~! 1 + 2~-1 

(12·81) 

In fact, for large values of q., and e .. these variables can be regarded as 
continuous, and we obtain 

a (2m)t dq.,=ii £:- de.,, (12·82) 



388 Principles of Chemical Equilibrium [12·10 

which is the result of a direct differentiation of (12·80). Similarly 

.b (2m)l dq 11 =h ~ de11, 

c (2m)l dq, =h. 6. de,, 

The total number of translational quantum states for which the energy 
lies in the range e,. to e,. +de,., e, to e11 + de11 and e, to e, +de, is therefore 

. V 1<k,.de11 de, 
dq.,dq11 dq.=h3 (2m) l-:fl' 

e,. ~, e. 
(12·83) 

where V =abc is the volume of the gas. 
We now ask, what is the number g of translational quantum states of 

a single molecule when its total energy e,.+e11 +e. lies between zero 
and some particular value e? This is the integral of (12·83): 

_ V(2m)lfffde,de.,de, 
g- hB l l l 1 

e., e., e. 
(12·84) 

where the integration is to be taken over all positive values of e.,, e11 and 
e, subject to the condition 

e.,+e,+e.~e. (12·85) 

This is the type of integral known by the name of Dirichlet. The integral 

1= J.·J Jer-le:-1 ... e~-lde1 de1 ... de9 , (12·86) 

subject to the condition I:e,~e, 

has the value 
(r(p)t eBP 

1=-·----
r(Np+ 1)' 

(12·87) 

where r(p) is the gamma function,t which is a generalization of the 
factorial. (For example, if pis an integer r(p)=(p-1)!. In general, 
r(p) is the 'smoothest' function which takes on the values (p- 1)! at 
the integers.) Numerical values of r are to be found in mathematical 
tables:j: and two values we shall need are 

rm = 7Tl and r<t> = !7Tl. 
In the case of ( 12·84) we have p =! and N = 3. Hence 

g= V(2m)i (11l)~ei 
hB f7Tl 

-~ T,(2m)! 3 
-1111 • --,;a- eJr. (12·88) 

t See, for example, F. S. Woods, Advanced Calculus (Boston, Ginn and Co., 
1939), Chapter vn; and Margenau and Murphy, The Mathematics of PhyBica 
and Ohemiatry (New York, Van Nostrand, 1943), §3·2. 

f For example, Milne-Thomson and Comrie, Standard Four Figure Mathe. 
matical Tablu (London, Macmillc.n, 1948). 
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This result could actually have been obtained more simply,t but it was 
useful to employ the method based on the gamma. function because this 
method has an important application in reaction kinetics, especially for 
calculating the number of molecules having total energy greater than 
or less than a given value, in 8 degrees of freedom. 

The differential of ( 12·88) gives the number of translational quantum 
states of a single molecule whose energy lies in the range e to e +de: 

(2m)i 
dg=21TV liBel de. (12·89) 

If there are N molecules in the system-and let it be supposed for the 
moment that they are all distinguishable from each other-then the 
total number of translational states for the whole system when the 
translational energy of the first molecule lies in the range de1, of the second 
in the range de8, etc., is obtained from the last equation and is 

[ (2m)i]N l l 1 dg1 dg1 ••• dg8 = 21TVIJB e1 e1 ••• e.vde1 de1 ••• de.l. 

As before, we ask what is the number G of translational quantum states 
of the whole system of N molecules when their total energy is less than 
some particular value E 1 This is the integral of the last expression, i.e. 

G= [21TV< 2;>i]N J. .. Jet4 ... e}de1de, ... dex, 

subject to the condition e1 + e1 + ... + e 8 ~ E. 

Evaluating the Dirichlet integral as before, we obtain 

G= [2 y(2m)f]N [r(f>JB Ei6 • (12·90) 
" h 8 rctN + 1) 

If the molecules are actually identical this must be dividedt by Nl 
because an interchange of particles does not give rise to a new quantum 
state of the system. However, for the present purposes, this is not im· 

portant; the essential result is G=OEta, (12·91) 

where 0 depends on V and N. The number of translational quantum 
states of the system whose energy lies in the sma.ll range between E and 

E+8E is thus 8G=fNOEiN-I8E, 

or since N is very large 8G=O'Ei6 8E, (12·92) 

where 0' again depends on V and N. 
Now throughout the above discussion E has been treated as a con· 

tinuous function, whereas actually it is quantized. If we take 8E as being 
the energy separation between one level and the next, then the number 

t See, for example, Mayer and Mayer, Statiatical Mechanic8 (New York 
Wiley, 1940), §2i. . ' 

t It is assumed, as in §12·1, that the molecular quantum states which are 
occupied by more than one molecule may be neglected. 
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n,. of quantum states having the energy E,. is the increase in Gin passing 
from the jth level to the a.dja.cent kth level about it. Therefore 

0,.=0'Ef8 8E 

=aE!8 , (12·93) 

where a=0'8E. This is equation (11·59) which was used in §11•13; for 
the purposes of that section the meaning of a was of no importance, and 
the proof of the canonical distribution depended only on the fa.ct that 
!l varies a.s a. very high power of E. 

12·11. The Maxwell velocity distribution 

According to ( 12·77) the mean number of molecules whose tra.nsla.tiona.l 
energy level is e1, irrespective of their pa.rticula.r internal level, is 

Nwle-6J/kT 
Ns= ,Ill. . 

The number n1 of molecules in ea.ch of the quantum states which is 
comprised within e1 is obtained by dividing by w1: 

Ne-6J/kT 
n1= w j· 

= (12•94) 

where e,., e11 and e. correspond to the notation of§ 12·5. Let n., be the mean 
number of molecules whose x component of translational energy is e,., 
irrespective of the y and z components. This is obtained by summing the 
last expression over all values of e., and e., in the manner of§ 12·9. We 
thus obtain Ne-e,.JkT 

n .. =--:--
J., 

(12•95) 

where f., is the part of the molecular partition function for translation 
in the x direction and is given by ( 12·48). Equation ( 12·95) thus refers 
to the molecules which have a. unique value of the quantum number 
q.,, buta.nyva.lueswha.teverofq11 a.ndq1 • We now ask, What is the number 
of molecules whose x component of translational energy lies in the small 
range e,. to e.,+ de.,? The number of quantum states which lie· in this range 
is given by (12·82): _a ( 2m)! 

dq.,-h- - de,.. 
e,. 

Multiplying together the last two expressions and inserting the value 
off., from (12·48) we find the required number a.~ 

(12·96) 

Now if v., is the x component of velocity of these molecules and if I v,.j 
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is its scalar magnitude, we have 

e.,=ilv.,l•, 

and thus de .. = (2me .. )td I v., I· 

391 

(12·97) 

Eliminating de., between (12·96) and (12·97) and dividing the resulting 
expression by N, we find that the fraction of all theN molecules whose 
magnitude. of the x component of velocity lies in the range I v10 I to 

lv,.j+djv.,j is ( 2m)! 
1rkT exp[-mv!/2kT]djv.,j. (12·98) 

In this expression I v., I can only be positive, since it refers to a scalar 
magnitude. By using the standard integrals tabulated at the end of the 
chapter it is readily confirmed that the integral of (12·98) is unity when 
taken over the range 0 to oo. On the other hand, if, in place of I v., I, we 
consider v., itself, its values can range from - oo to + oo. The fraction of 
the N molecules for which the x component of velocity lies between v., 
and v.,+dv., is therefore obtained by dividing (12·98) by 2 and ist 1 

( _!?:_)1 exp[ -mv!f2kT]dv.,, (12·99) 
211kT 

whose integral is unity over the range - oo to + oo. 
Entirely analogous expressions may be obtained relating to the y 

and z components. The product of all three fractions is the fraction of 
the N molecules for which the components of velocity lie simultaneously 
in the ranges dv.,, dv11 and dv,. This is 

( _!?:_)i e-mv•JsiiTdv dv dv (12·100) 
21TkT "' II •• 

where v9 =v!+v!+v:. (12·101) 

Finally, we may ask, what is the fraction of theN molecules for which 
the scalar magnitude of velocity lies between v and v + dv, without 
specifying the range of the component velocities? From (12·94), the 
fraction of the molecules in the quantum state for which the translational 
eigenvalue is e is e-B/117' 

r-· 
Th~ number of such quantum states within the range e to e +de is given 
by (12·89) (2m)i 

dg = 211 V -,:as el de. 

Multiplying together the last two expressions and inserting the value of 
jilt· from ( 12·49), we find that the fraction of the molecules for which the 
translational energy lies between e and e +de is 

t Half the molecules comprised in (12·98) have positive ·values of v and 
the other half have negative values. "' 



392 Principles of Chemical Equilibrium 

271 1 
--61J e-e/11'1' de. 
(1rkT)f 

If the corresponding velocity lies between t1 and "+ dv, then 

e=jmv1 

[12·12 

(12·102) 

and de=(2m6)ldv. (12-103) 

Therefore the fraction of theN molecules for which the BC&1ar magnitude 
of velocity lies between t1 and v+dv is 

47r(27r~T)1 e-,...llll'l'v1dv. (12·104) 

This expression may also be obtained directly from (12-100) by trans
formation to spherical polar co-ordinates, followed by integration over 
the surface of a sphere. (The same process is implicit in the relationship 
between ( 12·82) and ( 12·89) which has been used in the above derivation.) 

In the various forms of the Maxwell equation it will be noticed that 
Planck's constant h has cancelled between numerator and denominator. 
It appears therefore as if the equations might be independent of the 
quantum theory and they were, of course, obtained by Maxwell before 
this theory WIJB developed. However, it is to be remembered that the 
results of the present chapter depend on the particles being very sparsely 
distributed over the quantum states. t Under the same conditions the 
separation of the translational states is very small compared to kT, and 
therefore the translational energy is virtuall.Y continuous, as was sup
posed by Maxwell. This is an aspect of the fact that quantum behaviour 
converges towards classical behaviour at high values of the quantum 
numbers, in accordance with Bohr's correspondence principle. 

12·12. Principle of equlpartldon 
This principle has a very limited applicability, because it is really a 

classical rather than a quantum theorem. Its derivation from the 
quantum point of view which has been adopted throughout this chapter 
may be outlined rather roughly as follows. Let it be supposed that the 
energy of a molecule is separable into a number of parts, e', tf', etc., and 
consider any of these, say e', which depends on only a single variable or 
degree of freedom. (This applies, for example, to the z component of 
kinetic energy whose eigenvalues are determined by ( 12·31 ). ) The fraction 
of the molecules in each of the quantum states whose energy is 6~, in the 
class of energies denoted by a prime, is given by an equation of the type 
of (12·95) e-c~IIT 

7'' 
(12·105) 

where J' is the appropriate part of the molecular partition function. The 
molecules in the system have a mean energy of this class which is obtained 
by multiplying each of the quantized values, e;, 6~, etc., by the corre-

t Otherwise the Fermi-Dirac or Einstein-Bose 'statistioa must be used, as 
in the case of electrons in metals. 
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sponding fraction (12·105) and summing ovE•r all quantum states. Thus 
the mean energy is 

(12·106) 

If eke separation of BUCCeBaive levels i8 small compared eo kT, these summa
tions may be expressed as integrals, as discussed in§ 12·5. We obtain 

(12-107) 

where q' is the appropriate quantum number, of which e' is now regarded 
as a continuous function. Now in certain instances e' varies as the square 
ofq': e'=Oq'1• (12-108) 

This has already been shown to be the case with regard to the com
ponents of translational energy, equations (12·37)-(12·39), and is also 
approximately true of the energy of rotation about an axis. Substituting 
(12·108) in (12·107) and evaluating the integrals, which are now of a 
standard form,t we obtain e'=ikT. (12·109) 

Therefore a molecule has an average energy, of the type in question, equal 
to ikT and the corresponding contribution to the heat capacity of the 
gas is !k per molecule or 4.157 J K-1 mol-1• This result is in accord-
ance with equations (12·56) and (12·58) which were concerned with the 
three degrees of translational freedom. 

Equation (12·109), which expresses the principle of equipa.rtition, is 
only applicable under the conditions stated, in particular that the 
separation of the levels is small and that the energy can be expressed as 
a 'square term', as in (12·108). These conditions certainly apply to the 
translational motion and also, at room temperatures and above, to the 
rotational motion. A linear molecule requires two co-ordinates for the 
specification of its rotation, and for each of these the contribution to Cy 

is !R per mole. A non-linear molecule, on the other hand, requires three 
co-ordinates for the specification of its rotation and the rotational con
tribution to cv is fR per mole. The overall value of cy would thus be 
24.943 J K-1 mol-1, and the corresponding value of c, 33.257 J K-1 
mol- 1• 

Turning to the case of vibration, the above conditions are not obeyed 
in either respect; the separation of levels is not small compared to kT, 
at normal temperatures, and the eigenvalues are not proportional to the 
square of the quantum number. In fact, for a harmonic oscillator, the 
permissible energies are a linear function of the quantum number 11. 

e,=(v+!)hv (v=O, 1,2, ... ), (12·110.) 

where v is the classical frequency of the oscillator. If this relation is 
substituted in (12·107), then, at a sufficiently high temperature, we find 
that the mean energy of the oscillators is 

e=kT, (12·111) 

t Integrals of this type are listed in § 12·13. 
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which is just twice the value given by (12·109). In classical terms this 
may be explained as follows: each harmonic oscillator has a kinetic energy 
proportional to the Bquare of the momentum and a potential energy pro· 
portional to the Bquare of the displacement. If each of these has a mean 
value of !kT per molecule, the total is kT per molecule. This corresponds 
to a contribution to cv of R per mole. 

However, it is to be emphasized that (12·111) applies only at high tern· 
peratures such that kT is large compared to the separation o( the vibra
tional levels. At room temperature the vibrational motion makes a much 
smaller contribution to the heat capacity of gases than would be expected 
on the basis of ( 12·111). The main value of this equation is for the estima
tion of lower and upper limits to the vibrational contribution to ey, if 
this has not been measured. The lower limit, corresponding to no vibra· 
tiona.! excitation, is zero and the upper limit is R per mole for each 
vibrational mode. 

The number of these modes is 3n- 5 in the case of a linear molecule and 
3n- 6 in the case of a non-linear one, where n is the number of atoms in 
the molecule. This may be seen as follows. The position of the n atoms 
may be completely specified by means of 3n co-ordinates. These may be 
chosen as the Cartesian co-ordinates of each atom or in any alternative 
way. For example, three co-ordinates can be used to describe the position 
of the centre of gravity of the molecule (corresponding to its translational 
motion), and its orientation in space can be specified by using either two 
or three angles, according to whether it is linear or non-linear respec
tively. These angles correspond to the rotational degrees of freedom. This 
leaves either 3n- 5 or 3n- 6 co-ordinates still to be specified, and these 
can be chosen as the internuclear distances. It follows that either 3n- 5 
or 3n- 6 of these distances are independent va.riables, and each of these 
describes an independent mode of vibration. 

The experimental values of c, for some common gases are shown in 
Fig. 42. The reader may find it instructive to compare these values with 
those estimated on the basis of the foregoing discussion and to note the 
temperatures at which the rotational and vibrational contributions are 
partially or completely effective. It may be remarked that electronic 
contributions to the heat capacity only become appreciable at very high 
temperatures, except in one or two exceptional cases such as nitric oxide. 

12·13. Appendix. Some definite inte~rals 

[N.B.OI= 1], 
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x1 e-az'&=- - , foo 15 (.,)! 
o 16aa a 

foo xln+le-az'clx=~ (n=0,1,2, ... ). 
0 2an+l 

Values of the gamma function, defined by 

r(n) = f~ xn-l e-· c1x (n positive). 

and the error function, erf x = ..!_ J:r e-zl clx, 
..j1T 0 

are given in Milne. Thomson and Comrie, Standard Fottr·FigtWe Mathe
matical Tables. 
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Fig. 42. Values of cp calK -1 moi-l, at 1 atm pressure. 
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PROBLEMS 

1. Investigate the simplification used in § 12·1 which leads to the 
Maxwell-Boltzmann statistics. For this purpose use equation (12•88) 
to show that the number of translational energy states per molecule, 
whose energy e1 is such that e-flf/k7' is not insignificant, is much larger 
than the number of molecules in the system under any conditions at 
which a molecular gas is perfect. Show, however, that this condition is 
not satisfied in the case of free electrons, if their concentration is of the 
order JOBS per ems, as in metals. 

2. Show that the number of molecules which cross a. plane of unit 
area in a gas in unit time, and which have a component of velocity normal 
to this plane greater than a value 11..o, is given by 

N(kT)l V 271m exp [ -m11:0/2kT], (12-112) 

where N is the number of molecules in the volume V. 
Show also that the number crossing unit area in unit time whose total 

kinetic energy exceeds the value 60 is given by 

~ ( kT )~ ( 1 +~) e-Bo/kT. (12·113) 
V 2mn kT 

N otc that if no lower limit is given to 11., or to c, the above expressions both 

reduce to N ( kT )I p 

V 21Tm = (21TmkT)l' (12-114) 

where p is the pressure. 
(The above e!Kpressions are usually. taken as being applicable also to 

the number of gas molecules striking a plane solid surface. This neglects 
the fact that, close to the surface, the potential energy in the gas phase is 
no longer quite constant, on account of the attractive forces due to the 
solid.) 

3. Consider the molecules which cross a given plane in a gas in unit 
time. Show that their mean kinetic energy in the direction normal to 
this plane is kT, and also that their mean total kinetic energy is 2kT. 
Why is this larger than the value fkT, which is the mean kinetic energy 
of all molecules in the gas! 

4. According to equation (12·64) the translational entropy of a gas is 
larger the greater is the molecular weight. Why is this? 

5. From equation (12·104) obtain expressions for the following 
-_sa 1neans: 11, 11 , " • 
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PERFECT CRYSTALS AND THE 
THIRD LAW 

13·1. Normal co-ordinates 
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The thermodynamic properties of a system, as shown already, 
may be calculated from its partition function 

Q =I; e-Bj/kT, 

which is a summation over all of the quantum states. This can be 
evaluated only if the Schrodinger equation for the system can be 
simplified, in particular only if the system can be regarded as con
sisting of independent entities for each of which the Schrodinger 
equation takes a sufficiently simple form. Now any sample of a crystal 
(or liquid) is really a single quantum-mechanical whole and does not 
consist of independent molecules. This is because of the strong 
internal forces; the state of any one molecule depends on the state of 
all the others and the system is said to be co-operative. In this situation 
Q cannot be evaluated as simply as in the case of a gas. 

Despite what has been said, it is possible to attribute approxi
mately independent energies, not to the molecules of a crystal lattice, 
but to the 1W1'1/W,l mod.e8 of its vibration. At any rate this is the case 
when the atoms are arranged in a fixed and regular pattern and when 
the forces between them may be approximated by Hooke's law. This 
will become apparent in § 13·2 below, but it is necessary first of all 
to discuss normal co-ordinates. 

The thermal energy of a crystal containing N atoms consists in the 
small vibrations of these atoms about their equilibrium positions in 
the lattice. To specify the momentary positions of all the atoms, a total 
of 3N co-ordinates are required, and these may be numbered x., x2, ••• , 

XaN· They may be chosen conveniently as the displacements of the 
various atoms from their equilibrium positions. Thus xl> x8 and x8 

will denote the momentary displacements, in three directions at right 
angles, of the atom occupying the first lattice site; x,, x5 and x8 will 
denote the displacements of the atom occupying the second numbered 
site, and so on. The total kinetic energy of all the atoms is therefore 

I SN 

T=-2 ~ m,:t~, (13·1) 
i=l 

where m, is the mass which is appropriate to the ith co-ordinate. 
(Of course if all of the atoms are the same, all of them, are equal.) 
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The potential energy of the system is of more immediate importance 
and is a function of all of the displacements, 

V =f(x1,x2, ••• ,x3N)· (13·2) 

For example, if there were just two significant displacements, x1 

and x2, we should have V = /(x1, x2), (13·3) 

and this may be expanded by means of Taylor's theorem 
8V 8V 182V 2 82V 

V=Eo+!lxt+!lxa+2-nxt+~a xtxz ux1 ux2 ux1 ux1 X~ 

182V I asv 
+-2 ~ z x:+3-T<>sx~+···· (13·4) ux11 • ux1 

In this expression E0 is the potential energy when the displacements 
are zero. Under the latter conditions Vis at a minimum and therefore 
the first differential coefficients in (13·4) are zero. If we make the 
approximation of neglecting the terms which involve the cubes and 
higher powers of the displacements, then (13·4) may be written 

18ZV 82 V 182 V 
V =E0+-2~x~+<>---;;-x1 xz+ 2-<l"t x: (13·5) 

ux1 ux1 ux2 ux11 

or V -E0 =!(c11 x~+c12x1x2 +c11 x2x1 +c22x:), (13·6) 

where ell> etc., denote the second differential coefficients ('force 
constants') and c11 = c21 • (The use of both of the latter symbols, 
instead of a single one equal to 82 V f8x1 ox2, enables the ! to be brought 
outside the bracket.) 

A similar Taylor expansion of (13·2), in the general case, gives 

V -E0 =!~c;1x;x1, (13·7) 

where the summation is over all values of i andj from 1 to 3N. E0, the 
potential energy of the crystal when none of the oscillations are 
excited, will be taken as being computed relative to the same atoms 
at infinite separation. It is the negative of the work which would have 
to be done in order to separate the atoms against their attractive 
forces. 

The expressions (13·6) and (13·7) contain the cross-terms x1 x2, etc. 
For the purpose of attaining separability in the Schrodinger equation 
for the crystal it is necessary to define new co-ordinates such that 
these cross-terms are no longer present. For this purpose consider 
the simple example, as discussed above, of only two degrees of 
freedom x1 and x2• We define new co-ordinates q1 and q2 by linear 
relations 

Xt=qt+qz, } 

Xs = aql + bqa, 
(13·8) 
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where a and bare arbitrary constants. Equations (13·1) and (13·6), 
when expressed in terms of q1 and q2, become 

2T=m1 :i~+m2 :i~ 

=q~(m1 +a2m2) +2qd2(m1 +abm2)+q~(m1 +b2m2), (13·9) 

2(V -E0) =q~[c11 +a(c12 +c21) +a2c22] 

+q1 q2[2c11 +(a +b) (c12 +c21 ) +2abc22] 

(13·10) 

The cross-terms q1 q2 and q1 q2 vanish from these equations, if a and b 
are chosen to satisfy the Telations 

m1 +abm2 =0,} 
2c11 + (a+b) (c12 +c21 ) +2abc22 =0. 

(13·11) 

By means of these two equations the two constants a and b may be 
expressed in terms of the masses, m1 and m2, together with the force 
constants Cw etc., which are physical properties of the system. 

In the general case involving 3N Cartesian co-ordinates it is again 
possible to choose an alternative set of co-ordinates, q1,q2, ••• ,q3N. 

These are related to the X; by independent. linear relations, 

(13·12) 

and they have the property that neither the kinetic nor the potential 
energy involves cross-terms between different co-ordinates. How
ever, this can be achieved only as a result of the important physical 
assumption that terms higher than the square in the Taylor expansion 
may be neglected. This is equivalent to the assumption that the inter
atomic forces obey Hooke's law, i.e. the force is proportional to the 
displacement or the potential energy is proportional to the square of 
the displacement. 

Co-ordinates having the above property, namely, that the energy 
can be expressed as a sum of squares, are called normal or principal 
co-ordinates. Their significance in regard to the Schrodinger equation 
will be discussed in the next section. From a classical viewpoint their 
importance is that when a system of harmonic oscillators (e.g. pen
dulums coupled with springs) is given an initial displacement in one 
of these co-ordinates, the motion continues as a simple harmonic 
motion in this co-ordinate only. The energy is not transferred to the 
other normal 'modes' which therefore remain unexcited. Any more 
complex oscillation can be conveniently analysed as a superposition 
of the simple sinusoidal motion in the normal modes. At the same time 
it may be remarked that the transformation of the mathematics of 
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a physical problem by use of normal co-ordinates, or normal modes, t 
is a purely formal process-they have neither more nor less physical 
significance than the original Cartesian co-ordinates. 

13·2. The Schradinger equation for the crystal 

Using the normal co-ordinates the potential energy of the crystal 
may be expressed, analogously to (13·10), as 

V=Eo+ll:i\1~, (13·13) 

which contains no cross-terms. The generalized force constants, A,, 
are related to the c11, the force constants in Cartesian co-ordinates, 
in a manner analogous to the two-dimensional example of equation 
(13·10). On this basis the Schrodinger equation for the crystal may 
be written as follows (see equation 1~·12) 

I fJ2tfr 871'11 
l:--= -- (E-E0 -ll:i\1 q~)t/r (13·14) 

b, aq: h 11 • 

where the b/s are constants, related to the masses m1, arising from 
the transformation from the Cartesian to the normal co-ordinates. 
The very important result of using these co-ordinates is that (13·14) 
is separable, in the sense of § 12·3, and this is because there are no 
cross-terms. Therefore tfr can be written as a product 

Vr = Vr 1 Vr II • • • Vri • • • Vr aN> (13·15) 

where each tfr1 is a function only of the co-ordinate q1• This means that 
equation (13·14) can be separated into 3N equations each involving 
only a single independent variable q1, 

dltfr, 87T2b, 
d~ =-h2(e,-!A,~)tfri, (13·16) 

where the ei satisfy the relation 

l:e1=E-E0• (13·17) 

In order to see the significance of this result let it be supposed that, 
instead of 3N oscillations, we are concerned with only one. For a 
single particle making a harmonic oscillation in a particular co
ordinate let the displacement from the position of equilibrium be q. 
The potential energy is given by 

v = li\q11, (13·18) 

t Corresponding to the 3N normal co-ordinates there are actually only 
SN- 6 normal vibrational modes or the crystal. This is because six co-ordinates 
are needed to specify the centre or gravity and orientation or tha crystal as 
a whole (see §12·12): However 6 may be neglected relative to 3N. 
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where A is the force constant. The SchrOdinger equation (12·12) can 
therefore be written 

d2t/F - 8172m 
dq2 = h 2 (e-!Aq2)t/F, (13·19) 

where m is the mass of the particle and e is an energy eigenvalue. It 
is seen that (13·16) and (13·19) are of precisely the same form, and 
the wlwle crystal may therefore be regarded as a system of 3N independent 
harmonic oscillators each obeying (13·16). The sum of their energies 
is equal to E- E0 , which is the total energy of the crystal relative to 
the chosen zero point E0• These oscillators, which should usually be 
spoken of as 'normal modes', are not to be confused with the atoms 
themselves. It is true that if the crystal were to vibrate in a single 
mode only, all of theN atoms would vibrate with the same frequency 
(although with different amplitudes). But in general the motion of 
the atoms is a superposition of the 3N (actually 3N- 6) normal modes, 
just as the vibration of a violin string is a superposition of a funda
mental and its harmonics. 

13•3. The energy levels of the harmonic oscillator 

In solving the differential equation ( 13·19) it has to be borne in mind 
that tfr2 must have the physical significance of a probability density 
and tjF must therefore be single-valued, continuous and finite over 
the range of the co-ordinate q. When these conditions are applied it 
is found that (13·19) only has a. solutiont when e takes on certain 
eigenvalues as given by h ("-)! 

e=(v+l>211 m . (13·20) 

where v=0,1,2, .... 

In short, only certain discrete values of the energy are permissible if 
ifr is to 'make sense' and fulfil its quantum-mechanical purposes .. 

In (13·20) the quantity (A/m)l/211 has the dimension of a. frequency 
and will be denoted by v, 

_!_(~)! ::v. 
211 m 

(13·21) 

The energy levels of the oscillator may therefore be written 

e=(v+i)hv, (13·22) 

but the introduction of the symbol v has no particular significance in 
quantum mechanics. Equation (13·22) is conventionally written in 

t For more detailed discuBSion see, for example, Margenau and Murphy, 
The Mathematics of Physics and Ohemi8try (New York, Van Nostrand, 1943), 
§ ll·ll. 
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this form because (Afm)lf211 is the frequency with which the oscillator 
would vibrate if it obeyed classical theory. Its classical equation of 

motion is mij= -Aq, (13·23) 

and therefore (13·24) 

where A and 8 are constants having the significance of amplitude and 
phase respectively. H "is the frequency of this ciassical motion then 
q must have the same value at t and att+ 1/v. Since sin8=sin (8+211) 
it follows that the classical oscillation frequency has the value given 
by (13·21). On the other hand, in the quantum theory a particle 
cannot be regarded as returning to a given point after a precise time, 
on account of the uncertainty principle, and therefore the quantity 
C"-/m)lf211whichappearsin(13·20)isonlytoberegardedasafrequency 
by convention. 

It is for the same reason that the oscillator has a non-zero amount 
of energy, !hv, even when it is in the lowest vibrational state, as follows 
from (13·22). If an oscillator could have zero energy it would corre
spond to a precise location, '=0. The least allowable energy !hv is 
called the zero-point energy of the oscillator. 

13·4. The partition function 

We first collect together the important results. The partition 
function for the crystal is 

(13·25) 

where the summation is over all the independent quantum states of 
the crystal. The energies E1 corresponding to these quantum states 
can be expressed by means of (13·17) in terms of the energies of the 
normal modes (13·26) 

where the summation is over the 3N normal modes. Finally, each 
ei can have the values 

ei= (vi+l) hvi (vi=O, 1, 2, ... ), (13·27) 

where "i is the classical frequency of the ith oscillator. In general, 
the various modes are not to be expected to have the same frequency, 
and the main difficulty in calculating the thermodynamic properties 
of the ciystallies in finding the distribution function for the "i· This 
will be discqssed in later sections. 

As mentioned above, the summation (13·25) is over the independent 
quantum states. Now a state of the crystal in which a particular 
oscillator has an energy of, say, 2 units and another particular 
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oscillator has a.n energy of 3 units, is distinguishable from the state in 
which the first oscillator has the energy of 3 and the second of 2. This 

. is because the oscillators, or normal modes, are specified in terms of 
the normal co-ordinates and these in turn are functions of 3N Car-
tesian co-ordinates which specify the displacements of the atoms from 
the nu!llbered lattice sites. Since the latter are physica.lly distinguish
able so also are the normal modes. For this reason the kind of in
distinguishability ~hich was discussed in § 12·1 does not arise and 
the factor N! will not make any appearance in the formulae to be 
obtained. 

Substituting (13·26) in (13·25) 

(13·28) 

In order to make clear the nature of the indicated summations, sup
pose that there are just two normal modes, denoted A and B, of 
conventional frequencies V11 and v11• Let the eigenvalues for these 
oscillators be e110,e111, ... ; e110,e11v ... ,.as given by (13·27). Then (13·28) 
can be written Q= ~ e-BoJirTe-e11;111Te-e~lrT. 

states 

Let it be supposed that when the two oscillators are each in specified 
states, it is still possible for the crystal to have no different com
plexions. This degeneracy of the crystal, if it occurs, is due to factors, 
such as different possibilities of orientation of the molecules in the 
lattice, t which are quite distinct from the oscillators-the latter are not 
degenerate, as may be seen from (13·22). The last expression can there-
fore be written Q = no e-BoJirT l:: e-Bai/lrT e-ebi/ltT, 

and this is now a. summation over all combinations of the permitted 
energies of the two oscillators. Writing it out in full 

Q = Oo e-Bo/lrT{ e-eao/ltT ( e-e&olltT + e-eb1iltT + , , , ) 
+ e-eal/kT ( e-ebollrT + , . , ) 
+ ... } 

= no e-BoJkT ~ e-•a;llrT ~ e-llbjlkT, 
i I 

Therefore in the general case of 3N oscillators, (13·28) becomes 
Q =no e-BoJirT :I; e-e,.JirT :I; e-e&lltT .. , l; e-e16/ltT, ( 13·29) 

where each sum refers to one of the 3N oscillators and is a. summation 
over all of its energy levels. The equation may be written 

where 

i=3N 
Q=noe-BoJirT ll f,, 

i=l 

f, = 1:: e-e1/lrT, 

t The significance of {}0 will become clearer in § 13 ·11. 

(13·30) 

(13·31) 
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and may be called the partition function of the ith oscillator. Sub
stituting (13·22) in (13·31) 

I;= e-11viJ2Ie'l' ( 1 + e-hvi)leT + e-211vi)leT +,, ), 

the series extending over all of the vibrational quantum numbers 
from zero to infinity. The quantity in brackets is a geometrical 
progression and can readily be evaluated in closed form. We thus 
obtain e-11vt/2le7' 

It= 1 _ e-hvtfleT · (13·32) 

Under conditions of high temperature where hvt~ kT, this expression 
approaches the value kT 

It=-. (13·33) 
hv1 

Substituting (13·32) in (13·30) we obtain an expression for the 
partition function Q of the crystal in terms of the frequencies. Its 
logarithm is more useful and is 

lnQ=lnflo-:;-k~~h;1 -~ln(l-e-11viJie7'). (13·34) 

The second and third terms on the right-hand side may be con
veniently grouped together. l:!hv1 is the sum of the zero point energies 
of all the oscillators, and therefore the quantity 

U0 =:E0 +l:!hv1 (13·35) 

is the value taken by the internal energyt of the crystal at the 
absolute zero of temperature where all of the oscillators are in their 
lowest quantum states. Substituting (13·35) in (13·34) we obtain 

lnQ=lnflo- Uo-:Eln(1-e-11v;fle7'). (13·36) 
kT 1 

From (11·43) and (11·44) we now obtain the following expressions 
for the Helmholtz free energy and internal energy of the crystal: 

A= -kTlnflo+U0 +kTl:ln(1-e-11"iJieT), (13·37) 

v, 
U =Uo+hl: e"viJie'l' -l' (13·38) 

where the summations are over the 3N values of v1• It may be 
remarked that these frequencies are a function of the volume of the 
crystal and, if this function were known, it would be possible to apply 
equation (11·46) to obtain an expression for the pressure (which varies 
with the volume when the crystal is compres$00.) 

t Relative to the component atoms e.t infinite separation. 
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13·5 The Maxwell-Boltzmann dlatrlbudon 

Before going on to discuss the possible values of v1 it is useful at this 
stage to consider the analogue of the Maxwell-Boltzmann distribution 
as applied to the oscillators. Let it be supposed that N' of the oscillators 
have an equal, or approximately equal, frequency v'. Equation (13•38) 
may be applied to this group of oscillators so that their total internal 
energy is U' = u; + N'hv' /( elllltiiT- 1) 

=E;+ N'hv' +N'hv'f(e"P'/ItT_1) 
2 

by (13·35). The total vibrational energy of the group of oscillators is the 
sum of the last two terms in this equation and is 

N'hv'(~+ e"•'/~T- 1). (13•39) 

Now although the oscillators in this group all have the same frequency 
their individual energies are not necessarily equal. Let N; be the number 
whose vibrational energy is e1• N;e, is therefore the total vibrational 
energy of this subgroup, and if this quantity is summed over all values 
of£1 the result must be the same as (13·39). Thus 

l:N;e,=N'hv'G+ e"llt~r -1). (13·40) 

It will be shown that this relation is satisfied if we putt 

N' e-•fiiiT 
-1=---. 
N' l:e-•fiiiT 

(13·41) 

The denominator in this expression is the partition function for any 
oscillator of the particular frequency v' and may be summed as in the 
case of(13·31). Substituting (13·27) in (13·4:1) we obtain 

N' 
___l = ( 1 _ e-1111/117') e-llt~~P"/ItT 
N' ' 

(13·42) 

where 111 is the vibrational quantum number corresponding to e1• The left
hand side of (13·40) may thus be written 

EN;e,=N'(1-e-lllltiiT)l:e-11"'11/JtT (111 + j-)hv', 

and the summation is an arithmetico-geometric series. If this is evaluated 
it is readily seen that ( 13·40) is satisfied. 

Equation (13·4:1) is closely analogous to (12·72) and expresses the 
Maxwell-Boltzmann distribution for a group of normal modes of approxi
mately equal frequency. Of course if all of the 3N normal modes were of 

t A more rigorous derivation of this equation is given by. Tolman, P~lu 
of StatiBU«Jl Mechaniu (Oxford, 1938), § 113. 
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equal frequency-as is supposed in the Einstein approximation shortly 
to be discussed-then (13·41) or (13·42) wQuld give the fraction of all 
oscillators in the crystal for which the vibrational energy is e1• 

The fraction of the N' equal oscillators whose energy is equal to or 
exceeds a specified value e1 is readily calculated from (13·41), and the 
result is of considerable interest in connexion with the reaction rate or 
evaporation rate of solids. This fraction, which will be denoted rp111, is 
obtained by adding to (13·41) the corresponding expression for the next 
higher level e1, and so on up to infinity. We obtain 

rp _ e-•ukT + e-•JikT + .. . 
• ,-e-flo/lzT + e-«1/lzT + ... · 

Since the energies of the adjacent levels of a harmonic oscillator all differ 
by the constant amount hv, as shown in equation (13·22), the above 
expression may be written 

e-••lkT ( 1 + e-11v'!kT + e-11111'/kT + ... ) 
r~J~~, = e-1111'/lkT ( 1 + e-1111'/kT + ... ) 

=e<i1111'-60/kT. (13·43) 

H e1 is large compared to the zero.point energy this expression can be 
approximated by (13·44) 

13·6. The high temperature approximation 

Of the 3N normal modes of vibration of the crystal, those with the 
lowest frequencies are the ordinary acoustic vibrations which appear 
in the theory of sound. On the other hand, the highest possible 
frequency is determined by the smallest possible independent wave
length, and this can be shownt to be of the order of 10-7-10-8 em, the 
distance between atoms in the lattice. H the wave velocity may be 
assumed approximately constant over the whole range of frequencies, 
it will be equal to the velocity of sound; the highest value of v1 may 
therefore be calculated to be of the order 101LI013fsec. 

Consider the largest possible value of hvfkT. Using the known 
values of h and k, this ratio may be calculated to be about 50/T or 
500fT, according to whether the largest frequency of the crystal is 
of the order 10111 or 1013 respectively. Clearly this ratio will be small 
compared to unity at sufficiently high temperatures and for certain 
crystals, those for which the highest frequency is about 10111, even at 
room temperature. 

Under conditions of temperature where hvfkT<t,1, the terms 
beyond the third in the expansion 

hv 1 (h")ll e11viizT=1+ kT+2! kT. +··· 
t Seitz, Modem T'-11 of Solids (New York, McGraw·Hill, 1940), § 19. 
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may be neglected. With this approximation (13·38) becomes 
hv; 

U=U0 +3NkT-:ET 

407 

=E0 +3NkT, (13·45) 
in view of (13·35). At sufficiently high temperatures the internal 
energy is therefore independent of the frequencies. The corresponding 
heat capacity at CC>n8tant volume, oU foT, is 3Nk or 3R per mole, in 
close agreement with the empirical rule of Dulong and Petit. t As is 
well known, this is a. good approximation for many elements at room 
temperature, but in the case of diamond, beryllium and silicon the 
value of cv approaches 3R only at high temperatures. This is pre
sumably because the highest frequency in these crystals is larger tb.an 
1011 due to the strength of the bonding. 

It may be remarked that transition metals have values of cv which 
considerably exceed 3R at high temperatures; for example, y iron has 
a value of about 38 J K- 1 mol-l. This is believed to be due to 
electronic excitation from the unfilled d shells, a factor which is not 
allowed for in the theory as developed above. The applicability of 
the Dulong and Petit ~e to ionic and molecular lattices will be 
discussed in a later sectio . 

The same result as (1 ·45) could also be obtained by applying 
the principle of equipartition (§ 12·12) which will be valid under 
conditions where hvfkT~~. Each oscillator will have a mean energy 
of kT, as shown in equation (12·111), and the total thermal energy of 
the crystal is therefore 3N~T in agreement with (13·45). 

The form taken by the H1lmholtz free energy at high temperatures 
does not have quite the same simplicity as in the case of the internal 
energy. Under conditions ~here hv;/kT~I, the expansion of the 
exponential allows (13·37) to be written in the approximate form 

A h~ 
=- kTin00 +U0 +kTl:Jn kT 

(hv1) (h111) (hvaN) =-kTinflo+U0 +kT1n kT kT ... kT , 

where v1, etc., are the frequencies. If we define a geometric mean 
frequency ii by means of the relation 

ji3N =Ill llg • • • VaN• 

t According to this rule the heat capacity of atomic crystals tends to the 
value 6. 4 calK -• mo)-1 (i.e. 26.8 J K - 1 moJ-1). This actually refers to the 
value of the heat capacity at constant pruaure which is the heat capacity most 
easy to measure experimentally. The difference between cp and c" may be 
calculated by means of equation (2·91) and is usually about 2 J K - 1 mol-1 at 
temperatures in the region of 300 K. 
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then the high-temperature value ofF may be expressed as 

A=- kTln00 +U0 +3NkTln (:;). (13·46) 

Combining this with (13·45) and neglecting the zero-point energy, 
we obtain the high-temperature value of the entropy as 

U- A ( hii) S=-p=kln00 +3Nk l-In kT . (13·47) 

It will be remembered from § 12·1 that the ccy:stal under discussion 
contains N atoms. Thus the values of U, A and S per mole are 
obtained from the preceding equations by replacing N by L, the 
Avogadro constant, or by replacing Lk by R, the gas constant 
per mole. 

13•7. The Einstein approximation 

As shown above, the heat capacity cv (or at any rate that part of it 
which is due to the vibrations) may be expected to have a value of3R 
whenever hvJkT~l. This would be so, even at the lowest tempera
tures, if Planck's constant h were zero, and this is the case in the 
classical or pre-quantum mechanics. In fact, classical theory leads to 
the expectation that, for any crystalline substance, cv has the constant 
value of 3R per mole. This is contrary to experiment, and it is known 
that cv usually diminishes below 3R, with fall of temperature, and 
seems to approach zero at the absolute zero. One of the early successes 
of the quantum theory consisted in finding the reason for this decrease 
in cv which is quite inexplicable in classical theory. The explanation 
is implicit in the previous equations and is due to the fact that the 
oscillators can only take up finite increments of energy. When a 
system of oscillators is held at low temperature, most of them are in 
their lowest energy level, and a small rise of temperature is insufficient 
to excite them to the next higher level. Therefore cv, which measures 
the intake of energy per unit increase of temperature, is smaller than 
at higher temperature. 

In order to make use of equations such as (13·37) and (13·38) some 
assumption must be made with regard to the frequencies. As early as 
1907 Einstein used the approximation of assuming that all of the 
3N frequencies are equal. This is equivalent to supposing that each 
of the N atoms in the lattice makes quantized harmonic oscillations 
in three dimensions, and these oscillations are quite unaffected by 
the motion of the neighbouring atoms. This supposition of atomic 
independence cannot be correct, but nevertheless it leads to an 
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expression forcvwhich is fair agreement with experiment except at 
very low temperatures. 

If all the frequencies are put equal to a constant value vB, equations 
(13·37) and (13·38) become 

A=- kTln 0 0 +U0 +3NkTln (1-e-hv~rlkT), 

U =U0 +3NhvBf(ehvll/kT -1), 

(hvB)2 ehv8 /kT 
and therefore Cv=3Nk kT (ehv~r/Ar_ 1 ) 2 • 

The entropy is obtained from (13·48) and (13·49) and is 

(13·48) 

(13·49) 

(13·50) 

8=k In 00 +3Nk{kT(e!;~T _ 1) -In (1-e-hv~r/kT)}. (13·51) 

If a suitable value of vB is used, (13·50) fits the experimental data 
quite well at temperatures at which cv is more than half of its maxi
mum value, 3R. But at low temperatures there is a serious dis
crepancy, and the Einstein equation predicts a value of cv which 
approaches zero too rapidly. This is due to the error in treating all the 
normal modes as if they have the same frequency vE. In the actual 
crystal there are no doubt a large number of modes which have quite 
a small frequency and therefore a small separation of their energy 
levels. At low temperatures these modes will have a much greater 
probability of becoming excited, with absorption of heat, than would 
be expected on the Einstein model. 

13·8. The Debye approximation 

At a rather later date Debye made the assumption that the fre
quency spectrum of the crystal-consisting as it does of discrete 
particles-can be adequately represented by the frequency spectrum 
of a continuous elastic medium. Let such a medium be in the form 
of a rectangular block of sides a, b and c. Then a standing wave can be 
developed within the material parallel to the side of length a if this 
length is an integral number of half-waves. Similarly with regard to 
the other sides. These conditions fix the allowable wavelengths within 
the elastic solid and thereby also the allowable frequencies. 

Proceeding in this way it can be shownt that the number of modes 
whose frequencies lie in the range v to v + dv is 

dN =A Vv2dv, (13·52) 

t For further details see Fowler and Guggenheim, St4ti8tical ThemlodytwJmiu 
(Cambridge, 1949) or Ziman, J. M., Principles of The Theory of Solids 2nd ed. 
(Cambridge, 1972). 
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where V is the volume of the elastic medium and A is a function of 
the wave velocity. Now in such a medium there is no lower limit to 
the wavelength and thus no upper limit to the frequency. On the 
other hand, in an atomic solid there is such an upper limit, Vmax •• as 
discussed already in §13·6. There are also a finite number, 3N, of 
normal modes. The essential feature of the Debye theory is to 
assume that (13·52) is applicable to the atomic solid right up to the 
frequency Vmax •• but beyond it dN falls abruptly to zero. The value 
of Vmax. is determined by the condition that the integral of (13·52) 
must be equal to 3N. Thus 

f~~mu. AV 
3N -A VJ 0 v8dv-3 ~ax.• (13·53) 

and eliminating A and V between (13·52) and (13·53) 

(13·54) 

where vD has been written in place of Vmax •• 

Within the scope of the present section we shall apply (13·54) to 
the internal energy and heat capacity only. The free energy and 
entropy on the Debye model may be worked out by similar methods. 
From (13·35) and (13·38) we have 

h Jli 

U -Eo+2:tvi+h:t e""il"'l' -1' 

where the summations are over the 3N frequencies. By using (13·54) 
the summations may be replaced by integrations (of. the discussion 
in § 12·5) and thus 

hf"D9N f"D9N vlldv 
U-E0+-2 -::avlldv+h -::a IIJII'l' 1 o "il o "D e.v -

9Nh 9Nh f"D vlldv 
-Eo+sv»+ v~ Jo e"•lll'l'_"j· 

It iR convenient to define OD=.hvDfk, 
a:=.hvfkT, 

and therefore (13·55) may be written 

U -E 9Nk0D gNkT(p)afiJDf'l' a;lda: 
o+ 8 + (JD o e•-1' 

(13·55) 

(13·56) 

(13·57) 

(13·58) 

in which the second term on the right-hand side is the total zero-po~t 
energy of the crystal. The value ofOvis obtained by differentiating 
with respect to temperature and is 

(4TBJ T4 dl) 
Ov-9Nk Of, + O~ dT , 
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where I is the integral which occurs in (13·58). The upper limit of this 
integra.! is a function ofT. When the differentiation is carried outt 
we obtain 

Ov=9Nk{4(T)8f8
DIT l£x3 dx- (0D) - 1--}. (13·59) 

OD 0 e - 1 T e8DIT -1 

This expression takes a much simpler form at very low temperatures 
where ODfT~ 1. Under such conditions the second term in (13·59) 
is negligible, because of the tlXponential, and the upper limit in the 
integral can be replaced by infinity with only a small error. The 
integral is therefore independent of temperature, and we obtain the 
result that Ov is _pro_portional to T3-the 'De bye T 3 law'. The actual 
result of the integration is 

Ov = 1~' Nk(~) 8 • ( 13·60) 

13•9. Comparison with experiment 

The quantity OD has the dimensions of a temperature and is called 
the 'Debye characteristic temperature' of the particular substance. 
According to (13·59) Ovis the same function of the ratio TfOD for all 
substances, and the heat capacity per mole may therefore be written 

cv= 3Rf(Tf0D), (13·61) 

where the function is three times the value of the bracket in (13·59). 
The ratio TfOD is evidently a 'reduced temperature' such that two 
crystals having the same value ofT fOD are in· a 'corresponding state' 
as regards their heat capacity. 

The same considerations apply to the Einstein theory. An Einstein 
characteristic temperature 08 may be defined by the relation 

08 =.hv8 /k, (13·62) 

where v8 is the Einstein frequency. For one mole of a substance, 
(13·50) may therefore be written 

(08)2 e8z/T 

cv= 3R T (e8z/T -1)2 

=3Rf(Tf08 ). (13·63) 

It will be seen from (13·62) that 08 is the temperature at which kT 
becomes equal tc hv8 , the separation of the vibrational energy levels 
according to the Einstein model. It is in the temperature region 
between o.IOB and OB that cyincreases most rapidly because it is in 

t See, for example, Aston's chapter in Taylor and Gl888tone's, Treatise on 
Physical Chemistry (New York, Van Nostrand, 1942), vol. I, p. 622. 
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this region that the number of normal modes which are excited above 
the lowest level increases most rapidly, with absorption of heat. (See 
Problem 1 at end of chapter.) 

In Fig. 43 the lower curve represents the value of cyas a function 
of TfOE, as calculated from equation (13·63) of the Einstein theory. 
The upper curve represents cy as a function of TfOD, according to 
equation (13·59) of the Debye theory. (Tabulated values of the 
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Fig. 43. Upper curve, Debye approximation; lower curve, Einstein approxi
mation.@, cv for silver, 8D=215K; X, cp for KCl per gram atom, 8D=230 K. 
N.B. The experimental points have been worked out with the best value of 
0 to fit the Debye curve; corresponding points to show the best agreement 
which can be obtained with the Einstein curve have not been included. 

integral which occurs in this equation, and also tabulated values of 
cy and the other thermodynamic functions as predicted by the Debye 
theory, are available in the literature.t) 

The limiting values of cv are the same on both theories, namely, 
3R at high temperature and approaching zero at the absolute zero. 
But at intermediate values of T fO the Einstein theory predicts lower 
values of cy, and as mentioned previously, these values approach zero 
too rapidly, when compared with experimental results. 

This comparison with experiment is carried out by finding the value 
of {}E• Or {}D, for the particular substance which brings the experi
mental data into as close agreement as possible with the theoretical 

t See, for example, Appendix IV to Aston's cliapter in Taylor and Glass
tone's Treatise on Physical Chemistry (New York, Van Nostrand, 1942), vol. I. 
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equations over a wide temperature range. Now in the case of a. large 
number of solid elements, and also ma.ny inorganic compounds which 
have a.n ionic structure, a. very close agreement to the Debye curve 
can be obtained over the whole temperature ra.nge. Fig. 43 shows the 
values of cvfor silver, as calculated from the experimenta.l data. on 
c11 by use of equation (2·91). With On chosen a.s 215 K, these results 
fall almost exactly on the Debye curve. Good agreement with the 
Einstein curve could also be obtained in the region above T=0·48B, 
by appropriate choice of {}B, but this choice would result in very poor 
agreement in the low-temperature region. 

The figure also shows the experimental values of the heat ca.pa.city 
per gram-atom of potassium chloride (half the value per mole). These 
experimental figures refer to the heat capacity a.t constant pressure, 
whereas the De bye theory predicts the value of the heat ca.pa.city a.t 
constant volume. In the low-temperature region, where the difference 
between c,. and Cyis very small, the agreement is excellent, and in the 
higher temperature region the experimental figures lie above the 
Debye curve by a.n amount such as would be expected for this differ
ence. (In the case of potassium chloride the data are not available for 
the direct application of equation (2·91) which gives c,.-cy.) 

The values of {}D which bring the experimental data into agreement 
with the Debye theory are usually about 10()....490 K, corresponding 
to a frequency "D• as calculated from (13·56), of 2 x 10111 to 8 x 10111. 
On the other hand, those substances which approach the Dulong and 
Petit value only at elevated temperatures have a much larger value 
of 8 D· Diamond, for example, has a value of 1860 K, corresponding to 
a classical frequency of 4 x 101a. 

As mentioned in § 13·6, the transition metals have heat ca.pacities 
which rise considerably above 3R per mole, and the same applies to 
their ionic salts. Germanium a.nd hafnium also have heat capacities 
which are not in agreement with the Debye theory. Both meta.ls 
have peaks in their curves at about 70 K, and in the case of hafnium 
the heat ca.pacity at the peak is as much as 46 J K-1 mol-1• At 
higher temperatures the heat ca.pacity settles down to the Dulong 
and Petit value. 

At a sufficient temperature the heat capacity at constant pressure 
of many ionic lattices approaches the value 26.8n (J K- 1 per g 
formula. weight), where n is the number of atoms per gram formula 
weight. This is equivalent to the Kopp rule, as used in §4·13. How
ever, this rule is not even approximately correct in the ca.se of a 
molecular lattice, such as solid benzene, or where there are molecular 
ions such as N03, SO~-, etc. In such systems there are internal 
vibrations within the molecules, in addition to the vibrations of the 
lattice. The force constants for the former are usually much larger 
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than for the lattice vibrations, and therefore they become appre
ciably excited only at considerably higher temperatures. The heat 
capacities of such crystals can often be represented quite adequately 
by applying the Debye theory to the lattice vibrations and treating 
the remainder of the heat capacity as in the case of a gas molecule, 
using spectroscopically observed frequencies. t 

Although the De bye theory predicts a heat-capacity curve which is 
often in good agreement with experiment, the assumptions in the 
theory with regard to the frequency spectrum are not necessarily 
correct. For certain simple types of lattice, Blackman (1937) was 
able to make a detailed calculation of the frequencies of the normal 
modes, allowing for the atomic structure of the system. It was found, 
as is assumed in the Debye theory, that there is an upper limit, vD, 
to the possible frequencies, and it was also confirmed tliat the T3law 
should hold at very low temperatures. On the other hand, Blackman 
found that the frequency distribution does not have such a simple 
form (equation (13·54)) as was assumed by De bye and, in fact, it may 
have two or more peaks. In view of these results it seems that the 
agreement of the De bye theory with experiment is better than might 
reasonably have been expected. 

Blackman's calculations also give an indication why it is that the 
Einstein approximation works as well as it does-almost as well as 
the Debye in the high-temperature range. It seems that a large 
fraction of the actual frequencies are closely packed in the vicinity 
of a peak which is just below vD. Therefore it is a fairly good approxi
mation, at temperatures which are not too low, to regard all of the 
normal modes as having a single frequency Vg which is a little smaller 
than the maximum frequency vD of the Debye theory.t 

13·10. Vapour pressure at high temperature 

Provided that the temperature is high enough for the relation hv;4, kT 
to be satisfied, even for the highest lattice frequencies, the Helmholtz 
free energy of the crystal is given by equation (13·46): 

A= -kT1n00 +U0 +3NkT1n (:;), 

where ii is a. geometric mean frequency. This expression is not dependent 
on the assumptions of the Einstein or Debye theories. The chemical 
potential of the crystal when it is under its vapour pressure p is therefore 

(hii) p.= pv.- kTln 0 0 +u0 +3RT1n kT , (13·64) 

t See, for example, §62 of Aston's chapter in Taylor and Glasstone, Treatise 
on Physical Chemistry (New York, Van Nostrand, 1942), vol. I. 

f For further discussion see, for example, Fowler and Guggenheim, Statis
tical Thermodynamics (Cambridge, 1949), Chapter xv. 
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where "• is the volume per mole of the crystal and u0 is the internal energy 
per mole of the crystal relative to the gas at the absolute zero. For con· 
venience we define w0 by the relation 

(13·65) 

and in view of the meaning of 0 0 (§ 13·4), w0 is the degeneracy of the 
lattice per atom. Therefore 

( hii) p.=p v.+u0 - RTlnw0 + 3RTln kT · (I3·66) 

It was shown in equation (I2·65) that the chemical potential of a perfect 
gas may be expressed in the form 

pg= -RT[ ln (M:Ti) +In(:)!!! +lnpnL], 

where p is the pressure and M is the molecular weight. For equilibrium 
between the crystal and its vapour, ftc= p,11, and therefore from the last 
two equations, 

lnp=----!lnT+ln - Mi-+ln - -. pv.+u0 (hli) 3 l"'· (27T)hi 
RT k w0 L h 3 

The quantity pv. + u0 is very nearly the negative of the latent heat of 
evaporation L 0 at the absolute zero. t The last equation can therefore 
be rearranged to give 

L (Ji3MiJ"''') (27T)i I Inp = --0 -!lnT + ln +In - -. 
RT ~ L ~ 

(I3·67) 

In the special case where the substance is monatomic the factor l"''fw0 

may be expected to be unity. Therefore 

L 0 1 (211)! I lnp = ---llnT+3lniiM"2"+ln -- t:• 
RT L k"2" 

(I3·68) 

Comparison with equation (6·20) shows that (I3·67) is a thermodynamic
ally correct expression for the vapour pressure of a monatomic substance 
at a. high enough temperature where .:lc, has a. value of about -!R. In fact 
what has been achieved in (13·67), by means of the statistical theory, is 
a definite value for the integration constant in the thermodynamic 
equation (6·20). 

The vapour pressures of a large number of substances are represented 
in the literature by an empirical equation 

log10 p= -A/T+B. (13·69) 

For the purpose of comparing the experimental values of B with the 
terms on the right· hand side of (13·68) which do not involve 1/T we shall 

t .1.H=.1.U+.1.(pV)=-u+RT-pv •. Hence, when T=O, L0=-u-pv 
(neglecting the temperature coefficient of V0 ). 
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put tIn T = 3, which will be a. good approximation when T is of the order 
of 1000 K. Mter inserting numerical values for k, L, etc., we obtain 

log10 iiMt = !(B + 31), (13·70) 

when p is expressed in llll}lHg. From this equation it is possible to 
estimate an approximate value of ii from the empirical values of B. The 
results are given in the fourth column of Table 12 and are seen to be in 
the range 1012-1018• Values of the De bye frequency vD, as calculated from 
the heat capacity, are given in the fifth column. A precise agreement is 
not to be expected because the empirical equation (13·69) is not thermo
dynamically exact and the values of the constant B could no doubt have 
been chosen rather differently without appreciably affecting the corre
lation of the vapour-pressure data.. In any case, ii and vD do not have the 
same significance and the former would be expected to be rather smaller 
than the latter. 

TABLE 12 

SubstB!lce Temp. rBilge 
B v VD (oC) 

Ca 500- 700 9.69 5x IOU 4.8 X IOU 
Cd 150- 320 8.56 2 X 1011 3.5 X 1011 

Mo 1800-2240 10.84 8 X 1011 8.0 X 1011 

Pt 1425-1765 7.79 6 X 1011 4.7x 1011 

Tl 2230-2770 9.92 3 X 1011 2.0 X 1011 

Zn 250- 420 9.20 3 X 1011 4.9x 10u 
FeCI1 700- 930 8.33 1 X 1011 -
As.o, 100- 310 12.13 2 X 1011 -

Data from International Critical Tables, vol. m. 

A more general discussion of the integration constant in the vapour 
pressure equation will be found in the literature. t Our purpose in 
developing equation (13·67), applicable to high temperatures, is partly 
because of its simplicity and also because it has application in the theory 
of the evaporation rate and reaction kinetics of solids. If equation ( 12•114) 
may be taken as a. correct expression for the condensation rate of a. gas on 
its own crystal, then this equation may be combined with (13·67) to give 
an equation for the evaporation rate of the solid. 

13·11. The third law-preliminary 

In§ 11·10 two statistical analogues of the entropy were introduced 

S' = - kl:~ In Pt, 

S"=kln!l. 

(13·71) 

(13·72) 

t See, for example, Fowler and Guggenheim, Statistical Thermodynamics, 
Chapter v. 
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Now quantum theory assigns definite values to the P's and also to 0. 
Therefore, for any system, 8' and 8w have perfectly definite values 
which are positive or zero. (They cannot be negative because the pro
babilities ~ are all fractions and the number of complexions 0 of 
the system cannot be less than one.) 

It was shown subsequently that 8' and 8w possess all of the pro
perties of entropy and the primes were therefore deleted. On the 
other hand, since thermodynamics deals only with changes of entropy, 
it is clear that the statistical analogues would have been equally 
satisfactory if they had contained an additive constant. Let us write 
such a constant in the form -kIn 0,.. Then the entropy analogue 

8"'=kln0-kln0,.=kln0/0,. (13·73) 

will be entirely satisfactory for all thermodynamic purposes, and it 
will be zero when the system has a number of complexions equal to 
0,. Therefore it would be a matter of convention if (13·71) or 
(13·72), containing no additive constant, were to be taken as the 
choice of the statistical definition. In actual fact our procedure in 
this chapter, and the previous one, has been based on taking the 
entropy as zero when the system may still possess a large number of 
possible complexions. This is because we have no means of computing 
the number of complexions due to alternative quantum states within 
the nuclei of the atoms. 

In Chapter 12 we discussed randomization over translational and 
configurational states and also, to some extent, over rotational, 
vibrational and electronic states. Two other factors which are known 
to contribute small amounts to the entropy are (a) the number of 
possible orientations of the nuclear spins and (b) the entropy of 
isotope mixing. (The latter factor arises if the substance in question 
contains two or more isotopes.). However, this leaves quite untouched 
the possibility of randomness within the nucleus, about which nothing 
whatever is known. It is evident that even when we have allowed for 
all the known factors our computed entropy may still be incomplete. 

In brief, it is not possible to calculate absolute entropies. Instead it is 
necessary to adopt some convention concerning what factors are to 
be included in 0, in view of the present state of knowledge. The 
convention which is usually adopted in physical chemistry is that the 
entropy is taken as zero when the substance is in a physical state such 
that translational, configurational, rotational, vibrational and 
electronic contributions to the entropy are all zero. Contributions 
due to the nucleus, including its spin, are ignored and also the effect 
of isotope mixing. The justification for omitting these factors lies in 
the fact that nuclei are conserved in chemical processes and also 
because the isotopic composition usually remains almost constant. 
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Effects of this kind therefore cancel when we consider changes of 
entropy. 

Returning to (13·73), the convention which is adopted is equi
valent to taking n, not as the total number of complexions of all types, 
but as including only the number due to translation, etc., and at the 
same time arbitrarily putting n,., the number of complexions due to 
the nucleus and isotope mixing, equal to unity. (This is what was done 
implicitly in Chapter 12 when pnt. for a monatomic gas was put equal 
to unity.) If this convention is used whenever statistical mechanics 
is applied to chemical problems, it may be expected that the results 
will be self-consistent. The entropies as calculated on this basis are 
referred to as practical or conventional entropy values. 

Having adopted this convention we may ask, Does there exist a 
physical state of a substance for which the conventional entropy is 
actually zero 1 Now perfect crystals are known to have a. very orderly 
structure, and at very low temperatures the lattice vibrations will 
all be in their lowest states which correspond to the zero-point energy. 
Therefore it may be expected that a crystal will have a. very low 
entropy at temperatures approaching the absolute zero, and in one 
of the original forms (Planck's version) of the third law it was asserted 
that the entropy of a pure substance is actually zero under such 
conditions. On the other hand, from (13·51), based on the Einstein 
approximation, it is seen that 

(13·74) 

and the same result is readily obtainable from the Debye equations. 
It seems therefore that, even after we have adopted the above 
conventions, the entropy of the crystal approaches zero only if 0 0 

is unity. This quantity, which was first introduced in equation 
(13·29), was tentatively identified with orientational factors in the 
crystal. 

Before discussing this question it may be remarked, that imperfect 
crystals would not be expected to have zero entropy. Also it might 
be very difficult to determine whether or not a crystal i8 perfect, at 
very low temperature, except by the investigation of its entropy. 
Therefore there is some danger of circularity in the argument. More
over there is no evidence that the absolute zero can ever be reached; 
on the contrary it seems quite unattainable, as if there is really a 
kind of infinity of temperature between 0 K and, say, 1 K. What 
we have to discuss, therefore, is really an extrapolated entropy, namely 
its apparent value at T = 0, as extrapolated from the lowest tem
peratures attainable in calorimetric measurements. This is normally 
a temperature of a. few K upwards. 



13·11] Perfect Crystals and the Third Law 419 

Suppose we have available a. set of c,. values on a. crystalline sub
stance a.t closely spaced intervals from a. temperature T' (say 10 K) 
up to its sublimation temperature T 8 , and also a. set of c,. values for 
the same substance as a. gas from T, up to some temperature T" 
which is of interest. These values will all be taken to refer to the same 
pressure P. The entropy increase of the substance in passing from the 
solid state at (T',P) to the gaseous state at (T",P) is therefore 

(13·75) 

where L. is the latent heat of vaporization at the sublimation tem
perature. The integrals may be evaluated by plotting c, against In T 
and taking the area. under the curve.t Now below T' the Debye T3 

law may be assumed to hold with sufficient accuracy. Thus from 
(13·60)t c,.=aTa, (13·76) 

and in accordance with what was said above we shall use tkia law for 
the purpose of extrapolating downwards to T=O. The estimated 
entropy change in the process (T=O,P)-+(T', P) is§ 

(13·77) 

where c~ is the lowest measured value of c,. at the temperature T'. 
Adding (13·75) and (13·77) we obtain a. quantity which is usually 

denoted Bcalor. and is called the calorimetric entropy of the gas at the 
temperature T": 

c~ s:··c"~' L, fr c,. ST.-80=·--+ -·-dT+-+ ---dT 
3 2"'1' T. T,T 

=Bcalor.• (13·78) 

The significance of ST.-80 in equation (13·77) is a.n entropy 
change based on the use of the Debye theory for the purpose of a. 
smooth extrapolation from T' to T = 0. It is therefore tacitly assumed 

t Additional integrals and latent heat terms must, of course, be included 
if the process passes through the liquid state or through more than one solid 
state. 

~ At low temperatures c11 and cy are practically equal. 
§ Note that the integral is convergent and s:r. -80 is finite. This isbecauee 

of the T8 law which shows that c,.JT approaches zero as T-.0. 
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that the only caU8e of a decrease of entropy in passing from T' to T = 0 
is a damping out of the lattice vibrations. 

In accordance with (13·74) let us now substitute 

8 0 =klnQ0 • (13·79) 

Then it follows that Q 0 must similarly be interpreted not necessarily 
as the true degeneracy at T=O (even when nuclear factors are not 
included), but rather as its value at T' and up~ards. This will become 
clearer in what follows. 

The substitution of (13·79) in (13·78) gives 

Br=kln !lo+Boalor. 

c~ JT•c, Ls fr c, 
=klnOo+a+ T'T dT+ Ts + x,T dT. (13·80) 

In summary, this is an expression for the entropy of the gas at the 
temperature Tw on the basis of (a) the foregoing conventions with 
regard to nuclear and isotope factors not being included; (b) the smooth 
extrapolation from T' to zero by use of the statistical theory of 
perfect crystals. Using just the same conventions as in (a) above an 
alternative value for S.r- may be calculated by the methods of§ 12·7. 
H the gas is monatomic the entropy in question is simply the trans
lational entropy and is given by the Sackur-Tetrode equation (12·64). 
H the gas is polyatomic it is necessary to know the value of pnt., 
e.g. by determination of the energy levels by spectroscopy. In either 
case the entropy, as computed in this way, is known as Bapeo.· Thus 
(13·80) can be written 

Sspeo. = Tcln 00 +Boa~or.. (13·81) 

A number of experimental values of Bspec. and Soalor. are given in 
Table 13, t and it is seen that there is an appreciable difference 
between them only in the case of H 2, CO and N20. The difference in 
the case of hydrogen is believed to be due to the ortho-para effect and 
will not be discussed here. With CO and N20 the difference is about 
1.1 calK -l mol-l, and this may be accounted for on the following 
lines. In carbon monoxide the oxygen and carbon atoms probably do 
not differ much in size or in their force fields (and similar considera
tions apply to NllO which is also a linear molecule). Therefore it may 
be expected that an arrangement of the crystal in which all of the 
CO (or N 20} molecules are arranged with their dipoles pointing in the 
same direction, e.g. CO, CO, CO, etc., will not differ much in energy 

t The figures refer to the ideal gas state at 25 •c and I atm and are in units 
of calK - 1 mol-1• A much larger table is given by Aston in Taylor and 
Glasstone's Treatise on Phyllical Chemistry, vol. I, p. 588. 
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TABLE 13 

Substance s-. s ... tor. 

HCl 44.64 44.5 
HBr 47.48 47.6 
HI 49.4 49.5 
N, 45.78 45.9 
o. 49.03 49.1 
H, 31.23 29.74 
co 47.31 46.2 
H 1S 49.10 49.15 
co, 51.07 51.11 
N 10 52.58 51.44 
NH8 45.94 45.91 
c.H, 52.47 52.48 
CH8Br 58.74 58.61 

from an arrangement in which the molecules are turned end to end, 
e.g. CO, OC, CO, etc., at random. At high temperatures the random 
arrangement will certainly be the more stable and at the lowest 
temperatures, c. 10 K, which can be reached conveniently in the 
heat-capacity measurements, the crystal may still be expected to 
have the random structure. (Either because the random arrangement 
continues to be the more stable or because the transition to a more 
orderly structure is exceedingly slow compared to the time in which 
the published heat capacity measurements were made.) We therefore 
postulate that each molecule can have two arrangements in the 
lattice, CO or OC, and thus, per mole of the crystal, 

k ln 0 0=k In 2L=I.38 (13·82) 

This rather more than accounts for the discrepancy between Bspeo. 
and Soa.lor.• and it may be that some loss of randomness has taken 
place at the lowest temperatures attained. 

13·12. Statement of the third law 

As is well known, Thomsen and Berthelot believed that the 
tendency of reactions to take place is determined by the heat of 
reaction, and this view was subsequently modified in favour of the 
free energy as the correct criterion. Nevertheless it remains true 
that the majority of reactions take place in the direction in which 
heat is evolved, especially when the temperature is low, and when 
none of the substances are gaseous. 

Evidently M (or tJ.G) is not very different from aU (or All) for 
such processes, and this was substantiated by Richards who showed, 
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in 1902, that the e.m.f. of galvanic cells becomes more and more 
nearly proportional to the internal energy change of the cell reaction 
the lower the tAmperature. 

On the basis of such results Nernstt in 1906 put forward a new 
hypothesis: the curves of the changes in free energy and total energy 
of a chemical reaction between pure solid or liquid bodies become 
tangential to each other at the absolute zero. The shapes of these 
curves, according to Nernst's hypothesis, are shown in Fig. 44, and 
it is instructive to consider them in relation to the Gibbs-Helmholtz 
equation (2·68). Nernst's hypothesis is clearly equivalent to the 
supposition that the entropy change in a reaction between pure 
solids or liquids approaches zero at T=O. 

r
Fig. 44 

Instead of considering difference& of entropy, as was done by Nernst, 
Planck subsequently adopted:!: the stronger statement 'as the tem
perature diminishes indefinitely, the entropy of a chemically homo
geneous body of finite density approaches indefinitely near to the 
value zero'. The discussion in § 13·ll shows thn.t this statement is 
not at all satisfactory. In the first place the absolute zero is not 
attainable, and we must discuss instead the properties of matter 
as smoothly extrapolated to T = 0 from the lowest attainable tem
perature T'. Secondly, the possibility of giving any value including 
zero, to the entropy is entirely conventional because nothing is 
known about the entropy of the nucleus. Finally, we have seen that 
even the 'conventional entropy' does not necessarily fall to a value of 

t Nachr. Gu. Wis8. Gottingen, Klasse Math. Phys. (1906), p. 1. 
t Planck, Treatise on Thermodynamics, transl. · Ogg (London, Longmans, 

1927), 3rd ed., p. 274. 
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zero, due to the presence of configurational randomness at the lowest 
attainable temperature. , 

To be sure, in the great majority of cases the comparison of 8 8pec. 

and 8calor. indicates that n0 is unity, which means that the con
ventional entropy does approach zero. But it is precisely because 
there are exceptions that it is difficult to put forward an unambiguous 
law of nature on the lines of Planck's formulation. Modem versions 
of the law are much closer to Nemst's original statement, but contain 
safeguards against unstable states such as supercooled liquids and 
glasses. 

Guidance with regard to the best formulation of the law may be 
obtained by considering the case of crystals, for which we have the 
limiting equation (13·74), of the Debye theory. From this equation 

lim (81-8.,.) =k ln n01-k ln !lo.2• (13·83) 
T-+0 

where LX and fJ refer to two states of the crystalline substance or sub
stances. Therefore, if no is the same in both states, we have 

lim(81 -8.,.)=0, (13·84) 
T-+0 

and this will apply even if n0 is not unity in the two states. For 
example, any isothermal process on solid carbon monoxide, such as 
a small change of pressure, may be expected to have zero entropy 
change at a low enough temperature, provided that it does not 
change the randomness of the molecular arrangement in the crystal. 
On the other hand, the reaction CO+ !01 = C02 would not be expected 
to have a limiting entropy change of zero; in this process the ran
domness of the CO lattice is lost and there is no evidence that it is 
compensated by any corresponding factor in the C02 lattice ( cf. the 
table in §13·11). 

A statement of Fowler and Guggenheimt which meets the situation 
very adequately is as follows: For any isothermal process involving 
only phases in internal equilibrium, or, alternatively, if any phase is 
in frozen metastable equilibrium, provided the process does not 
disturb this frozen equilibrium, 

lim~8=0. (13·85) 
T-+0 

t Fowler and Guggenheim, Statistical Thermodynamics, Chapter v. These 
authors prefer to deduce the above statement. from a second principle which 
at. first. sight. appears to be quite different.. This is the principle of the unat.t.ain. 
ability of the absolute zero: • it. is impoBBible to reduce a system to the absolute 
zero in a finite number of operations.' See also: Buchdahl, The Concepts of 
OlcuJBical Thermodynamics (Cambridge, 1966); Munster, Classical Thermo· 
dynamics (Wiley, 1970) and Statistical Thermodynamics (Springer, 1974); 
Guggenheim, Zoo. cit., and Landsberg, Thermodynamics and Slatistical Meoh.. 
anics (Oxford, 1978). 
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For example, a change in the pressure of solid CO might be expected 
to fulfil this condition, whereas any reaction involving CO does not. 
'Internal equilibrium' implies that the state of the phase is deter
mined entirely by its temperature, pressure and composition, and 
this excludes glassy states or supercooled liquids whose state may be 
expected to be at least partially determined by their previous 
history, such as the rate of cooling. 

13·13. Tests and applications of the third law 

(a) Liquid helium. The above statement of the law is not limited 
to crystals, and it is actually the transition between liquid and solid 
helium which provides one of the best confirmations. This transition 
can be carried out reversibly, by suitable change of pressure, at 
temperatures far below 1 K. The equilibrium is determined by the 
Clausius-Clapeyron equation, (6·8), which can be expressed as 

dp llS 
dT=av· 

It was shown experimentally by Simon and Swensent that dp fdT 
is extremely small or zero below 1. 4 K. The differential coefficient 
was actually found to be proportional to the seventh power ofT, 

:=0.425T7, 

and is thus quite minute at T = 0. 5 K. It follows from the Clausius
Clapeyron equation that .1.8, the entropy difference between liquid 
and solid, must also approach zero very rapidly, in accordance with 
the third law. (It is of interest that in these low regions of tempera
ture there is no latent heat, and the phase change does not take place 
by intake of heat but only by change of pressure.) 

(b) Coefficients of expansion. Consider a small increase 8p, in 
the pressure of a stable phase at a constant temperature. The entropy 

increase is (as) 
88= <I 8p. 

up T 

According to the third law 88 tends to zero and therefore so also must 
(88fop h· Using one of the Maxwell relations it follows that (fJVjfJT)p 
must also tend to zero as T-+ 0. This has been confirmed experiment
ally in the case of copper, aluminium, silver and other substances. 

t Simon and Swensen, Nature, Land., 165 (1950), 829. 
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(c) Crystal-crystal and crystal-glass transitions. Let ex and p 
be two crystalline forms of a substance both of which are in a state 
of internal equilibrium at very low temperature, a.s previously 
discussed. This does not necessarily imply that they are at equili
brium with respect to each other, when they are in contact. LetT, 
be their normal equilibrium temperature, where their chemical 
potentials are equal. Let 8~or. and 8~Jor. be the calorimetric en
tropies of the two phases at the temperature T., as calculated by use 
of equations such as (13·78): 

"' c~.. JT•c~"'dT 
Scalor.=a+ T' T · 

Finally, let (8a-Sph. be the entropy increase in the process fl-+ ex at 
the equilibrium temperature T., as calculated from the latent heat, 
and let (8,.- 8 p)0 denote the extrapolated entropy difference as T-+ 0. 
Since entropy is a function of state its change round a cycle is zero. 

Hence (S .. -Sp)0=8~1or. +(8 .. -8ph. -8~Jor.• (13·86) 

and therefore, according to the third law, the sum of the three terms 
on the right-hand side should be approximately zero. Results quoted 
in Table 14, where the entropies are in calK -l mol-1, show that 
this is the case. 

TABLE 14 

Substance p form a. form TefK s~ ••. (8,.-8fJhe 8~ ... (8,. -8p)o 

Sulphur Rhombic Monoclinic 368.6 8.69 0.24 8.91 
Tin Grey White 286.4t 9.23 1.87 11.17 
Phosphine p a. (o.nd y) 49.43 4.38 3.76 8.13 
Gyclohexanol p a. 263.5 33.5 7.4 . 41.2 

t The entropy data refer to 25 •c, although the transition temperature is 
13.2 ·c 

0.02 
-0.07 

0.01 
-0.3 

The same agreement is not to be expected if we compare the 
entropy of a crystal with that of the same substance in a supercooled 
liquid or glassy state. For example, the entropy, extrapolated to 
T=O, of glassy glycerol exceeds that of crystalline glycerol by 
4.6 cal K-1 mol-1, and the corresponding difference for glassy and 
crystalline alcohol is 2.6 cal K·-1 mol- 1• These glassy states evi
dently have quite large values of no. 

Despite the good agreement in the table above it must be admitted 
that any application of the third law to metastable states is somewhat 
precarious, and is perhaps justified only in cases :where we seem to 
have a fairly clear statistical insight. 
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(d) Chemical reaction. A much more certain application of the 
third law is to chemical reactions, as discussed originally by Nernst. 
Consider a reaction 

in which the three substances all exist as perfect and stable crystals 
at a temperature less than, say, 10 K. The value of Bcalor· for each 
substance at any temperature T can he calculated from experimental 
measurements by use of equation (13·78). It follows from the third 
law (as in the derivation of equation (13·86) above) that 

sgalor.- s~lor.- s~lor. (13·87) 

is equal to the entropy increase in the reaction at temperature T. 
This third law value of 6.8 can be compared with a value obtained in 
the usual way, either from measured values of tl.H and tl.G, or from the 
temperature coefficient of the e.m.f. when the reaction is carried out 
in a cell. 

TABLE 15 

I AS third law ~~ AS direct Reaction T fK cal K -t mol-1 (cal K-1 mol-1) 

-----·--, 1{- 3.13+0.10 
Ag(s)+!Br1(l)=AgBr(s) , 265.9 ! - 3.01±0.40 i _ 3.02±0.10 
Ag(s)+!Cl1(g)=AgCl(s) ! 298.16 j -13.85±0.251 -13.73+0.10 
Zn(s)+!01(g)=Zn0(s) ; 298.16 · -24.07±0.251 -24.24:±0.05 
Mg(OHMs)=MgO(s)+H20(!J) j 298.16 I 35.85±0.08j 36.67±0.10 

A comparison quoted by Astont is given in Table 15. It will be seen 
that the agreement is within the experimental error except in the 
fourth reaction which involves water. This discrepancy is attributed 
to lack of perfection in the ice crystal at very low temperatures. In 
fact a residual entropy of 0. 806 cal K -t mol-1 can be accounted for 
statistically and this almost completely removes the discrepancy. 

The great value of the third law in physical chemistry is this 
application to chemical reactions. In the case of simple molecules, 
which exist as perfect or almost perfect gases, the standard free energy 
can be evaluated from the band spectrum, as discussed in § 12·7. 
This method is not applicable to the more complex organic substances, 
and it is for this reason that the third law is extremely valuable. 

Let it be supposed that the substance in question passes into a 
crystalline form (and not a glass) on cooling. Its calorimetric entropy 
can be calculated at any temperature T by use of equation (13·78) 
provided that heat-capacity measurements .are available at close 

t Taylor-Glasstone, Treatise on Physical Chemistry, vol. I, p. 518. 
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intervals from about 10 K upwards. By subtracting from this vaiue 
the corresponding calorimetric entropy of the elements of which the 
substance is formed we obtain the entropy of formation at the tem
perature T. A determination of the heat of combustion gives the 
enthalpy of formation, and a combination of the two results gives 
the free energy of formation. 

By this method the equilibrium constants of reactions can be 
estimated by purely calorimetric methods. The main point where care 
must be exercised is in the measurement of the heat capacities-if, 
below a certain temperature, the substance were to pass into a glassy 
state, instead of a crystal, the computed entropy of formation might 
be considerably too low, as may be seen from the example of glycerol 
as previously discussed. 

In conclusion, it may be remarked that the above method of 
applying the third law has now largely replaced the method of the 
'Chemical Constants' as described in the older textbooks. 

PROBLEMS 

I. Using the Einstein model show that the total number of modes 
which are in the first or higher excited levels increases most rapidly with 
temperature when T=i08 • ·Why is this not quite the same as the tem
perature at which cv increases most rapidly? The figure in §13·9 shows 
that the latter occursat aboutT=0.28E. 

2. Show quite generally that the application of the statistical theory 
determines the value of the integration constant in equation (6·19) for 
t.ho vapour pressure ofa. crystal. 

3. Obtain the following expression for the evaporation rate of a. crystal 
at high temperature 

27TMV8jl11'-
Molecules cm-1 sec-1=---e-L~RT (13·88) 

RT w0 

(This expression is usually multiplied by a factor a, the condensation 
coefficient, to allow for the possibility that molecules strike the surface 
without condensing. In any case it seems that a is usually close to unity.) 

4. Verify the shape of the curves shown in Fig. 14 of Chapter 2 for the 
equilibrium of a crystal with its monatomic vapour. For this purpose 
plot the total energy and entropy of the crystal-vapour system as a 
function of the fraction present as vapour when suitable values of ii, M, 
etc., are substituted in the relevant equations. For simplicity, use the 
equations which are valid for high temperature. 

5. Using the following data, which are from Landolt-Bornstein, 
compare the calorimetric entropy of mercury vapour at 343 . 9 K with a. 
value calculated from the Sackur-Tetrode equation, a.ssuming that the 
vapour is entirely monatomic. 

p 
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Atomic weight 200. 6. 
Vapour pressure a.t 343.9 K=5.16 x IO-• rnmHg. 
Latent heat of evaporation of liquid a.t 343.9 K= 14 460 cal mol-a 
Latent heat of melting a.t m.p. (234.3 K)=555 cal mol-1• 

Heat capacity of solid (cal K-1 mol-1): 

T/K 10 20 30 40 50 60 70 
cP 1.11 2.51 3.69 4.45 4.94 5.26 5.48 

TfK 80 100 120 150 200 234.3 
c- 5.63 5.86 6.01 6.20 6.47 6.65 

Heat capacity of liquid (cal K-1 mol-1 ): 

T/K 234.3 240 250 270 300 323.2 353.2 
cp 7.00 6.95 6.90 6.76 6.65 6.63 6.60 

6. Using the limited amount of data. provided below, investigate the 
thermodynamic conditions which might be needed for the conversion 
of graphite into diamond. What additional data. are necessary for the 
purpose of a. more exact calculation? What other conditions may need 
to be satisfied if the conversion is to take place? 

The fin;Jt column refers to the standard enthalpy of formation 
(cal moi-1), and the second column to the standard entropy 
(cal K-1 mol-1), as obtained by third law methods. The third and 
fourth columns give the heat capacity (cal K-1 mol-1) and density 
(g cm-8 ) respectively, a.t atmospheric temperature and pressure. 

Diamond 
Graphite 

A,H.I8 S"MS o, d 
453 0.583 1.449 3.51 

0 1.361 2.066 2.25 
[C.U.C.E. Tripos, 1955] 

[For further discuBBion of the conditions necessa.ry for diamond 
formation see Hall, J. ahem. Educ., 38 (1961), 484.] 
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In § 1H2 it was shown that, in certain types of problem, the 
difference in entropy between two states of a system is given by 

S S -klnnoonftg.ll s- 1- • 
noonftg.l 

(14·1) 

where the O's are the numbers of configurational arrangements in 
the states 1 and 2. The purpose of the present chapter is to make some 
simple applications of this equation by assuming, as a rough approxi
mation, that certain phenomena of solutions, and of adsorption, are 
due to purely configurational effects. 

Before proceeding, it is desirable to show in rather greater detail 
how the above equation may be derived from the more fundamental 

relation A=-kT In Q. (14·2) 

Equation ( 14·1) was actually derived for certain types of process at 
constant energy; it must now be shown that the equation ma.y also 
apply when the process is isothermal. 

Consider a. change from state 1 to state 2 which is at the same 

temperature. Then fr~m (.14~) (~e-••d"~ 
A 9 A1- kTln I;e-B•;JIIT , (14·3) 

' 
where the explicit form of the partition functions has been inserted 
and the summations are taken over all of the quantum states i which 
are comprised within the macroscopic or thermodynamic states 1 
and 2. In these summations it may occur, of course, that a particular 
term, e-BdiiT, repeats itself a. great many times on account of the 
degeneracy of the particular level. 

Let it be supposed that, as we pass from state 1 to state 2, the 
only change which occurs is a change in the number of geometrical 
configurations in which the system can exist. In particular, we shall 
suppose that each configuration has the same set of energy levels 
rising above the same zero. A typical example was that discussed in 
§ 1·17, namely, the mixing of very similar atoms or molecules between 
lattice sites. If the numbers of particles of type A and Bare N. and N, 
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respectively, there are 3(N0 +Nb) normal modes of the lattice and the 
present assumption is that these modes are quite unaffected by the 
mixing process. (H A and Bare actually molecules, rather than atoms, 
it must also be assumed that their internal states are unchanged.) 

The second macroscopic state of the system will therefore be taken 
as having 0 0 times as many configurations as the first, the symbol 
Oc being used for brevity in place of the ratio Ooon11g. 2/0con11g. 1• 

Thus each term e-EjlkT repeats itself 0 0 times more often in the 
numerator of (14·3) than in the denominator. This quantity can 
therefore be factorized out and we obtain 

where each summation now refers to any single configuration only. 
Also the8e two summationa are equal. This is because, as said already, 
the kind of isothermal process which is being discussed is one which 
involves a change in the number of configurations but for each of 
these configurations the quantum states are the same. 

Hence A A ~- 1= -kTln00• 

For the same reason 

and therefore 8 2-81 =kln00, 

in agreement with equation (14·1). 

(14·4) 

(14·5) 

(14·6) 

On the other hand, it may occur that the spaci'TI{J of the energy 
levels is the same for each configuration of the system, but not their 
energy zeros. This kind of situa-
tion is indicated in Fig. 45. For 
example, in the mixing of A and 
B atoms it may occur that 
the A-B interaction energy is 
greater than the mean of A-A 
and B-B interaction energies. 
Those configurations of the 
mixture in which there are a 
large number of A-B nearest 
neighbours will therefore have a 
more negative potential energy 
than those in which there are a 
small number. If the physical 
conditions are such that the 
spacing is unaffected, then be-

Fig. 45 

tween any two configurations there is merely a displacement of the 
levels relative to each other by some quantity E. However, the mag-
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nitude of E will vary from one pair of canfiuurations to another, 
according to the relative numbers of A-B, A-A and B-B nearest 
neighbours. Under such conditions it is evident that the two sum
mations do not cancel and no simple result is obtainable. However, 
a further approximationt is frequently adopted which is difficult to 
justify in a brief discussion. It amounts to the supposition that the 
energy zeros of the vast majority of configurations in state 2 of the 
system differ from those of state 1 by a constant amount E. 

Consider the example of the mixing of the A and B particles. As 
mentioned above it may be that there is a tendency for a paY"ticle of 
a given type to be surrounded by an excess of particles of the other 
type. Conversely there may be a tendency for like particles to collect 
together. However, provided that the disparities in the A-A, A-B 
and B-B interaction energies are not very large, it seems that these 
tendencies may often be neglected. This is the approximation which 
is now being made, and it amounts to the assumption that those 
quantum states of the mixed system in which the particles are 
distributed at random over the lattice sites are so preponderant in 
numbers that all other states (which should really be included in the 
summations) may be neglected. 

We thus assume that the energy zero of every configuration of the 
final state of the system differs from that of the initial state by the 
same amount E. Thus 

(14·7) 

If, as before, the ratio of the number of geometrical configurations 
is 0 0 , it follows that the term Qc e-B/IIT can be factorized OUt of the 
numerator of (14·3). We thus obtain 

A 2-Al =- kT In nG e-B/II7' 

= -kTlnil0 +E, (14·8) 

the remaining parts of the summations having cancelled. 
By application of the Gibbs-Helmholtz equation, or equation 

( 11·44), it is readily established that 

(14·9) 

provided that E and n. are independent of temperature. Thus we 
again obtain 

(14·10) 

whenever the above approximations are valid. 

t Equivalent to the so-called • zeroth' approximation, or the Bragg and 
Williams approximation. 
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14·2. Example 1: the lattice model of ~lxturest 
In § 8·1 it was shown that equations (14·4)-(14·6) lead to a statis

tical deduction of the laws of ideal solutions; For this purpose it was 
supposed that a solid or liquid solution can be approximated by a. 
quasi-crystalline lattice, and also that the A and B molecules are of 
a. sufficiently equal shape and size for them to be interchangeable 
between the lattice sites without change of lattice structure and 
without change in the lattice vibrations or the internal states of the 
molecules. Before mixing there is only one geometrical arrangement 
and after mixing there are 

n _(Na+Nb)! 
couflg.ll- NaiNbl (14·11) 

such arrangements. 
It was also supposed that there are no. preferential interaction 

energies between the molecules. Let w11a be the increase in potential 
energy when a pair of A molecules are brought together from infinite 
distance to their equilibrium separation in the pure or mixed lattice. 
Similarly, let wllb and wbb be the po~ntia.l energies of A-Band B-B 
pairs. Assuming for simplicity that only nearest-neighbour inter
actions are appreciable and that the average number of nearest 
neighbours of a. given molecule is z, then 

z[2wllb -W1111-w •• ] (14·12) 

is the increase in the potential energy when one A molecule is trans
ferred from pure A to pure Band one B molecule is transferred in the 
reverse direction. In § 8·1 this quantity was assumed to be zero so that 

lirJ =0, 
and this led to the laws of ideal solutions. 

We now consider a rather more general model of a. solution in which 
(14·12) is no longer taken to be zero, but the other assumptions are 
retained. We thus consider the case where there is preferential inter
action between otherwise similar molecules in a. qua.si•crysta.lline 
lattice. Now the existence of this mtera.ction can only mean that the 
molecules are not arranged entirely at random in the mixture. 
However, provided that the quantity defined in equation (14·12) is 
not large in absolute magnitude compared to the th~rma.l energy, 
kP, it may be supposed that departures from randomness are not 
very appreciable. This is to adopt the approximation embodied in 
equations (14·7)-(14·10). In pa.rticula..r, we obtain for the entropy of 
mixing 

t Footnote to the Second Edition. The lattice model is now less used than 
formerly, but it continues to provide one of the simplest and most attractive 
illustrations of statistical mechanical methods, within the scope of its assump. 
tions, and it is on these grounds that the present seotion has been retained. 
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/l,.S= ktnn. 

=kin (Na+Na)l 
N0 1Nal 
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(14·13) 

which is the same as for the ideal solution, as given in § 8·1. t It 
remains to obtain the energy change on mixing when (14·12) is no 
longer zero. 

Consider two adjacent sites 1 and 2 in the mixture. In accordance 
with the assumption of randomness the probability of an A molecule 
being on site 1 is equal to the mole fraction N0 /(N0 +N11). Similarly, 
the probability that a. B molecule is on site 2 is N11f(N0 +N11 ). The pro
bability that an A molecule is on site 1 and simultaneously a. B mole
cule is on site 2 is therefore N0 N11 f(N0 + N11)1• This is also the probability 
of the reverse arrangement--A on 2 and B on 1. Therefore the 
probability that the particular pair of sites is occupied by an A-B 
pair is 

(14·14) 

(Note that in this expression we have a BUm of probabilities. This is 
because the events are not independent but exclude each other
either the one arrangement occurs or the other.) 

Now the system contains a total of N0 +N11 molecules and, if the 
average number of neighbours is z, there are a total of 

(14·15) 

pairs of neighbouring sites in the whole mixture. (The factor i is to 
prevent the counting of each pair twice.) For many solids and liquids 
it seems that z is about 12 corresponding to an approximately 
face-centred cubic packing. 

From (14·14) and (14·15) we find that the total number of A-B 
pairs in the mixture is 

2NaNa 
Naa=iz(N0 +N11) x (Na+Na)• 

NoNa =z-.-. 
Na+N" 

(14·16) 

t The assumption embodied in (14·13) was originally used by Hildebrand 
and was the basis of his concept of • regular solutions •. These include the ideal 
solutions as a special case. 
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Similarly, the numbers of A-A and B-B pairs are 

Naa=tz(N0 +N,) X (Na:N,)I 

N• 
= tZ (Na +aN,)' 

N2 
N,ll = iz (Na +~~N,), 

[14·2 

(14·17) 

(14·18) 

respectively. On the other hand, in the two pure substances before 
mixing there are izNa A-A pairs and izN11 B-B pairs respectively. 
The increase in potential energy on mixing is readily obtained from 
the above relations and is 

NaNII 1 N! 1 N: N0 W00 N11 w1111 
z (Na+N,) Wall+"!"z (Na+N,) Waa+"!"z (Na+N,) w,,-z-2--z-2-. 

In accordance with (14·9) this is equal to 6.mU. On simplifying we 
obtain z N 0 N11 

A.,.U =2 (Na +NJ (2wab-Waa-WIIb), {14·19) 

an!J this is seen to contain the quantity expressed in (14·12). H we 
define 

(14·20) 

then (14·21) 

This may also be put equal to A.,.H, since for a mixing process at con
stant pressure A.,. Vis zero or trivial by the nature of our assumptions 
concerning the molecules A and B. Therefore combining (14·13) and 
(14·21) we obtain the increase in Gibbs free energy on mixing as 

NaN, kT(N I Na In N, ) A.,.G =zw N N,) + a nN---u+N, N "Ar • 
( a+ II a+.L'b a+.L'II 

(14·22) 

The second term on the right-hand side of this equation is equal to 
the free energy of mixing if the solution were ideal, as discussed 
previously in § 8·1. Therefore the excus free energy is 

rtJI! - NaNII 
u-=zw (Na+N,) 

(14·23) 
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where L is the Avogadro constant and n11 and n11 are the mole 
numbers of the two species. By applying equation (9·46), 

oGE 
~=RTlny~, 
un~ 

we obtain the logarithms of the activity coefficients 
Lw , 

In y .. =z RTx:,} 
1 Lw 2 
nyb=z RTx ... 

(14·24) 

Finally, by using equation (9·6), the partial pressures of the two 
components are found to be 

where 

p .. =p:x .. eK~T'} 
Pb = p: xb eKo::/7'' 

K=zLw/R 

(14·25) 

This simplified account of the lattice model has been put forward 
mainly for the purpose of illustrating the statistical method based 
on the supposition that only the configurational factors are significant. 
For a detailed discussion on the extent to which the equations agree 
with experiment, the reader is referred to the literature.t It is suffi
cient to say, in the first place, that the class of solutions discussed 
above includes the ideal solutions as a special case, namely, when 
w = 0. Secondly, it seems that the theory often gives results which 
are closer to experiment for the free energy than it does for either the 
enthalpy or entropy taken separately. That is to say the expressions 
(14·22) or (14·25) are frequently in better agreement with experiment 
than either (14·13) or (14·21). 

It will be noted that the simplified theory, as given above, repre
sents the deviations from ideality entirely in terms of an energy factor. 
The entropy of mixing, as given by equation (14·13), was a.ssumed 
(rather doubtfully) to be the same as for an ideal solution. 

If the ratios PaiP: and Pbfp:, as given by equation (14·25), are 
plotted against x, the curves are symmetrical about the point x = 0.5. 
Very few solutions exhibit this symmetry at all accurately. At the 
same time the class of regular solutions is more comprehensive and 
closer to reality than the class of ideal solutions and, in this sense, is a 
useful working model for practical purposes. 

t Rowlinson, loo. cit.; Hildebrand, Prausnitz and Scott 'Regular and Related 
Solutions (van Nostrand, 1970). 
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14·3. Example 2: the Langmuir isotherm 

This well-known equation, concerning the phenomenon of adsorp
tion, is frequently arrived at by a kinetic method; this depends on 
equating the condensation and evaporation rates for adsorbed mole
cules at the surface. However, since it applies to a condition of 
equilibrium, it might be expected that the same equation could 
be obtained by a purely statistical method. The advantage of the 
statistical derivation is that it shows much more clearly the precise 
conditions which are necessary if the Langmuir equation is to be 
obeyed, and thereby it shows the causes of deviations. 

The following is based on a derivation given by Everett, t with some 
simplifications of the notation. The necessary assumptions are (a) a gas 
molecule can only be adsorbed at a finite number of positions, ca.lled 
the 'sites', on the surface of the solid; (b) the quantum states of 
adsorbed gas molecules are the same for all sites and independent of 
the presence of neighbouring molecules. The first of these is analogous 
to the assumption of a quasi-crystalline lattice in the case of a solu· 
tion1 and its purpose is to give a 'countable' number of configurations. 
Its justification depends, of course, on the fact that the surface is 
atomic in structure and may be expected to have potential energy 
'wells', where adsorption takes place most readily. The assumption 
will probably break down if the depth of these wells is not considerably 
in excess of kT, for if this condition is not satisfied the molecules will 
be able to adsorb with almost equal readiness anywhere on the surface, 
and the adsorbed layer will approach the nature of a two-dimensional 
gas. 

The second assumption makes possible the application of equation 
(14·10). It may be expected to break down either if the surface is 
appreciably heterogeneous or if there is appreciable attractive or 
repulsive interaction between the adsorbed molecules themselves. 
A third assu:rvption is also implicit in what follows, namely, that the 
gas does not dissociate on adsorption. However, this is not essential, 
and a form of the Langmuir isotherm can be obtained quite readily 
for the case where dissociation takes place. 

Let there be M sites on the given surface and a total of m gas 
molecules adsorbed. The ratio mjM is denoted fJ, the fractional 
coverage mjM =0. (14·26) 

Consider any one of the possible arrangements, such as is shown in 
Fig. 46, of them molecules on the M sites and let B be the entropy per 
mole of the adsorbed molecules in this configuration. Let sO be the 
entropy per mole of the gas at unit pressure .. Therefore, if, from the 

t Everett, Trans. FartJday Soc. 46 (1950), 942. 
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gas at unit pressure, adsorption were to take place to gitJt the clao8en 
arrangement, the entropy increase would be 8-8° per mole. Since 
there are mfL moles of adsorbed gas (where L is the Avogadro 
constant), the total entropy of the adsorbed layer, relative to the 
gas as unit pressure, would be 

fl1(8-8o). 
L 

However, the above 11.rrangement is only one out of a very large 
number, and at a.ny moment the system might exist in any of them. 
A term for the configurational entropy, due to the randomness of 
mixing over the various patterns, must evidently be included. 

+ Et) + + + + + + 

+ + + + + ® ® + 

+ + + + + + + 

+ + (f) + + + + <±> 

+ ~ + + + ® + + 

+ tt) + + + + @ + 
Fig. 46. + lattice sites, 0 adsorbed molecules. 

The total entropy of adsorption from the gas at unit pressure is 
therefore m 

AS= -(8-s')+kln00, (14:·27) 
L 

where Oc is the number of arrangements of m molecules on M sites. 

This is Oc= ml (:~m)l (14:·28) 

By applying Stirling's theorem we obtain 

m 
AS=- (8-s')+k{MlnM -mlnm-(M -m)ln(M -m)}. 

L 
(14:·29) 

If the number of molecules adsorbed increases by dm, the entropy 
of the adsorbed layer, relative to the gas at unit pressure, will increase 
by (8M/8m) dm. By carrying out the differentiation on (14:·29), 
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and assuming that s, the entropy in a particular configuration, is 
independent of the degree of coverage, we obtain 

fJflS ={s-aO) -kin~ {14·30) 
am L I-tr 

This is the differential entropy of adsorption per molecule, and the 
corresponding value per mole is obtained by multiplying by L. 
This will be denoted flS, 

- 0 
LlB=s-sO-Rln I-O· (14·31) 

Let !iH be the corresponding differential molar heat of adsorption 
{and, according to the previous assumptions, this is independent of 0 
and also independent of gas pressure, if the gas is perfect). Let p be 
the chemical potential of the adsorbed layer and let p0 be the chemical 
potential of the gas at unit pressure. Then the differential Gibbs free 
energy of adsorption, relative to the gas at unit preBBure, is 

p-p 0 = !iH- T flS 
- 0 

=flH -T(s-sO)+RTln 1_ 0. (14·32) 

This difference, p-p0, is not necessarily zero because unit preBSure 
may not give rise to a state of equilibrium at the particular coverage 0. 
Let pq be the actual gas pressure which does give rise to this state of 
equilibrium and let p1J9 be the corresponding chemical potential of 
the gas. Then the condition of equilibrium is 

p=pfJB' 
or, supposing that the gas is perfect, 

p=p0+RTlnp8• (14·33) 
Eliminating p and p0 between (14·32) and {14·33) and rearranging 
we finally obtain 0 (!iH 8 _ 8o) 

Pe=l-Oexp RT-~ . (lt·34) 

0 
This may be written bp8 = 1_ 0 , {14·35) 

where b=exp (-~~+ 8 -;
80

). (14·36) 

If !iH and s are both independent of 0, as we have assumed, then 
b is a constant and (14·35) is the same as the well-known Langmuir 
isotherm. However, it is evident that this constancy can hold only 
under very restrictive conditions, in particular that there are a 
definite number of' sites' and that the state of the adsorbed molecules 
is the same on all of the sites and however many of them are occupied. 
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CHAPTER 15 

CHEMICAL EQUILIBRIUM IN RELATION 
TO CHEMICAL KINETICS 

15•1. Introduction 

To many of the early Greek philosophers it seemed that only those 
things which are changele8s could be made the subject of scientific 
study. How, they asked, is it possible to have any knowledge about 
something which is in process of becoming something else 1 The very 
notion of change seems unreal, for how can one thing cease to exist 
and become another1 

This problem continues to give trouble, although in a less acute 
form, and the atomic theory provided what is at least a partial answer. 
According to this theory the occurrence of a natural process is re
garded as being simply a change in the mutual positions of the atomic 
particles. The latter are thought of as being entities which are per
manent and changeless, and it is this postulate which makes it possible 
to put forward an idea of change, i.e. in terms of changes of pattern, 
which is at least comprehensible. 

The modern theory of rates is therefore based, in the first place, on 
the particular types of particles which may be assumed to remain 
unchanged in the process which is under discussion, e.g. the atoms 
in chemical reactions. However, this way of looking at things serves 
only to diminish the difficulties and not to eliminate them. There is 
no theory of rates which stands, so to speak, on its own feet; all existing 
theories depend, in one form or another, on ideas carried over from 
the study of matter at equilibrium, which is to say in an unchanging 
condition. 

It is very difficult to think of the temporal duration of a natural 
process as a kind of complete entity. Instead, it is usually pictured as 
a sequence of instantaneous states which are spread out along a time 
co-ordinate. Each state consists of molecules, free radicals, etc., 
whose numbers change but whose properties are supposed to remain 
the same as if they were actually at equilibrium. In short, the fact 
that there is a reaction taking place is assumed not to cause any 
alteration in the equilibrium properties of the various entities-
only of their numbers. But even in the latter respect it is often neces
sary to take over further conceptions from the theory of equilibrium, 
as will be discussed in § 15·7 in connexion with the transition state 
theory. 
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15·2. Kinetic species 

In a footnote to § 4·16 it was remarked that the number of chemical 
equations which is sufficient to represent the stoichiometry a.L.U. the 
equilibrium of a reaction may not be sufficient to represent its 
kinetics. For example, in the combination of hydrogen and oxygen 
the equation 2H2 + 02 = 2H:a0 

represents the stoichiometry to a very high accuracy, but an under
standing of the kinetics involves the writing of equations containing 
OH and other transient species. 

Any chemical reaction is a rearrangement in the pattern of the 
atomic nuclei relative to each other, and in this process the distance 
between the various atoms changes over a continuous range. However, 
at any moment, the vast majority of the atoms which are present in 
the system are presunt as one or another of a small number of distinct 
chemical species, e.g. H 2, 0 2, OH, H 20, etc., and it is for this reason 
that the mechanism of reactions may be interpreted in terms of a 
finite (and usually quite small) number of species, and not an infinite 
number. For example, a pair of H and 0 atoms at a s~paration of, 
say, 1 em, does not constitute a chemical substance in this sense, and 
its 'life ' is far too minute for an observation of its properties. 

The chemical species which are used in kinetics are therefore the 
more or less stable arrangements of atomic nuclei, each characterized 
in its ground state by a certain geometrical configuration, about which 
it vibrates. One species is distinct from another (which may be 
composed of precisely the same atoms, as in isomerism) if they are 
separated by a barrier large compared to kT. 

Of course each configuration will comprise a great many quantum 
states of rotation, etc., which 'belong' to the particular ground state, 
and in principle each of these quantum states might be regarded as 
a distinct species. Let [OH'], [OH"], etc., be the concentrations of 
OH radicals in the various quantum states and let [.A'], [.A"] be the 
concentrations of some other molecule in its quantum states. Then 
the total reaction rate between OH and .A might be written in the form 

k1[0H'] [.A'] +k2[0H"] [.A']+ ... , 

where~. lc8, etc., are velocity constants. Now all quantum states 
between which the energy separation is small compared to kT may 
be expected to remain in approximate equilibrium with each other. 
Thus [OH"] = K"[OH'], [OH"'] = K"'[OH'], etc. Using these relations, 
it is easily shown that the above expression reduces to the form 

lc[OH] [.A], 
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where [OH] and [A] are the total concentrations of OH and A in all 
quantum states between which there is approximate equilibrium. 
This last expression is the type which is normally used in chemical 
kinetics. 

In short, the chemical species whose concentrations appear in the 
usual kinetic expressions comprise all quantum states in approximate 
equilibrium and which' belong' to a particular configuration or ground 
state. These species are normally separated by quite high barriers, 
thereby causing slow interconversion through the improbable 
intermediate states. 

15·3. Variables determining reaction rate 
The question needs to be considered whether the rate of a. reaction is 

primarily determined by the volume concentration of each reacting 
species, or by some alternative variable such as its mole fraction, 
chemical potential or ~hermodynamic activity. 

In simple reactions involving perfect, or almost perfect, gases it 
is found from experiment that it is the volume concentration which is 
the significant variable. Consider a reaction of this type whose 
stoichiometry is aA +bB=cO, 

where a, b and c are stoichiometric coefficients. Let n4 , etc., be the 
amounts (mols) of the three species at any instant in the reaction 
system (or in any chosen element of fixed mass), and let V be the 
volume at the given moment. The rate of increase in the amount of 
0 is dncfdt, and the rate of formation of 0 per unit volume ist 

1 dnc 
vTt· 

In simple reactions of the type under discussion it is often found 
experimentally that this rate is proportional to small integral powers t 
of the concentrations of the reacting species. Thus 

1 dn V dt c = k(n0 f V)« (n,/ V)ll, 

where k is independent of the concentrations and IX and p are small 
integers, not necessarily equal to a and b in the stoichiometric equa.-

t It is desirable that what ahall be called the reaction rote ahall be the aame 
for all aubatancea taking part in the reaction. Thia ia obtained by dividing 
by the corresponding stoichiometric coefficient. Thus reaction rote ia given by 

a _,dn,. =b -1 dnb =c -1 dnc = ~ 
dt dt de dt 

where e ia the ea;tent of reaction and the stoichiometric coefficients are taken 
aa negative for aubatancea on the left-hand aide of the chemical equation. 

Th . . 1 . de 
e corresponding react10n rate per umt vo ume 1a V -a;:u· 

: Simple fractional powers auch aa i alao occur. 
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tion. et and fl define the order of the reaction; thus if .x = 1 the reaction 
is said to be first order with respect to substance A. 

The above equation may also be written 

~ ~:0 =k[A]«[B]P, (15·1) 

where [A] and [B] denote the concentrations. Hthe chosen system is 
one in which V, the volume of a fixed mass, is also constant, then the 
left-hand side of (15·1) can be written 

1 dnc d(n0/V) d[(,1 (15.2) 
vdi dt Cit• 

where [0] is the concentration of 0. Thus 

d[O] = k[A]« [B]P, 
dt 

but this equation is only applicable if Vis constant.t 

(15·3) 

The fact that it is the volume concentrations which determine the 
rate of a simple gaseous reaction (and not, for example, the mole 
fractions) receives a simple interpretation as soon as it is assumed that 
reaction takes place at the collision of the reacting molecules. Accord
ing to kinetic theory the number of collisions, per unit time and 
volume, of the molecules A and B is proportional to the product 
[A] [B] of their concentrations. These considerations are very 
familiar and need not be elaborated. For the present it is sufficient 
to emphasize that the customary use of volume concentrations in 
kinetics, including the kinetics of liquids, has its origin (~) in the 
experimental results obtained from gas reactionst and (b) in the 
support obtained from the kinetic theory of gases. However, this 
question will be referred to again in § 15·5. 

15·4. Forward and backward processes 

In a number of reactions the point of equilibrium is not displaced 
predominantly in one direction or the other, and in such instances it 
is often found experimentally that the observed reaction rate may be 

t This is important in connexion with the kinetics of flow systems. See, for 
example, Denbigh and Turner, Chemical Reactor Theory, 2nd ed. (Cambridge, 
1971). 

~ See, for example, the work of Kistiakowsky (J. Amer. Chern. Soc. 50 
(1928), 2315) on the decomposition of hydrogen iodide vapour. In a series of 
fourteen experiments in which the initial concentration varied between 0·02 
and 0. 4 7 mol dm -a, the velocity • constant' WBB actually constant, i.e. the 
rate wBB proportional to the square of the volume concentration. This WBB 

no longer the case at high concentrations, probably due to the appreciable 
fraction of the total volume occupied by the molecules themselves. 
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expre~~sed,aa a difference of two terms, one of which contains only the 
concentrations of the reactants and the other only the concentrations 
of the products. For example, in the decomposition of hydrogen 
iodide vapour, 2HI=Hs+Ia, 
Kistia.kowsky's results show that the rate may be expressed in the 
form 

-~HI]= k[HI]1 - k'[H2] [11], 

with constant values of k and k'. 
Now there is no specifically thermodynamic reason why the 

measured reaction rate must be expressible as a difference of two 
termst-a.ll that thermodynamics requires is that the rate shall be 
positive in the direction of free-energy decrease and shall reduce to 
zero at thermodynamic equilibrium. The existence of the two terms 
must therefore be given an interpretation which is kinetic, and it has 
become customary to regard the observed reaction rate as being equal 
to the difference of the rates in the forward and backward directions, 
these processes taking place simultaneously at the molecular level. 
This interpretation is entirely in harmony with a. collisional picture 
of the mechanism; a.~ the same time there is clearly an element of 
convention in identifying the two terms with the forward and back
ward rates. For given values of the concentrations it is only the net 
rate which can be measured, and the intrinsic forward and backward 
rates have meaning only by interpretation. 

At equilibrium the above expression reduces to 

k[HI]2 - k'[H2] [12] = 0, 

[H2] [12] k 
[HJ]2 =p· or 

The left-hand side of this equation has the correct form of the equi
librium constant expressed in terms of concentrations as in equation 
(4·34). Bodensteint confirmed by experiment that the ratio kfk' of 
the experimental velocity constants is equal to the measured equi
librium constant. It follows that the thermodynamic conditions 
mentioned above are entirely satisfied in this example. 

t Consider .the perfect· gaa reaction aA + bB =cO. The thermodynamic 
conditions would be satisfied if the rate of reaction were expreBBible in the form 

d[C] { [C]• }" 
dt=8 K"-[A]o [B]b ' 

where K. is the equilibrium constant and 8 is a function of the concentrations 
and temperature having a positive value. Except for the case n= 1, the 
equation does not express the rate aa a difference of two terms. 

t Bodenstein, Z. Phys. Ohem. 29 (1899), 295. 
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15•5. Thermodynamic restrictions on the form of the kinetic 
equationst 

The restrictions on the permissible form of the kinetic equations 
are rather less stringent than is often supposed. The matter ca.n best 
be discussed by considering a. specific reaction whose stoichiometry 
is expressed by aA+bB=cO. 

Case (a). Single reaction in a perfect gas mi~ture. In this 
instance the equilibrium constant, expressed in terms of concentra-
tions, is [O]c 

[A]" [B)" K 0 • (15·4) 

Let it be supposed that, under conditions where the quantity of 0 
in the system is very small, the measured velocity has been found to 
be expressible in the form 

d~=k[A)«[B]P[O]Y (15·5) 

(where ')' is commonly zero and a; and p are commonly unity). H we 
seek to express the velocity over the whole range of composition by 
adding to the above only a single eztra term, chosen a.s a. product of 
powers of the concentrations, this term will have a. somewhat re
stricted form. Let this term, representing the 'backward' velocity, 
be denoted k'[A)«"[B]P'[O]Y'. 

The proposed complete expression for the rate is therefore 

d1( =k[A]« [B]P [O]Y-k'[A]«' [B]P' [O]Y'. (15·6) 

Therefore a.t equilibrium 

[A]«'[B]P'[O]Y' k 
[A]~[B]P[O]Y =p• (15·7) 

where [A], etc., now denote any set of concentrations, infinite in 
number, a.t which there is equilibrium. Now k and k', and therefore 
also the ratio kfk', are independent of composition a.nd are functions 
only of the temperature. According to thermodynamics, the equi
librium constant K 0 is also a. function only of temperature. Therefore 
the ratio kfk' is a. function of Kc, 

k/k' =J(Kc)· 

t See also Manes, Hofer and Weller, J. Ohem. Phys. 18 (1950), 1355; 
Hollingsworth, J. Ohem. Phys. 20 (1952), 921, 1649; Blum and Luus, Ohem. 
EflfJ. Sci. 19 (1964), 322. 
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Substituting from (15·4) and (15·7) in this relation we obtain 

[A]I.z'-.zl [B](ff-Pl [O]Ir'-yl =f{[A]-a [B]-b [O]o}. 

This equality will be satisfied for all possible values of [A], etc., if 
the function in question is a power function, 

and if (a' -a), ({J' -/1) and (y' -y) are each the same multiple o(the 
respective stoichiometric coefficients -a, -band c. Thus 

(a'- a) (/1'-{J) (y'- y) 
---=---=---=n 

-a -b c · (15·9) 

The power n can have any positive value, including fractions, but 
negative powers must be excluded because it can be readily shown 
that this would imply a positive reaction rate in the direction of free
energy increase. 

In short, if a, fJ andy have been determined experimentally, as 
in equation (15·5), the expression for the backward reaction will be 
consistent with thermodynamics if a', P' andy' are chosen to comply 
with equation (15·9). The corresponding relation between the 
velocity constants and the equilibrium constant is 

k/k' =K=. (15·10) 

Suppose, for example, the reaction is 

A+!B=O, 

so that a= 1, b = !, c = l. H it has been establishe_d for the forward 
reaction that a=1, /1=1, y=O, then from (15·9) it is readily shown 
that permissible expressions for the backward reaction rate are 

k'[A]l [B]i [O]l, 

k'[B]l[O], 

k'[A]-1 [O]Il, etc., 

corresponding ton=!, 1,2, etc.t 

Case (b). Single reaction in a solution. The discussion above 
was based, in the first place, on the fact that reaction rates in perfect 
gases are usually found to be proportional to the volume concentra
tions, or to their powers, and secondly on the necessity that the rate 
shall be positive in the direction of free-energy decrease and shall 
reduce to zero at equilibrium. 

t For a practical application of this procedure see Denbigb and Prince, 
J. Ohern. Soc. (1947), p. 790. 
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The first of these points has been very decisive in creating the 
generally accepted ideas on chemical kinetics. Consider, for example, 
the reaction aA+bB=cO. 

The second condition alone could be met by expressing the rate as 

d[OJ dt =(}(apa+bp,b-CP0), (15·11) 

where (} is any function of the concentrations which is positive and 
the p's are the chemical potentials. It is evident that the right-hand 
side of this expression is positive when there is reaction from left to 
right and it reduces to zero at equilibrium. However, it does not 
express the rate as proportional to the volume concentrations. t 

When we turn from dilute gases to solutions the situation is much 
more complicated. The rates of reactions in solution, especially those 
involving ions, are no longer accurately proportional to the volume 
concentrations, or to their simple powers. In other words, if the 
experimental results are constrained into the form of an expression 
such as equation (15·6), the velocity 'constants' tum out to be no 
longer quite constant, but vary somewhat with the concentrations 
and they depend, in particular, on the ionic strength. 

Now the equilibrium constants of reactions in solution may be 
expressed in terms of the products of molalities (or volume concen
trations) together with the appropriate activity coefficients, as shown 
in equation (10·7). Consider the reaction 

aA+bB=cO. 

The equilibrium constant is 

(mcyc)c --=K 
(m..«YA)"(mBYB)b ' 

(15·12) 

where the m's are molalities. Alternatively 

[O]C ?fa 
[A]"y~ [B]by~ =K' 

(15·13) 

where [A], etc., denote volume concentrations and the y's are 
appropriate activity coefficients (equation (9·21)). 

t On the other hand, if the reaction is sufficiently close to equilibrium for 
the condition I a,u., + bpb-cp0 j ~ RT to be satisfied, it can be shown that 
(15·11) is equivalent to (15·6). This turns on the expansion ofthe logarithmic 
term in the equation which relates chemical potentials to concentrations in an 
ideal system. For further discussion see Prigogine, Outer and Herbo, J. PhyB. 
Ohem. 52 (1948), 321; Manes, Hofer and Weller, J. Ohem. PhyB.l8 (1950), 1355: 
Denbigh, TranB. Faraday Soc. 48 (1952), 389. 
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Because the equilibrium constant must be expressed in forms r.uch 
as the above, throughout the period from 1915 to 1930 there was a. 
strong school of thought holding the view that reaction rate must 
also be primarily dependent on activities (i.e. the products of con
centrations with their appropriate activity coefficients), rather than 
on the concentrations themselves. According to this view the rate of 
the above reaction should be expressible in a form such as 

d~=k[A]"l/1[B]I rl-lc'[O]Y' y~·, (15·14) 

where k and lc' depend only on temperature and «, p and y', are 
small powers, usually integers. When this equation is considered in 
relation to the equilibrium constant, (15·13), the same results as were 
obtained in the discussion of case (a) above may be readily derived, 
in particular kfk' =K". 

On the other hand, there was a lack of clear evidence that an 
expression such as (15·14) adequately accounted for the observed 
velocities. t In order to meet this situation it was pointed out that an 
equation of the form of (15·14) is unnecessarily restrictive, and the 
thermodynamic conditions can be satisfied equally well if each term 
on the right-hand side is multiplied by the same factor p, which may 
itself be a. function of the concentrations. At equilibrium this factor 
cancels and we obtain 

kfk'=K", (15·15) 
as before. 

For example, if the reaction is 

A+B=20, 

complete consistency with thermodynamics would be obtained if 
the rate were expressible in the form 

d1~ =k[A][B] YAYBP-lc'[0]1 y~p. (15·16) 

where p depends on the concentrations. A well-known physical inter
pretation of p, due to Bronsted, is that it is the reciprocal of the 
activity coefficient of an intermediate complex. This point will be 
referred to again in connexion with the transition state theory. 

The treatment of kinetics in solution on the basis of equations of 
the type of (15·16) has led to generally satisfactory results.t Roughly 

t See, for example, R. P. Bell, Acid-Base Oatalyais (Oxford, 1949); Belton, 
J. Ohem. Soc. (1930), p. 116. For new evidence see Eckert and Boudart, Ohem. 
Eng. Sci. 18 (1963), 144; Mason, Ibid. lO (1966), 1143. 

t For detailed discuBBion seeR. P. Bell, Acid-Base Ordazysia (Oxl'ord, 1949). 
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speaking the collision processes in solution may be regarded a.s being 
largely determined by the volume concentrations, but the forces 
between the molecules make it necessary to introduce additional 
factors such a.s the activity coefficients and the parameter fl. 

Case (c). More than one reaction. In the more general case 
where there may be several reactions in the system the restrictions 
due to pure thermodynamics are even less stringent than in the case 
of a single reaction. In particular, the supposition that every reaction 
must balance individually is not a. consequence of thermodynamics. 
It owes its justification instead to the principle of microscopic reversi
bility, which was expressed by Tolman in the following form: 
' ... under equilibrium conditions, any molecular process and the 
reverse of that process will be taking place on the average at the 
same rate .... ' 

This point has been discussed in some detail by Onsager. t Consider 
three substances A, B and 0 (for example, three isomers) which are 
mutually interconvertible according to the scheme 

k1 /B k' /B 

A< ,., A7 [o; 
kN ~ 

At equilibrium the chemical potentials are equal, 

Pa=JLb=Pe• 
and, if the system is a perfect gas mixture, the equilibrium constants 
can be expressed as 

[A] [B] [0] 
[B] =K1, [O]=K2, [A]=K8• (15·17) 

Let it be supposed that the velocities of the three reactions are 
expressible a.s first-order terms. Then at equilibrium we have from the 

kinetics (/c1 +lc:)[A]=~[B] +lca[OJ,} 
(lc8 +/c1)[B] =k1[0] +lc1[A], (15·18) 

(/c8 + lc~)[ 0] = lc~[ A] + lc1[B]. 

By manipulation of these three equations we obtain 

[A] /c3 /c2 + lc3 lc~ + lc~ lc~ 
[B] = lc~lc~+lc3 lc1 +kt k~' (15·19) 

t Onsager, Phys. RetJ. 37 (1931), 405. A fairly detailed discussion is also 
given by Denbigh, Thermod1frlamics of the Steady SkUe (London, Methuen, 
1951). 
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and similar expressions for [B]/[0] and [0]/[A]. When these are 
compared with (15·17) it is evident that all of the conditions required 
by thermodynamics can be satisfied without any necesBity for the 
relations 

(15·20) 

In fact, in order to obtain these relations it is necessary to use the 
principle of microscopic reversibility which requires that each in
dividual reaction, when there is equilibrium in the system, shall be 
balanced in the forward and backward directions. That is to say 

k1[A]=k~[B], k2[B]=k~[O], k3[0]=k~[A], 

and when these are combined with the thermodynamic equations 
(15·17) we obtain the relations (15·20). 

15•6. The temperature coefficient in relation to thermodynamic 
quantities 

To speak of the temperature coefficient of the reaction rate is 
already to assume that the notion of temperature has a. clear meaning, 
but this is strictly true only for systems which are at equilibrium. In 
the case of a reaction, if it is not too fast, this difficulty seems not to 
be very formidable. On account of the high frequency of the ordinary 
molecular collisions, as compared to those leading to reaction, the 
distribution of the energy of the system between translational, 
rotational and vibrational states probably remains very close to the 
equilibrium distribution, despite the fact that the total energy of the 
system may be in process of change. In brief there is a. single statistical 
parameter T which determines a. condition of approximate equi
librium between the translational, rotational and vibrational states. 
(However, under extreme conditions, perhaps in flames, it may be 
that each of these forms of energy must be specified by a. somewhat 
different temperature.) 

Lea. ving aside this question, if the logarithm of a measured velocity 
constant is plotted against the reciprocal of the absolut& temperature, 
it is usually found that the points fall very nearly on a. straight line 
having a. negative gradient. At any temperature T the gradient is 
used for the purpose of defining the ArrheniuB activation energy E0 

by the relation dIn k E 
- Q 

or 

d(1/T)= -R' 
dlnk_ Ea 
dT = RT1 ' 

(15·1) 
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and, of course, if the gradient is constant Ea is constant. For the 
reverse reaction, whose velocity constant is k', the corresponding 
activation energy E~ is given by 

dink' E' 
dT = RT2. (15·22) 

Consider a reaction in a perfect gas mixture. As shown previously 
the following relation is compatible with thermodynamics: 

k/k'=K~, 

where K. is the equilibrium constant expressed in terms of concentra
tions and n is a small positive integer or its reciprocal. Taking log
arithms and differentiating with respect to temperature 

dink dink' ndinK0 

dT-dT dT 

Therefore by substituting from (15·21), (15·22) and also (4·37) we 

obtain Ea-E~=n!!.U, (15·23) 

where t:.U is the increase in internal energy from left to right of the 
reaction. The difference of the two kinetic quantities Ea and E~ is 
thus equal to a thermodynamic quantity. 

On the other hand, if partial pressures had been used in place of 
concentrations for the purpose of defining the velocity constants we 
should have obtained kfk' =K; (15·24) 

and Ea-E~=n!!.H. (15·25) 

It follows from (15·23) and (15·25) that the Arrhenius activation 
energy is either an internal energy or an enthalpy, according to 
whether the velocity constants are expressed in terms of concentra
tions or partial" pressures respectively. The use of concentrations is 
the more usual. 

15·7. Transition-state theory 

The two important theories of chemical kinetics, the collision theory 
and the transition-state theory, botl:. depend on essentially the same 
assumption. Since this is concerned with the existence of a kind of 
equilibrium in the system, even during the course of its reaction, it 
is appropriate to give a short outline of one of these theories in the 
present volume. 

We commence with a discussion of the potential energy surface. 
If n is the number of atomic nuclei which are involved in each elemen
tary reaction, their positions relative to a frame of reference could be 
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specified by 3n co-ordinates. However, the translation and rotation 
of the centre of mass are irrelevant as far as reaction is concerned, and 
therefore, for the present purpose, it is sufficient to use only the 3n- 6 
co-ordinates required to describe the positions of the nuclei relative 
to each other. The potential energy of the system could therefore be 
represented as a surfacet in a 3n-5-dimensional-space. 

The surface can be visualized at all easily only in the simplest 
instances. As an example consider the reaction 

XY+Z=X+YZ, 

involving the free atom Z and the diatomic molecule XY. If it is 
assumed for simplicity that the reaction only occurs when Z 
approaches towards Y along the line of centres of the X Y molecule, 
the potential energy can be represented in three-dimensional space 
as a function of the X- Y and Y -Z distanc~s. On the potential energy 
surface there will be two deep valleys+ which occur at short X- Y 
and Y -Z distances and correspond to the stable X Y and Y Z molecules. 
Surrounding these valleys are high mountain ranges but between 
them there is a pass or col, which is of much higher potential energy 
than the bottom of the valleys, but lower than that of the ranges. 
It is assumed that this is the 'path' of the reaction. 

Thus, as Z comes near to X Y the potential energy of the trio rises 
on account of the repulsive forces between the electronic envelopes. 
Y gradually stretches away from X until it is somewhere about mid
way between X and Z. The system X YZ is then on the top of the pass 
or col and is said to be in the transition Btate. Finally, the atom X 
breaks away, leaving the new molecule YZ and the co-ordinates of 
the system simultaneously move down into the YZ valley. Plotted 
in terms of distance along the reaction path, or reaction co-ordinate, 
the potential energy would thus appear somewhat as shown in Fig. 47. 

In the general case, as mentioned above, the potential energy 
surface cannot be so easily visualized, but the transition state can be 
thought of as being the configuration at the top of the lowest pass 
between the reactants and the products. The term activated complex 
is also used as referring to a set of nuclei which has this configuration 

t According to the so·called 'adiabatic hypothesis', which is an eBBential 
part of the theory, it is supposed that the electrons remain in equilibrium with 
the particular nuclear configuration which occurs at a given moment, due to 
the large speed of the electronic motions relative to those of the nuclei. This 
implies that there are no electronic transitions during the course of the re· 
action and that the whole proceBB takes place on a single potential energy 
surface. 

t On account of their vibrational energy the molecules are not to be thought 
of as lying along the bottom of the valleys, but rather a8 being in a state of 
rolling, as it were, from one side of a valley to the other. 
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and is in a state of motion such that its representative point in the 
3n-5-dimensional space can cross the pass in the one direction or 
the other. 

Although it is freely used, the term 'complex' is not very satis
factory because it carries the implication that the reaction vessel 
contains molecules of reactants, molecules of products and 'com
plexes '. Actually the transition state is the leaBt populated of any of 
the configurations lying along the reaction co-ordinate between the 
reactants in their normal states and the top of the col. This is on 
account of the exponential factor e-EtkT. 

XY+Z- XYZ 
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Reaction coordinate 
Fig. 47 

X+YZ 

Another important aspect of the activated complex is that it has 
no stability to small displacements in the direction of the reaction 
co-ordinate. A normal molecule is able to carry out vibrations without 
flying apart because it is surrounded on all sides by a potential energy 
barrier. The complex, on the other hand, has a potential energy whose 
shape is --.... in the direction perpendicular to the col, although it 
has the normal shape ..._..... in all directions in configuration space 
which are parallel to the col. In the latter directions it can carry out 
normal vibrations, but in the former there is no restoring force and it 
flies apart in the period of one 'vibration'. Provided that the top of 
the pass is almost fiat the movement across it can be regarded as a 
free translatory motion of the centre of mass 9f the complex, and the 
appropriate one-dimensional partition function can be applied. 
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15•8. The equilibrium assumption 

Let the bimolecular collision process, whose rate we are interested 

in, be A+B=X+ Y, 

- +-and let [0] and [0] be the concentrations of activated complexes 
which, at any moment, are moving across the top of the pass in the 
directions from left to right and from right to left respectively of this 
reaction. 

The important assumption which is made is that the concentration -[0] of complexes which are moving from left to right is in equilibrium -with the reactants, and the concentration [0] of those which are 
moving from right to left is in equilibrium with the products. Thus, 
for a system which obeys the laws of a perfect gas mixture, -[0] -

[A][B]=Kc, (15·26) 

+-

and 
[0] +-

[X][Y]=Kc. (15·27) 

The concentrations will be expressed as molecules per cm8 of the 
reaction space. 

On the basis of this assumption the reaction rates from left to right 
and from right to left are calculated by dividing the concentrations 
- +-[0] and [0] respectively by the time taken to go over the top of the 
pass. First, liowever, it is necessary to consider the assumption itself. 
It is clearly sound enough when the whole reaction system is at 
equilibrium, but when reaction is taking place it is very difficult to 
justify.t 

Some degree of relief may be obtained by considering, first of all, 
the somewhat analogous situation concerning the effusion of a gas 
through a small hole. The system consists of a vessel divided into two 
parts by means of a plane wall through which there is a hole small 
compared to the mean free path. Let the gas pressures in the left
and right-hand halves of the vessel be p, and Pr respectively, these 
being equal at equilibrium. According to equation (12·114) the rates 
of collision of gas molecules with unit area of the left- and right-hand 
sides of the dividing wall are p,(21TmkT)-i andpr(217mkT)-l respec
tively. Then the analogous form of the equilibrium assumption is 
that these expressions also give the rates of passage from left to right 

t The analogous postulate in the older collision theory' is the maintenance 
of the Maxwellian distribution of velocities whilat reaction is occurring. 
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and from right to left through unit area of the hole. This is an example 
of a rate problem answered by means of a theorem of equilibrium. 

The validity of this procedure clearly depends on the diameter d 
of the hole being small compared to the mean free path A. The last 
collision before a molecule passes through the hole takes place at an 
average distance from the hole which is of the order of A. The mole
cules may therefore be thought of as being supplied from a hemisphere 
of radius A and whose centre is at the hole. If the ratio dft\ is small, 
the solid angle subtended by the hole at a point on the hemisphere 
is also small, and therefore only a very small fraction of the collisions 
which occur on this hemisphere actually result in a passage through 
the hole. In short, those molecules which would have rebounded from 
the wall if the hole had not been there probably make only a small 
contribution to the maintenance of the equilibrium distribution of 
velocities and concentration. The actual loss of these molecules makes 
little difference, and the rate of impact on the area of the hole is 
effectively the same as if either the hole were closed or the gas pressure 
were the same on the other side. 

Returning to the case of the reaction 

A+B=X+Y, 

let it be supposed that the reactants and products are at complete 
equilibrium so that the relations (15·26) and (15·27) are entirely valid. 
From this equilibrium mixture it may be imagined that a quantity 
of X and Y are removed through semi-permeable membranes, 
thereby resulting in a state of non-equilibrium and an overall reaction 
from left to right. At the new values of the concentrations it is assumed 
that (15·26) and (15·27) continue to apply. That is to say, the energetic 
collisions amongst the reactants are sufficient to maintain the con-

-+ 
centration [0] at its equilibrium level, and similarly the collisions -amongst the products are sufficient to maintain [0] at it8 particular 
equilibrium value. 

There are two rather distinct factors which might cause errors in 
this assumption: (1) The effect of complexes returning across the col 
in maintaining the equilibrium distribution. It is assumed in fact 

-+ 
that the concentration [0] of complexes which are travelling across 
the col from left to right is not appreciably diminished by the fact 
that a smaller number are returning from right to left than there 
would be if there were complete equilibrium. Errors arising from this 
assumption are perhaps rather small if the activation energy per 
mole is large compared to RT, for in this case the collisions leading 
to reaction are a small fraction of the total number. (2) The effect 
of the heat of reaction. In exothermic reactions, for example, the 
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products of reaction at the moment of their formation have a.n 
excess thermal energy, a.nd this might cause a.n increase in the rate 
of activation of the reactants. 

V a.rious aspects of the equilibrium assumption have been discussed 
by Guggenheim a.nd Weisst and by Pola.nyi.~ Fowler§ has remarked 
that the analogous assumption of a. Maxwellian distribution of 
velocities in dealing with viscosity and heat conduction in gases leads 
to a.n error of 100-200 %· If the same error occurs in chemical kinetics 
it is probably not very large compared to other uncertainties. 

More recently a number of workers II have subjected the assumption 
to a quantitative examination. In general, for reactions in which the 
activation energy is large compared toRT, it seems unlikely that ~he 
assumption is seriously in error, except perhaps in highly exothermic 
reactions. In such instances, as Prigogine has shown, the 'hot' 
reaction products may cause a significant increase in the rate of 
activation. 

15•9. The reaction rate 

We shall consider the rate of the reaction from left to right, the 
rate of the corresponding backward reaction being calculable in a.n 
analogous manner. 

Using equation (15·26), together with (12·66), the concentration -[0] is obtained as the following function of the partition functions: 

[Oj=~e-BafR2'[.A][B], (15·28) 
tfJ.tfJ .. 

where t/J,, tjJ., a.nd tPc are the molecular partition functions per unit 
volume of the reactants, A a.nd B, and the complex, moving from left 
to right across the col, respectively. E0 is the amount by which the 
zero energy level of the complex exceeds that of the reactants per 
mole. 

The partition functions ca.n be approximately factorized, in the 
usual way, as a product of translational, rotational a.nd vibrational 
terms. These depend on the co-ordinates which specey the species 
in question and, as regards the complex, one of these co-ordinates 
ca.n be chosen as a short length 8lying in the direction of the reaction 

t Guggenheim and Weiss, Tran.t, Faraday Soc. 35 (1938), 57. * Pola.nyi, Tmn.t. Faraday Soc. 35 (1938), 75. 
§ Fowler, Tran.t. Faraday Soc. 35 (1938), 75, 124. 
II Kramers, Physica, 7 (1940), 284. Zwolinsky and Eyring, J. Amer. Ohem. 

Soc. 69 (1947), 2702. Hirschfelder, J. Ohem. Phys. 16 (1948), 22. Prigogine, 
J. Phys. Ohem, 55 (1951), 765; Prigogine and Xhrouet, PhyBica, 15 (1949), 913; 
Prigogine a.nd Mahieu, Physica, 16 (1950), 51, 
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co-ordinate a.t the top of the pass (Fig. 47). (It will be shown shortly 
that the precise value of 8 is not important.) The top of the pass being 
a.Imost fiat, the potential energy is almost constant over the length 8 
and the corresponding motion can be treated as a free translation. 

One of the factors in t/Jc is therefore the translational partition 
function corresponding to one-dimensional motion over the distance 
8. If m is the mass of the complex for motion in this direction, the 
one-dimensional partition function was shown in equation (12·48) 
to have the value 8 

ii (2mnkT)l, (15·29) -or rather it is just half this value, since the concentration [OJ refers 
to complexes moving in the one direction over the pass and this is 
just half the total concentrationt of complexes which would occur 
ifthere were complete equilibrium in the system. 

Hthis factor is removed from (15·28) we obtain 

iOJ=~(2mnkT)lLe-BaiR2'[.A][B], ·(15·30) 
2h tPatPb 

where ,P* is now a. quasi-partition function which does not include 
the factor due to this special type of translatory motion. t/J* may be 
regarded as being the partition function of a stable molecule having 
one less than the normal number of vibrational modes--this missing 
mode corresponding, of course, to the fact that the transition complex 
does not have stable vibration in the direction along the reaction 
co-ordinate. 

Let fi be the average velocity of motion over the length 8. The 
average time taken to traverse this length is therefore 'T=8fi. Since 

--+ 
there are [OJ complexes in unit volume of the reaction system which 
populate this length 8, and which are moving from left to right, the -corresponding reaction rate is [OJ/T. Thus 

--+ 
forward reaction rate=[OJi/8 

= t; (2mnkT)lL e-Ba1R2'[.A][B], (15·31) 
2h ,P,.,P, 

and from this expression 8 has disappeared. 
It remains to obtain an estimate of the mean velocity i, and for 

this purpose we again assume free translatory motion of the repre
sentative point along the reaction co-ordinate. Now, according to 

t It is this total concentration, given the symbol a, which is used in the 
treatment of Glaaatone, Laidler and Eyring, Theory oJ Rate ProceBBM (New 
York, McGraw-Hill, 1941), Chapter IV. 
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equation (12·99) the fraction of a set of freely moving particles which 
have a component of velocity in a particular direction which lies 
between " and t1 + dv is · 

(~)l e-mv•Jzll7' dv 
21rkT . 

The mean velocity is obtained by multiplying this fraction by v and 
taking the average over all fractions. t Thus 

ii = s: tl e-mv•/2117' dv I J: e-mv'/1112' dv 

(15·32) 

Combining this result with (15·31) we finally obtain 

kT ¢>* 
forward reaction rate=h tPatP& e-BoJRT[.A][B]. (15·33) 

A similar expression may be readily obtained for the backward 
reaction rate, based on equation (15·27)., and it is easily verified, by 
using expressions such as (12·66), that the forward and backward 
rates are equal at equilibrium. 

The important result (15·33) shows, in the first place, that the 
reaction rate from left to right of the bimolecular gas reaction 

is proportional to the product of the concentrations [A] [B]. The 
theory thus provides an interpretation of the empirical law of mass 
action which was discussed in§ 15·3. Secondly the bimolecular velocity 
constant k is shown to have the value 

kT ¢>* k=- --e-BoJRT, 
h tPatPb 

(15·34) 

The velocity would thus be calculable if sufficient were known about 
the complex and about the potential energy surface which determines 
the value of E0• 

The quantity kTfh in the above equation has the dimensions of a 
frequency and its value at room temperature is about 0.6 x 101asec.-1. 
The rate constant as given by (15·34) is, of course, in terms of molecules 
and not moles. 

t Or rather over all fractions which correspond to the complexes moving 
from left to right and not from right to left. For this ·reason the integrals 
are from 0 to oo, oorrespondng to positive values of" only. 
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Equation ( 15·34) is often expressed in the f.>rm 

k=kT K*, 
h 

[15·9 

(15·35) 

where K* is a kind of equilibrium constant. However, it is not the 
-+ 

same as the equilibrium constant, denoted Ke in equation (15·26), 
and this is because the factor (15·29) has been removed from the 
complete partition function of the complex. The relation between 
them is readily shown from the preceding equations to be 

X:=K*("~k~i~· (15·36) 

It remains to obtain a relation between E,, the Arrhenius activa
tion energy, and some characteristic of the complex. By taking 
logarithms of (15·35) and (15·36) and differentiating with respect to 
temperature, we obtain 

dink 1 dinK* 
dT =:p+d1'' (15·37) 

--+ 
dinKe dinK* 1 
d1'=dT+2T" (15·38) 

Therefore, by eliminating K* between these equations, 
--+ 

dink dinK0 1 
dT = """"'d.T + 2T. (15·39) 

Now the term on the left-hand side defines the Arrhenius activation 
energy by equation (15·21). The first term on the right-hand side is 

--+ 
related to fl.U, the increase in internal energy on forming the complex 
from the reactants, by the standard thermodynamic relation (4·37). 

Hence E fl.U 1 } 
RT"= RT2+2T' 

-+ RT (15·40) 

or E,=fl.U +2· 

This equationt therefore gives a theoretical interpretation to the 
experimental quantity E,. --+ 

It is to be noted. that neither E, nor fl.U are necessarily equal to 
E0 , which appears in (15·34), on account of the temperature-depend-

-+ t 11U is the same as 11E* of Glaastone, Laidler and Eyring. However, 
equation (15·40) differs from their equation (167) in Chapter 4 by a factor 
iRT. These authors seem to have neglected that K* does not have quite the 
same temperature dependence as a normal concentration equilibrium constant 
on account of the presence of Tl in equation (15·36) above. 
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ence of the partition functions. On the other hand, the difference 
between these three quantities is probably not very large. 

In so far as the quantity denoted K*, above may be regarded as . -
an equilibrium constant (although not in the same sense as Kc), it 
may be related to a 'standard' free energy change fl.ot 

-RTlnK*=aG'. (15·4:1) 
Thus equation (15·35) becomes 

k-kT e-li.O*fRT 
-h 

or in terms of entropy and enthalpy factors, 

k= k: eli.B*!R e-li.H*JRT. 

(15·4:2) 

(15·4:3) 

However, in view of the remarks following equation (15·35), it will 
be clear that tl.G', tl.H* and tl.S* do not refer to the same kind of 
standard state for the complex as in an ordinary reaction. Nevertheless, 
the use of these quantities, particularly tl.S*, has been of value in the 
understanding of kinetics. 

The above outline of the transition-state theory ha.c; been primarily 
concerned with bimolecular collision processes in perfect gas reactionR 
for which (15·26) and (15·27) are correct thermodynamic expresRions 
for the assumed equilibrium. For reactions in solution these should 
be replaced by --+ 

_l0_~=K. (15·4:4:) 
[A][B] Y.t~.YB 

a.nd (15·4:5) 

where the y's are appropriate activity coefficients. Provided that the 
other assumptions of the theory continue to hold good, the appro
priate form of equation (15·33) for the forward reaction rate now 
contains the factor Y.t~.YBIYc on the right-hand side. Similarly, the 
backward reaction rate contains the factory x yyf Yc· These expressions 
are of the same form as those which occur in equation (15·16). The 
quantity fJ may therefore be interpreted as the reciprocal of the 
activity coefficient of the activated complex. 

For further discussion of the transition-state theory, and in 
particular the introduction into the above equations of the rather 
problematic 'transmission coefficient', the reader is referred to the 
literature. t 

t For example Glasstone, Laidler and Eyring, The Theory of Rate Proeu11u 
(New York, McGraw-Hill, 1941) and Fowler and Guggenheim, Statilleical 
Thermod.ynamic!l (Cambridge, 1949). For a discussion of t-he thermodynamics 
of the activited state see Guggenheim, Tran~~. Fara.OO.y Soo. 33 (1937), 607. 
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APPENDIX 

ANSWERS TO PROBLEMS 
AND COMMENTS 

CHAPTER 1 

2. (a) 3060 J moi-1; (b) 3100 J mol- 1• 

5. (a) -6.3;(b)+7.0;(c)+0.7JK-1. 

6. (a) for 80 °0, +5.39 and -4.44 J K-1 mo}-1. 
(b) for 120 °0, +8.51 and -7.81 J K-1 moi-l. 

8. Note that it is not necessary to BBBU.m.e that cy or 'Y is constant. 
Along the reversible a.dia.batics we have 

-k8dV 
dU=-pdV v 
dU -TcdV 

···o=-v-· 
Since U is a. function of 0 only, the left·hand side of this equation is also 

a. function only of 0. Hence Jd; is the same for a.ny reversible adiabatic 

between the same pair of isotherma.ls 01 a.nd 01• 

11. (a) -20.7 J K-1 moi-1; (b) +21.5 J K-1 mo1-1. 
The first result is obtained by considering the reversible path 

-10 °0-+0 °0-+-10 °C for thfl transformation wa.ter~ice. The second 
result is obtained by first ca.lcula.ting the heat given to the environment 
in the spontaneous freezing a.t -10 °0. This heat is 5656 J moi-1 and 
the corresponding entropy change of the environment is 

5656/263.15=21.5 J K-1 mo1-1. 

(The student should be quite confident about ·this question before 
proceeding further.) 

12. 55 °0. 
The steam is compreSBed under conditions of approximately constant 

entropy. Hence carry out an entropy balance on the steam (which is 
'wet'), showing that its volume diminishes to 3.93ft8 and therefore the 
volume of air admitted is 6.07 ft8 • Also carry out an internal energy 
balance on the steam and thus calculate the work done on the steam by 
the air. Finally. carry outoan internal energy balance on the a.ir which is 
admitted: 

!!. U =(work done on admitted a.ir by a.ir in supply main) 
-(work done on steam). 
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Assuming that the air is a. perfect g&.~~, dU =rnly(t-15), where n is the 
number of mols of air in 6.07 ft3 at t 0 0. Hence solve for n and finally 
for t. The result is rather sensitive to the accuracy with which the 
calculation is carried out but should be 50-60 °C. 

13. For the process materials the enC'rgy balance is 

!J.U =q-qo- Po!:l V, ( 1) 

where q0 is boat los.~ to the environment. The second law can be expressed 

M+!J.88 +M0 =u, 

where !J.S 8 and !:180 are the entropy changes of the steam and the environ
ment respectively and u;;, 0. Hence 

M-!.+q0 =u. 
Ts To 

(2) 

Eliminate q0 between (1) and (2) and consider the special case where U= 0. 

CHAPTER 2 

I. dS=131 J K-1 mol-1; dU=47. 7 kJ mol-1; dH=51. 7kJmol-1• 

2. The initial and final states of the process denoted by !J. must refer 
t.o the same temperature. 

3. dO= -103.4 kJ mol- 1 ; dH= -95.0 kJ mol- 1 ; dS=28 J K-1 

mol-1; heat absorbed=TdS=8.4 kJ mol-1. 

4. Since U is extensive it is proportional to V and thus U = Vf(T) or 
u =f(T). For the particular system the equation (2·76) 

can be rewritten 

since p = uf3. Hence 

and integrating 

(au) = T(ap) _ p, 
av ,. aT v 

Tdu u 
"=adT-3 

du 
4u=T dT' 

where a is an integration constant. Similarly s is obtained by integration 
from dU=TdS- pdV. 

5. Note that the gas is not perfect, but it can be proved that c,. -c v = R 
by applicat.ion of ( 2·91 ). For what molecular reason might a gas obeying 
the equation p(v-b)=RT be f'XpE'Cteod to bPhave like a perfect gas in 
regard to the difft>rence of heat capacities? 
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6. The 'fundamental' equation (1·19) is here replaced by 

dU=TdS+.P'dl. (I) 

Hence also d.A=d(U-TS)= -SdT+Fdl, (2) 

and therefore by reciprocity 

- (~~ r = (!~),· (3) 

The required formula is then obtained from (I) and is analogous to (2·76). 
The second equation to be proved refers to an isentropic change. ~!'rom 

(I) by reciprocity 

Hence for an isentropic change 

Jd: = f ~ (!~, dl. 

Note that in this equation all quantities, including(i)F/8T)1,a.re expflri· 
mentally measurable. This equation can therefore be tested-s(l{•, for 
example, Treloar, The PhyaiciJ of Rubbtlf' Elasticity, Oxford, 1949. 

7. Prove first (aH) = -T(8V\ + V. 
ap· r aif'l, 

Now 

Substitute from (1) and use the relation (§2·10c) 

Note also that 8(TfV)f8V in the formula to be proved is equal to 

1 8T T 
vav-v·· 

(I) 

In the second part of tho que.'ltion the condition of constant 0 is the 
same a.s the condition of constant T. Hence from the formula. proved 
in the first part, since 

(!~t=(:~, =0, 

we have [8(T/V)/8V]11= 0, 

or (aT) T 
av , =-y· 
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Thus for a change at constant pressure 

dlnT=dln V, 

and therefore by integration T= Vf( p), 

463 

(3) 
wheref(.p) is an integration constant which is a. function of pressure. 

Similarly from the condition (aUfaV)8 =0, together with equation 

(2·76), we obtain (o:P) =!!. 
aT v T' 

a.ndtherefore T=pf(V). (4) 

Hence between (3) and (4) /(:) =/(;). 
Since the left-hand side depends only on p and the right-hand side only 
on V, this equation can be satisfied only if 

/(p)= pfc, 

j(V)= Vfc, 

where cis a. constant. Combining with (3) or ( 4) we obtain p V =cT. 

8. Similar principles to Problem 7 but easier. Note that the formula. 
to be proved is to be applicable to any substance, not necessa.rily a gas. 
The only purpose of the gas, in the question a.s it is expressed, is to define 
the 0 scale of temperature. 

First prove for any substance 

(al:T\ (aU\ (ap) (.ap) dO 
av}/: av},.=T aT v-p=T aO vdT-p, (1) 

where dO fdT is a. complete differential, since 0 depends only on T. 
Now use the properties of the gas to transform (1) to the 0 scale of 

temperature. Thus (aH) (a~ 
- =-T- +V .ap ,. aT , • 

and putting this equal to zero for the ga.s 

~~p =(~~,:=~· 
and applying the other condition, p V = nc01, we obtain 

dfJ (J 

dT=2T" 

This ca.n now be substituted in (1). 

10. Let F, L and V be the moles of feed, of residual liquid and of 
vapour in unit time. Let :r:,, :r:r, and :r:y be the mole fractions of com
ponent Bin these three streams respectively. By mass balance 

F=L+ V, (1) 

F:r:,=L:r:r.+ V:r:y. (2) 
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Substituting (1) in (2) to eliminate F 

a.nd hence rearranging 

By enthalpy balance 

(L+ V)x,=LxL+ Vxv, 

x1 -xv V 
x!--x! =1,· 

(3) 

(4) 

where Q is the input of heat a.nd h,, hL a.nd h,. a.re the entha.lpies per 
mole of the F, L a.nd V streams respectively. Substituting from (1) to 
eliminate F and rearranging 

(L+ V)h,=LhL+ V(h,.-q), 

where q = Qf V, the heat requirement per mole of vapour. Hence 

h,-(h,.-q) L 
hr.-h.r =-y· (5) 

x,-x,. h,-(hv-q) 
Equating (3) and (5) --- (6) 

XL-X.r- hr.-hi' 

The left-hand side of this equation is equal to the ratio KMJGN on the 
diagram. The denominator of the right-hand side is represented by the 
length KN. Hence, by similar triangles, 

PM=h,-(h,.-q). 

.. q=PM +(h,-h,) 

=PM+MH 

=PH. (Q.E.D.) 

Which geometrical construction would show QfL, the input of heat per 
mole of the residual liquid? 

CHAPTER 3 

1. As piston 1 moves out slowly and reversibly the pressure exerted 
on it is due entirely to gas B because it is permeable to gas A. Conversely 
with regard to piston 2. Calculate the work of the isothermal reversible 
expansion of each gas to the final state, using the ga.s laws. Also since 
.l1U = 0 (the gases being assumed perfect) the work done is equal to the 
heat taken in. Hence obtain the entropy of mixing. · 

2. Use equation (2·55). The atmosphere must be assumed to be a. 
perfect mixture. The equation is also limited to heights at which g is 
still sensibly constant. 

3. 14.5kW. 
The minimum work required is that of a. reversible process. This work 

is equal to the heat rejected since .1 U = 0. 118, and hence the heat, can 
be calculated by use of equation (3·37) (with the sign reversed since we 
a.re here concerned with demixing). 
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4. On the van der Waals isotherms the criticl\l point is where 

(Z), and (!0), are both zero. Hence applying these conditions to the 

van der W a.a.ls equation: v, = 3b, 

Sa 
T,= 27Rb' 

a 
p.=27b1 ' 

The 'reduced' pressure is the ratio of the a.ctua.l pressure of the gas to 
the critical pressure and is thus a. dimensionless quantity. Similarly with 
regard to Tr and Vr• 

Pr= P/P., Tr= TfT., Vr=vfv,. 

Using these quantities the va.n der Waals equation can be expressed 

(Pr+~) (3vr-1)=8Tr• 

5. About 2.6 x 10-e KPa.-1• (The observed value is 2.620 x 10-e 
KPa-1 in close agreement.) From the van der Waals equation obtain 
oVfoT and substitute in equation (3·44). a a.nd b are calculated from 
T. andp •. 

6. 9. 64 a.tm, 41.7 atm. 
Note that if Z is plotted against p the plot is almost linear, a.t least up 

to 50 a.tm. Hence from the gradient 

Z=l-0.36x I0-1p. 

This a.llows of a. direct integration of equation (3·52). 

7. 1·29kW; 1.17ltW. 
It is implied in the question that it is a. steady flow process. Hence 

equation (3·48) gives the minimum shaft work per mol. Use the results 
of Problem 6. 

8. 93.9atm. 
Note that the value of RT in the appropriate units is the value of the 

right-hand side of the given equation 88 p-+ 0. This expression is taken 
from lntern4tional Critical Tablu (vol. III, p. 8), and much of the p-V-T 
data in the literature are quoted in this form. It is equivalent to the use of 
the Amagat unit of volume which is the volume of 1 mol of gBB a.t 0 °0 
and 1 a.tm and is close to 22.4 dm•, but varies slightly from gBB to gas. 

9. The equation proved in the first part of the question can be 
rearranged to give 

Let Pu v1 and v1 have chosen values; then Pt will have. a. certain value if 
the expansion or compression is conducted under reversible conditions 
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(81 = 8 1) and will have a. larger value if it is conducted under irreversible 
conditions (81>81). Hence the low-preSSUie side of the curve pvY =con
stant is adiabatically inaccessible. (Cf. the discussion of 'impossible' 
processes in§ 1•9.) The matter may perhaps be seen more clearly by 
obtaining the corresponding equation relating T1, V1 and 81 with T8, V8 

and 8 1• In an irreversible compression more work is done on the gas 
than in a reversible compression and there is therefore a. greater tem· 
perature rise for the same change in volume. Similarly in an irreversible 
expansion the gas does less work than in a. reversible one and the fall in 
temperature is less. 

10. Only the third equality is conditional on the temperature being 
measured on an absolute scale. The proof of the first two equalities 
depends only on the definitions of 0,. andC vin terms of Hand U, and is not 
dependent on the second law (i.e. on the existence of entropy as a function 
of state). On the other hand, the proof of the third equality requires 
the second law. 

Note that 

and also 

(:~t =(~L(:~L· 
(~t (~L (:~t = - 1• 

The required equation of state is p( v- b)= RT, where b is a. constant. 
The statement that a.t constant volume p is proportional to T may 

be written 
(1) 

where rp is a. function of volume. Hence (8p/8T)v=t/J=.pfT. Using this 
result together with the other item of information, c,. -cv= R, the first 
equality proved in the first part of the question may be written 

. R=p(:t· 
Integra.tmg a.t constant pressure 

RT= pv+f(p), 

or RT =v+j(p). (2) 
p p 

Now by equation (1) RTfp is actually a. function only of volume. 
The integration constant! (p) must therefore be of the form constant x p, 
in order that the right-hand side of (2) shall be a. function only of volume. 
Hence p(v-b)=RT. 

CHAPTER 4: 

1. Relative to the elements the free energy of the system has a value 
- 693 ca.l a.t zero conversion (due to the free energy of mixing), a minimum 
value of about -1555cal a.t 57.6% conversion and a value of -lOOOca.l 
a.t 100% conversion. 
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2. Since heat-capacity data. a.re not given it is necessa.ry to assume, 
as a very rough approximation, that AH is constant over the temperature 
range. On this basis it is readily calculated that the value of K" at 
T= 773 K is 4 x I0-8• Consider an initial gas consisting of 1 mole CO and 
2 moles H 1• If the number of moles of CH10H at equilibrium is a:, the 
corresponding number of moles of CO and H 1 are 1-:a: and 2(1-:a:) 
respectively. Hence (3-2x)•x 

4(1-x)apa K"=4x 10-e. 

A value of x of 0.1 is feasible for an industrial process, because unchanged 
CO and H 1 can be recirculated. Hence P= 260a.tm. (A more accurate 
.calculation, allowing for the change of AH, would give about 400 atm for 
the same degree of conversion.) 

3. K 10 = j511~ • Change the variables in this equation by putting 
P 1Pi1 

P111 + PNa + P511a = P. 

PH1/P1111 = r, 

thus obtaining K 11 88 a function of r, p a.nd PNH,· Finally, differentiate 
at constant P. and T and show that the condition for p 11111 to be a maxi-
mum with respect to r is r = 3. 1 

4. From the given value of the true equilibrium constant K 1, calculate 
the value of KP. This is 8.0 x 10-a. Then proceed 88 in Problem 2 
and show that an initial mixture of 1 mole of N 1 and 3 moles of H 1 will 
give 0.86mole ofNH1 at equilibrium. The yield is therefore 43%, because 
this initial mixture could give two moles of NH1 if conversion were 
complete. 

5. It occurs at a temperature at which AH is zero. 

6. The enhanced heat capacity is due to the heat of reaction. For 
simplicity assume that the mixture is perfect and let 1 g of mixture 
consist ofwg ofN01 and (1-w)g N10 4• Then the enthalpy per gram of 
mixture is wh+(1-w)H, 

where hand Hare the enthalpies per gram ofN01 and N10 4 respectively. 
Differentiating with respect to temperature, the heat capacity per gram 
of the mixture is 

c10 =w(:~) +h(:) +(1-w>(!;} -H(:) 
11 11 11 11 

aw 
=wc+(1-w) O+(h-H) BT' 

where c and 0 are the heat capacities per gram of N01 and N 10 4 respec
tively. It follows from Le Chatelier's principle, or from equation (4·21), 
that the last term in this equation is positive. Hence c10 is larger than 
would be expected if there were no reaction. (It is quoted in the literature 
as having the very large value of 1.65 caljg ° C at room temperature.) 
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The theory can be developed in more detail by expressing 8wf8T in 
terms of the equilibrium constant and the /lll of reaction. In this way 
it can be shown that c11 passes through a maximum value at a certain 
temperature-as is intuitively obvious. At low temperature there is 
very little N01 and at high temperature there is very little N 10,. Hence 
the contribution to c11, due to the shift in the equilibrium per unit rise in 
temperature, reaches a maximum at some intermediate temperature. 

7. Note that the addition of steam displaces the reaction 

H 10+C0=H1 +C01 

to the right and produces hydrogen. However, each mol of added steam 
does not produce as much as 1 mol of hydrogen, because of the equi
librium. Beyond a certain excess of steam the gain in hydrogen ceases 
to pay for itself. 

In setting up the problem mathematically assume that x mols of 
steam are added to ea.ch mol of producer gas, and let this give rise to 
y moles of H 1• The equilibrium gas is thus: 

H 10 (x-y)mols CO (0.22-y)mols 
H 1 (0.14+y)mols C01 (0.07+y)mols 

Substitute in Kp. 
The mone~ry profit P is 

P=constant x (ny-x), 

where the constant is a measure of the value of a mole of steam. Hence 

:=constant x (n: -1), 

and at the optimum point dP fdx = 0. Hence 

n dy=1. 
dx 

Apply this condition to the K 11 expression and thus obtain an equation 
for the optimum value of x. 

8. N01, 4•7 %; N 10,, 1.7 %; N 10 1, 0.06 %; NO, 1.9 %· 
Note that each mole of N10, and of N 10 8 counts as two moles as 

regards the alkali absorption. As regards the behc.viour towards the 
oxidizing agent each mole of N 10, behaves as two moles of N01 whilst 
each mole ofN10 8 behaves as one mole ofN01 and one mole of NO. 

9. Pco!Pb, = 109 at 1200 K. Rather tedious but a useful exercise. 
Note that 
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Therefore it is a question of working out the equilibrium constant of the 

reaction Ha +lOa= HaO 
at 1200 K. 

10. Note that, since A.H is positive, Kp becomes more favourable with 
rise of temperature. On the other hand, 550 °C is about the highest tem
pera.tuie at which ordinary mild steel plant ca.n be operated continuously. 
Hence work out Kp at 550 °C. 

For this purpose it is necessary to estimate a value for Acp, a.nd this 
ma.y be done by the methods of § 12·12, using the principle of equi
partition. All molecules ma.y be BBBumed to behave clBBBically a.s regards 
their translational and rotational degrees of freedom. On the other hand, 
the vibrational modes may be only partially excited. The upper limit for 
Acp corresponds to complete vibrational excitation of the product mole
cules and no excitation of the reactant molecules. Conversely for the 
lower limit. t The limits can therefore be shown to be A.cP = - 9 or 
+9 cal K-1 mol-1. The corresponding limits for KP at 823 K are 320 
a.nd 9.5. Thus the ratio of partial pressures PciPa lies between 320111 and 

9.51/B. The percentage conversion is 10+0pc a.nd lies between 95 a.nd 75 %· 
Pa Pc 

12. This problem requires much numerical working, but it is instruc
tive in showing the difficulty in obtaining accurate values of A..G a.nd A.H 
at T=298 K by extrapolation from typical experimental results at high 
temperature. 

Use equation (4·31). The author finds ll.fH298 to be -19 to -22kgeal 
and ll.1ag98 to be -14 to -16 kg cal. T~e uncertainty in the latter 
quant.ity could be reduced by using additional physical information 
concerning the heat of combustion of CH,. (Bee the treatment of Pring 
and Fairlies' data. given by Lewis and Randall, ThermodynamiCII, ch. XL.) 

13. CH80H : C1H 60H: H 10 = 1 : 46 : 46. 
The independent reactions can be chosen a.~ 

CO+ 2H1 = CH80H, 

2CO + 4H1 = CaH60H + H 10, 

and for each mole of C1H 50H one mole of H 10 is also formed. 
The algebraic complexity which usually arises in solving simultaneous 

equilibria can be avoided in this instance. This is because the question 
a.sks merely to determine the ratio of the three reaction products. Now 
the equations above can be combined to give 

2CH10H = Cafl60H +H10. 

This is therefore the only equilibrium which needs to be considered, a.nd 
the data. quoted in the question on CO is actually irrelevant. 

14. -39 980 cal moJ-1. 

t The poasibility of excitation of electronic degrees of freedom is neglected. 



470 Principles of Chemical Equilibrium 

15. Reactions for which there is a. considerable decrease in the standard 
free energy are 

2N01 +H10 =HN08 +HN01, 

3N01 +H10 = 2HN08 +NO, 

and the second of these is thermodynamically more favoured than the 
first. Several other reactions, such as 

N01 =lN1 +01, 

would also result in a decrease of free energy but are known to be ex
tremely slow. Under the conditions of an industrial nitrous gas absorption 
process it is the second reaction above which is of principal importance 
-together with the equilibrium 2N01 = N10, which is rapidly established. 

16. 67%(wt.). 
Calculate first the value of Kp at 20 °C, using the value of /!JJl in order 

to allow for the appreciable effect of change in temperature. Note that 
KP can be written s 

K-=~o x.PDo. • 
.Pio• .PJJ.1o 

Now the absorption system is counter-current and the strongest acid 
which can possibly be made in the first absorption tower is that which 
would be at equilibrium with the gas entering this tower. For this gas 
the term p110/pf.01 has a. value of 10 atm-•. 

Convert the vapour pressure data. to atmospheres and plot .Pbo /.PJJ.1o 
(preferably its logarithm) against the acid concentration. Fin~ the 
particular acid which satisfies the above equation. 

17. l!.H= -52 kg cal; heat evolved=5.5kgcal. 
With decrease of the p.d. across the terminals, below the reversible 

e.m.f., the heat evolved would increase and in the limit where the ter
minals are 'shorted', and no work is done by the cell, the heat evolved 
would become equal to -!!.H. 

18. Calculate the equilibrium constant of the reaction 

2Ag+i01 =Ag80. 

Now the total gas pressure in the process is stated to be only 1 atm, 
and from the magnitude of the equilibrium constant it is evident that 
.Po would need to be very much larger than 1 atm in order that silver 
o:Jde should be formed. Hence this substance is not a stable product 
(at any rate not as bulk phase-the calculation does not exclude the 
poBBibility of chemisorbed oxygen). 

19. The lowest temperature at which the reaction 

Ba.C08 = BaO + C01 

could be carried out at an appreciable speed in a furnace open to the 
atmosphere is that at which the partial pressure of the C01 becomes equal 
to 1 atm. (This temperature is ana.logous to a boiling-point. At tempera-
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tures at which p001 < 1 atm the process would be very slow, being deter
mined by the rate of diffusion of C08 ou·~ of the neck of the furnace.) 
Hence find the temperature at which K~ is 1 atm. 

20. (\.039% S08• Sulphate is not formed. 
Consider the reaction S01 + !01 = S08• It is readily calculated that 

Pso8 -. = 1.66 x 1o-•, 
Pso1P&1 

(1) 

and from this equation it is evident that the concentration of 808 is 
very small, and its formation does not significantly affect the concentra
tion of oxygen in the outgoing gas. 

Assume that ZnSO, is not formed. Then the only significant reaction 
as regards the materials balance of the systf\m is ZnS + f0 1 = ZnO + S01• 

Since there is 7% S01 in the outgoing gas it can be readily calculated, 
by means of an oxygen balance, that there is 11.3% 0 1 in the outgoing 
gas. The formation of a trace of S08 does not significantly affect this 
result. The figures p 801 = 0.07 and Po,= 0.113 can now be substituted in 
(I) to give p 80 = 3;.~ x IO-'atm. (This kind of approximation, where it 
is valid, avoi~ the-solution of simultaneous equations.) 

It remains to be confirmed that ZnSO, is not a stable product at the 
given temperature. For this purpose calculate the equilibrium constant 

of the reaction ZnO+SOa=ZnSO,, 

and show that the calculated partial pressure of S01 is far too low for the 
reaction to proceed from left to right. 

If the actual content of S08 in the gas leaving the process was found to 
be higher than the above calculated equilibrium value, a likely explana
tion would be that the 808 is an intermediate substance in the reaction 
mechanism. Its concentration would pass through a maximum before 
falling to the equilibrium value. 

21. 55%. 
Note that in the reaction A= B + 0 increased yield could be attained 

by reduction of pressure. However, since it is specified that the process 
must be carried out at a total preBBure of 1 atm, the same effect can be 
achieved by introd~ction of an inert gas X, which has the effect of 
reducing the partial pressures of A, Band 0. This is the 'device' aaked 
for in" the question. 

On the other hand, too much of the inert gas will reduce the amount 
of B which can be condensed (the remainder is carried away in the gas 
stream). Therefore it is a question of maximizing the yield. 

Let Pa• etc., be the partial pressures at the outlet of the reaction vessel. 
From the free-energy figure it is readily calculated that 

Pa= 10p:. (1) 

Also Pa+P&+p.+p,.= latm, 

and therefore, using (1), 10p:+2p&+P .. = 1. (2) 
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In a given interval of time let 1 mole of this gas enter the condenser and 
let a: moles emerge from it. Since the vapour pressure of B is 0.01 atm and 
the total pressure of the gas is 1 atm, we have from the perfect gas laws: 

Gas entering condenser: p 4 moles of A, Po ( =Pa) moles of a. 
Pt moles of B, p 111 moles of X. 

Gas leaving condenser: p 4 moles of A, Pt moles of 0. 
0·01z moles of B, p,. moles of X. 

Hence P 4 +0·01z+pa+p,.=z 

or 

by substitution from (1). 

(3) 

The output of liquid B, in the given time interval, is (p6 - 0.01z) moles, 
and this has been oHained from p 4 +Pt moles of A originally entering 
the reactor. Hence the yield of liquid B, expressed as a fraction, is 

Pt- 0,.0 1z Pt- 0.0 1z 
y= Pca+Pt 10Y&+Pa' 

by (1). 
Subtracting (3) from (2) Pt = 1-0·99:1:, 

and eliminating a: between (4:) and (5) 

where r = 0.01/0.99. 

Pa(r+ 1)-r 
y= 10Y&+Pt ' 

(4:) 

(5) 

(6) 

Finally differentiate (6) and put dyfdp6 =0 to obtain the maximum 
value of y. This is 0·55. If no inert gas were added it can be readily 
calculated that the maximum yield would be only 0.29. 

CHAPTER 5 

1. (a) 3; (b) 2; (c) 2, together with the restriction Pu. = 3pN (this is 
equivalent to saying there is only one component, NH8, and no reslriotion). 

2. There are n + 2 independent variables. The experimentalist is free 
to choose the n composition variables together with the temperature and 
either p, or p,. (The difference, p,-p,, is the osmotic pressure and is 
determined as soon as the other variables are fixed.) The proof is as 
follows. 

The total number of variables is n + 4:, i.e. Pw• p1, T w• T ,, and the n mole 
fractions. Between these variables there are two equalities, namely 
T, = T, together with the equality of the chemica.l potentials of the 
solvent. Hence F=n+4-2=n+2. 

3. (a) F=O. Note that along the length of the vapour-liquid equi· 
librium curve we have F = 1. However, the critical point is not any point 
along this curve but is the special point, which is the termination of the 
curve, where the two phases have equal density and become indistin. 
guishable. Therefore there is a special restriction. Looked at from an 
alternative point of view, immediately above the critica.l point there is 
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only one phase together with two restrictions, namely, opfoV=O and 
o2pfoVB=O. This again results in F=O. 

(b) F= 1. 
(c) There are four independent reactions. If MN01, MN08 and M10 

are immiscible there are four phases and F = 1, there being no stoichio
metric restrictions on the composition of any phase, despite the fact that 
the system is prepared from nitrite only. If MN01, MN08 and M10 are 
miscible the number of phases is reduced to two but there is now a rather 
subtle stoichiometric relationship which results in F = 2. This relation-

shipt is x8(2x, + x8 + x7) = x8(6z,- 4x5 + Z 8 - X7), 

where the x/s refer to mole fractions in-condensed or vapour phases and 
the numbers refer to the substances in the following sequence: 

MN01, MN08, M10, N 1, 0 8, NO, N01 
1 II 3 t 6 6 7 

+- condensed phase -+- +- vapour phase -+-

4. Four independent reactions, F = 3. 

5. (a) F= 1. 
(b) There are two independent reactions and these can be chosen as 

Fe0+C0=Fe+C01, (A) 

Fe10,+C0=3Fe0+C08• (B) 

The equilibrium temperature at 1 atm total pressure will be the tem
perature at which the value of the partial equilibrium constant, 
K~ = p 001 fp00, is the same for both of the above reactions. Also 

Pco + Pco• = 1 atm. 
However, a simpler procedure is as follows. Subtract one of the above 
equations from the other to obtain 

Fe80,+Fe=4Fe0. (C) 

Now these solid substances will only be at equilibrium with each other 
at a temperature such that JiG is zero. This temperature is readily 
calculated by integrating the equation 

oliGfT fl.H 
---ap- =- T• 

and using the given data. The result is T = 1120 K. The CO and C01 

will also be at equilibrium with the solids at this temperature provided 
that the ratio of their partial pressures satisfies the equilibrium condition. 

(c) It has been shown that F= 1. On the other hand, the equilibrium 
temperature will change only imperceptibly if the total pressure of CO 
and C01 is increased above 1 atm. This is because the free energy of the 
solid phases is not significantly affected by change of pressure. 

(d) The calculated resul~ is much higher than the observed equi
librium temperature which is stated to be 840 K. The calculation depends 

t I am indebted to Mr R. Jackson of Edinburgh for drawing my attention 
to its existence. · 
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on the difference between two large numbers, in regard to the free energy 
ofFeO and Fc30,, and this is probably the main source of the error. Also 
the value of c,. for FeO is an estimated rather than a measured value and 
the temperature coefficient of Ac,. has been neglected. 

6. This problem is concerned with the properties of the triangular 
diagram IDled for representing ternary systems. Use the 'lever rule' and 
notice that if the residue were mixed with the distillate at any moment 
it would give a mixture represented by point A. Note also that the 
composi1aon of the distillate is always somewhere on XY because Z is 
not volatile. 

CHAPTER 6 

1. Involves an integration of the ClausiwHJiapeyron equation. Also 

lnp,/p1=Pa-P1 when Pa-P1~1. 
P1 P1 

2. - 0. 133 °0. Take care to use the correct energy units in this type 
of problem. 

3. d.LfdT = 2. 72 J K-1 g-1• (Use data from Problem 2.) 

4. 2.25 kJ g-1 • 

5. Considering a fixed quantity of vapour: 

dV=(:;t dT+(~~) r dp, 

and therefore (:~ .. ,. = (:;) P + (~;) J!;)..~· 
where the subscript sat. denotes a condition of equilibrium between 
liquid and vapour. Assume that the vapour is perfect and apply equation 
(6·8). Note that the equation to be proved shows that the coefficient of 
expansion is normally negative. Why is this! 

6. Of the order of 7 g m-a, but this result is only a rough approxima
tion. The calculation depends on using the Trouton relation in order to 
estimate the latent heat. The Clausius-Clapeyron equation, together 
with the known boiling-point, can then be used to estimate the vapour 
pressure of the oil at 20 °C. This is about 1 . 5 x 10-3 atm. The calculation 
of the weight of oil vaporized is then obtained from the gas law together · 
with the known molecular weight. 

7. At any temperature at which the two phases are in equilibrium, 
the pressure has a fixed value. Hence V is a function only of T and q 
and an equation of the type of (2·78) can be applied: 

Also we have 

whence 

(:)v = -(:~j(~J r. 
V =qv• + (1-q)v', 

(8V/fJq),.=v' -v'. 
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8. Let a" be the specific entropy of the vapour phase. Then 

" (08) c, =T oT ut.' 

where the subscript sat. denotes the condition of two·phase equilibrium. 
Hence 

c" =T{(as) +(as) (ep) } 
• fJT p op f' fJT oat. 

_ {c; (IJv") L } 
- T T- aT 11 T A v • 

by a Maxwell relat.ion and (6·8). 
Similarly for the second relation. To obtain the third relation apply 

equation (6·13). 
The value of c~ for steam at 100 °C is negative and is about -4. 5 

,J K-1 g- 1• Thus the temperature is raised by removal of heat from the 
steam, the pressure being increased at the same time to maintain 
saturation. (Note that the specific volume of the steam simultaneously 
decreases, by the result of Problem 5.) 

9. 53 % condensed. 
For lack of other information it must be assumed that the NH8 behaves 

as a perfect gas. The application of equation (6·24) therefore gives the 
vapour pressure as 15 atm at 250 atm total pressure. 

Consider the inlet gas to the condenser; this contains 0. 12 mol NH8 

to every 0. 88 mol of N 1+ H 1 • In the outlet gas the partial pressure of 
NH8 is estimated to be 15 atm and its mol fraction is therefore 
15/250=0.06. There are therefore 0.06 mol of NH8 to every 0.94 mol 
of N 9+H1, or 0 _88 

0. 00 X--= 0. 056 
0.94 

mol ofNH8 to every 0.88mol ofN1+H8• The fraction of the NH8 not 
condensed is therefore 0.056/0.12=0 .47, and the percentage condensed 
is 53%- (Notice the use of the inerts as reference substances in this type 
of calculation.) 

10. In the absence of p- V -T relations for the mixture, the Lewis and 
Randall rule must be used~ 

CHAPTER 7 

2. It will be found best to plot the logarithms of the partial pressures. 
The data do not agree at all well with the Duhem-Margules equation, 
and it appears therefore that there is considerable experimental error. 

3. It is only at the minimum point that the compositions of the solid 
and liquid phasE's in equilibrium are equal. 
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6. Let P1r.• Pw and p, be the chemical potentials of the solid hydrate, 
the liquid water and the salt in solution respectively. Then for equi· 
librium between the solid hydrate and the solution, 

P~r.=2pw+P•· 

p,. is a function ofT and p. Pw and p, are functions ofT and p together 
with the mole fraction z of the water in the solution. Differentiate the 
above equation with respect to the independent variables and proceed 
as in the treatment leading up to equation (7·21). 

CHAPTER 8 

1. 244, 252 and 260 mmHg respectively. The corresponding mole 
fractions of benzene in the vapour are 0.27, 0.53 and 0. 77 respectively. 

2. aH =28.4 kJ moi-l, (The directly measured value is 28.0 kJ 
moi-1.) 

3. Either hypothesis is equally applicable to the quoted results. 
Independent evidence indicates that the second hypothesis is more 
nearly correct. 

4. The ideal solubility expressed as a mole fraction is 0.026. (The 
observed values are 0. 018 in hexane and 0.028 in heptane.) Notice that 
both the boiling-point and the critical point lie on the vapour-pressure 
curve and can therefore be used for interpolating the vapour pressure at 
20 °C by application of the Clausius-Clapeyron equation. 

5. aH= -20.5 kJ moi- 1 ; 42 ms h- 1 of water. 
The solubilities being very small, the figures quoted in the second line 

of the question can be taken as being proportional to the mole fractions 
of dissolved C01• Apply equation (8·35). 

The least quantity of water required is that which would be just 
saturated by the C01 at its partial pressure (2atm) entering the tower. 

6. B=aH+RT=(-1.38+0.24)X 10'=-1.14x 10' J moi-1 • The 
quantity B is equal to au in the process of solution. 

Notice that s is the solubility when the partial pressure of C01 is 1 atm. 
Let m be the number of cm8 of C01 per 100 cm8 of rubber when the partial 
pressure is p. Then m=ps or s=mfp (1) 

by Henry's law. Because the solution is very dilute m is proportional to 
the mole fraction z of dissolved C01 and the above equation can also 

be written s =constant x zjp. (2) 

The first equation in the question then follows from equation (8·35), if 
the temperature coefficient of the density of the rubber is neglected. 

Now p V = nRT, where n is the number of moles of C01 in a. gas volume 
V. Hence 

(3) 
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Also m, in equation (1), is proportional to c8 • Hence from (1) and (3) 

~=constant x ~ RT =constant x sT. 

Hence 

c... p 
dins dinT 
dT +---ciT 

!J.H 1 
=RT8 +T 

!J.H+RT 
= 

477 

Therefore B=ilH+RT= -1.14 X 10' J moi- 1 a.t T=300 K (approx.). 
In the process of solution 

!J.H = !J.U +!J.(p V) 

=!J.U+p1 V 8 -P1 V1 

=!J.U+O-RT, 
because V 1, the volume in the dissolved state, is negligible and because 
p1 V 1, referring to the gaseous state, is equal to RT per mol. 

Hence B = !J.H + RT is equal to !J. U. (Cf. the temperature coefficients 
of a. reaction equilibrium constant expressed in terms of partial pressures 
and in terms of concentrations in § 4·7.) 

7. The problem shows the existence of apparent deviations from 
Ra.oult's law, in a.n ideal solution, due to the occurrence of a. reaction. In 
setting up the problem it is perhaps best to let x ... , x8 and x0 be the true 
mole fractions of A, B a.nd C in the solution. The condition of equilibrium 
in the reaction 2A = B may be expressed as 

Xs=K, 
X..t' 

as will be discussed in more detail in Chapter 10. If the solution is ideal 
over the whole range, the same relation will hold in the pure liquid (i.e. 
when x0 =0). 

The quantity N..t which appears in the third equation of the problem 
is, of course, the actual number of moles of the monomer in the solution. 
If N8 is the corresponding number of moles of dimer then 

N ... +2N8 =N. 
(This problem is based on a discussion by Rushbrooke, Introduction to 
Statistical Mechanics, Chapter XIV.) 

CHAPTER 9 
2. 0.871; 4.16 kJ mol-l. 

3. y = l.Q6. The equation in the problem is based on the integration of 

a!J.GfT !J.H 
----;yr-= - Tt ' 
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putting llG=O at 1808 K at which there is equilibrium between solid 
and liquid iron. At any other temperature the equation gives the differ
ence between the free energy of liquid and solid iron when they are not 
at equilibrium. 

In the second part of the problem let p. be the chemical potential of 
the liquid iron in the solution. Then 

p.=p.*+RTlnzy, 

where all quantities refer to the iron. But p. is equal to the free energy 
per mole of solid iron since there is equilibrium. Also p. • is equal to the 
free energy per mole of pure liquid iron. Hence p. •- p. can be evaluated 
from the equation already obtained. Hence 'Y = 1.06 (Basis 'Y -+ 1 as z-+ 1 ). 

4. The conditions of equilibrium p.,. = p.~ and p.0 =A lead immediately 
to z,.y,.=z~y~ and z0y0 =~'Y~· 

5. 0. 8990 (in very close agreement with the directly measured value). 
The data for this question were taken from J. A. V. Butler, Oommenlary 
on the Bciemiftc Writings of Willard Gibbs, vol. I, p. 140. 

6. To each side of (9·41) add dlnz0• This gives 

1 
dln(y0 z0)= --dlny,.+dlnz0 

r 

1 
= --dln(y,.:r:,.). 

r 

From t.he defining equation for h 

1 ln(y,.:r:,.)dr 
dk=;dln(y,.:r:,.) r• 

1 (h.-1) 
=-dln(y,.:r:,.)---dr. 

r r 
Substituting (2) in (1) 

On rearranging 

and therefore 

(h.-1) 
dln(y0z0)= -dk---dr 

r 

= -dk-hdlnr+dlnr. 

din (y~:r:•) = -dk-hdlnr 

In ('Y~~) = _,. _ r~dr. 

(1) 

(2) 

(8) 

In this equation the integrand is finite at the lower limit. The equation 
may be applied by plotting values of hfr againSt r and taking the area 
under the curve. 
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7. 195.3 mmHg (observed value 194.9 mmHg). 
Let 0 11, etc., be the excess functions. Since 8 11 = 0 for the given solution, 

G11=H11 

=(n1 +n9)bx1x1 

bnlnl 
=n1 +n1 " 

The application of equation (9·46) gives the required expressions. 
From the azeotropic data an activity coefficient can be worked out 

for each component at the azeotropic composition (equations (7·69) and 
(7·70)). When these are substituted in the given equations, two almost 
equal values of bare obtained. The data are thus not inconsistent with the 
postulates (but, of course, are quite insufficient to prove them). 

The equations, together with the value of b, can finally be used to 
calculate the partial pressures of ea.ch component. Their addition gives 
the total pressure and this is 195. 3 mmHg. 

8. A=0.394, B=0.375. 
At the lower temperature the estimated azeotropic composition is 

60% mole of ethyl acetate (observed value 60.1 %) a.nd the calculated 
total pressure is 413 mmHg. 

9. It is stated that the pressure p which is of interest lies between p 1 

and p 1• Thus p 9 > p > p 1 and the pressure p is greater than the vapour 
pressure of component I. This vapour will therefore be supersaturated 
and the compressibility factor for this component must be estimated 
indirectly, for example by extrapolation from the unsaturated region. 
(N.B. The compressibility factor referred to in the question is that defined 
in equation (3·51): Z=pvfRT.) 

Consider component 2 whose mole fractions in liquid and vapour pha.soR 
are x and y respectively. Thfl condition of equilibrium for thiR com
ponent iR 

In view of (3·68) and (8·14) this can be rewritten as 

p:.+RTlny=pT.+RTlnx, 

where p:. stands for the chemical potential of the pure gaseous com
ponent at the pre11aure p of the solution in question, and PT. is the corre
sponding chemical potential of the pure liquid component, also at this 
pressure. 

Now the pure component will be in equilibrium with its vapour at the 
pressure p 1• Let P! be the chemical potential of the liquid and vapour 
phases at this particular pressure. If this quantity is subtracted from both 
sides of the previous equation we obtain after rearranging 

RT In yfx =<PT.-P!l- (p:.- P!l· 
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The first bracket on the right-hand side is equal to v;(p-p1) by the 
integration of (2·1116). The second bracket on the right-hand side is 
similarly equal to JP vdp, 

Jlo 

where v is the molar volume of the vapour of component 2. 
Now the compre!'IBibility factor is 

ptJ 
Z= RT=aa+bsP· 

Hence v=RT(~+b1) and the above integral is obtained as 

RT{a1ln~ +b8(P-Pa)} · 
Hence finally 

RTlnyf:r:= v;(p-p 1)-RT{aaln! + ba(P-P1l}, 

which can be rearranged to give the second equation quoted in the prob· 
lem. The first equation, referring to component 1, follows at once in an 
analogous manner. It may be noted that the term v~(p-p1), in the last 
equation above, is equivalent to the very slight change in the vapour 
pressure of pure component 2 between the tot.al pressureS p and p 1• 

(See footnotes on p. 222 and p. 248.) 

10. Per mole of the mixture the changes of G and H are 

llG=RT(:r:11n:r:1 +:r:aln:r:a) +a:r:1:r:1, 

!iH = a:r;l :r: •• 
(Cf. Problem 7.) 

The second part of the problem raises important matters of principle. 
Using the numerical value for a:, together with the equations above, it is 
readily worked out that the changes in G and H in the demi:r:ing process 
are +1590 and -104 J mol-1 of mixture respectively. Therefore the 
lea8t amount of work required for separation is 1590 J mol- 1• This may 
be thought of as being supplied by means of a reversible heat engine 
taking heat from the hot reservoir at 373 K and rejecting heat to the 
cold reservoir (the cooling water) at 293 K. Hence from equation (1·12b) 
the minimum heat to be taken from the hot reservoir is 

373 
1590 X 373_ 293 =7410 J, 

and the corresponding amount of heat to be rejected by the engine to the 
cold reservoir is 7410-1590=5820 J. 

In addition, there is the heat effect on separating the two components, 
and this is not equal to the llH of demixing because the process involves 
forms of work other than volume change (see § 2·2). The heat effect is, 
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of course, T ll.S, since the proces.q considered is reversible and isothennal. 
Now T ll.S = ll.H -ll.G 

= -104-1590= -1694 J mol-1. 

Since this is negative it corresponds to heat rejected to the cooling water, 
and thus the total heat rejected is 1694+5820=7514 J mol-1 of the 
mixture. 

Notice the important clause in the question 'if the energy of the 
reservoir is used at maximum efficiency'. This requires a reversible 
separation process such as has been discussed above. How could such a 
process be approximated in practice ? 

An ordinary distillation is very far from being reversible and usually has 
an efficiency on the above basis of ~20 %-This is due to finite temperature 
differences and also because the vapour entering any plate of the distilling 
column is not at equilibrium with the liquid which is on that plate. 

11. For the present purposes the term 'regular binary solution ' may 
be taken as meaning a solution having activity coefficients given by the 
expressions quoted. Dividing the first of these expressions by the second, 

weobta.in (1-x)B=ln'YA. 
X ln')'B 

Now at the azeotropic composition the activity coefficients are given 
by equations (7·69) a.nd (7•70): 

'YA = pfp~, 'YB= pfp%, 

where p is the azeotropic pressure and p~ and p~ are the vapour pressures 
at the azeotropic temperature T6 • Hence 

c:xr =ln::lln:r 
Now the azeotropic pressure pis 1 atm. Consider the integration of the 
Clausius-Clapeyron equation for pure component A between tem
perature T6 a.nd the boiling-point TA. Assuming the latent heat to be 

constant, In p•= _LA(..!..-..!..) • 
Pa R TA T6 

a.nd similarly for the other component. The substitution of these expres
sions in the previous equation, together with the use of the Trouton 
relation, gives the required equation. 

It may be remarked that this equation agrees quite well with experi
ment for a considerable number of azeotropic mixtures. This agreement 
does not imply, however, that these mixtures are accurately regular. 

CHAPTER 10 

1. + 1650 cal mol-1; -1080 cal mo)-1. 

2. 0. 42 mol; 0. 55 mol at 200 °C (the observed value is 0. 67 ). 
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3. (a) -26360calmol-1; (b) -19890calmol-1; (c) -22270cal 
mol-1• 

It is stated that the vapour pressure is 76 mmHg and also that at this 
pressure the solubility in water is 0.001 mol kg-1. It follows that the 
0.001 mol kg-1 solution can be put into equilibrium with the substance 
as a pure liquid; i.e. under a pressure of 76 mmHg there will be two 
phases, one consisting almost entirely of water and the other consisting 
of the pure (or almost pure) substance. The vapour-pressure curves are 
therefore an extreme example of those shown in Fig. 32 on p. 228. 

4. For Hg8Cl8, !l1G298 = -50 400 cal mol-1. 
Consider first the equilibrium of 4 mol kg-1 HCl solution with its 

vapour: 

Hence 

~+ +pg-+RTlnmly~ =/401 +RTlnps:01• 

~+ + /18- -/401 = - 8623 cal. 

The standard free energy of formation of the chloride ion is therefore 
-8623-22 770= -31 393 cal mol-l, 

This result is now combined with the quoted electrode potential to 
give the free energy of formation of mercurous chloride, as described 
in§ 10·15a. 

5. (a) Show, for example, that the measured partial pressures satisfy 
equation (10·84). 

(b) It is neceBB&l'y to use the Clausius-Clapeyron equation in order to 
estimate a value for the vapour pressure of HCl at 25 °C. It will be found 
that the measured partial pressures over the solution are minute com· 
pared to those expected on the basis of Raoult's law. It is therefore a 
case of very large negative deviations. (See also Fig. 29 on p. 225.) 

6. p=7.5 x I0-8 atm; my± =455. 

7. The molalities are: (a) dissolved chlorine 3.07 x 10-8 ; (b) HOCl, 
2.45 x I0-8; (c) Cl-, 2.45 x I0-8; (d) Clo-, 6.6 x 10-1o, 

Because activity coefficients are not quoted it is necessary to assume 
that the S?lution is approximately ideal. The concentration of dissolved 
chlorine is obtained immediately from the condition of equilibrium 
between itself and the gaseous chlorine: 

whence 

and thus 

p~ + RTln ma1 = ~ + RTlnp011, 

-RTln ma_= 1650, 
0.5 

ma. = 3.07 x 10-•. 

Consider now the equilibria in solution. These can be chosen con-

veniently as Cla + HaO = H+ + Cl- + HOCl, (A) 

(B) 
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Using the free-energy data. we obtain the values of the equilibrium 
constants 

?na+ mOl- fneoOI 4.83 X IO-•, ( 1) 
m<..,.xn,o 

nt.x+mOJo-

""xoo 
·6.7 X 10-10• (2) 

From the second of these it is evident that the degree of ionization of the 
HOCl is very small indeed. Hence to a. very high degree of approximation 

mx+=me~-=fnaOOI (3) 

from the ~toichiometry of reaction (A). Also xx1o ~ 1. Hence ( 1) a.nd (2) 
ca.n be wntten 8 mOl---= 4.83 X IO-', 

ma. 

mcto- = 6.7 x 1Q-10, 

respectively. Since mOlt ha.s already been calculated we can obtain 
m01- a.nd hence also fnxoa from (3). 

8. The work to be done on the system is 20.1 kcal mol- 1 of CaCI 2 • 

The heat to be removed is 1.0 kcal mol- 1• 

A 0.5 mol kg- 1 solution contains 0.5 mol Ca.Cl 2 and 55.51 mols of 
water. Hence to every I mol ofCaC1 2 there are Ill mols H 20. The total 
free energy of a solution containing 1 mol of CaC1 2 is therefore 

lll(p:+RTln y,.x,.) +p&s+ +2J4l- + RTln I'~ mcao+nz&-, 

where the subscript w refers to the water. The free energy after separation 
is 

1llp!+p,, 

where p, refers to the solid Ca.Cl1• The increase in G on separation is 
therefore 

t:.G=p,- p&,o+- 2pg-- RT( 1llln y..,x,.+ In .,S± mcao+m~-). 
The numerical value of this expression is 

dG=20.1 kcal. 

In this calculation it is necessary to a.sswne that y,. is unity, a.s a. figure 
is not given. (This actually introduces very little error, the deviation of 
the water from ideality being comparatively small.) The mole fraction 
of the water is 

55.51 55.51 x,.= =--. 
55.51 + 0.5 + 1.0 57.01 

The dH of separation is - 190. O+ 209. I = + 19. 1 kcal. Hence 
T As= dH- dG = -1.0 kcal, and the heat to be removed is 1. 0 kcal. 
This is clearly rather approximate a.s it depends on th~ difference of some 
large numbers. 
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9. About 10-l'atm. 
The concentrations of all ions are very low, and it will be satisfactory 

to assume that the solution is approximately ideal. The equilibrium 
constant for the reaction 

co. (g)+ H.O = 2H+ +co:-
is first worked out from the free-energy data and is found to be 

Also we have 

mf.:+mool- 10-u. 

Poo1:11r1o 

m:a+moH- = 10-1&, 

mo,.a+ moo:- = 0.87 x I0-8 

mo,.o+m&JI- =0.0211 X (2 X 0.0211)1 

=3.7 X 10-a. 

Solving these equations and putting :11r,o = 1, we obtain 

-1Joo1 = 2.4 x 10-u atm. 

Of course in any actual experiment such a minute partial pressure could 
not be attained on account of the slowness of absorption. 

C:a:APTEB 11 

1. Bee the remarks on p. 78. 

C:a:APTEB 12 

1. It has to be shown that the number of translational quantum states 
per molecule, whose energy e1 is such that e-«ukf' is not insignificant, is 
much larger than the number of molecules in the vessel. When this con
dition is satisfied, terms of high index i will make an appreciable con
tribution to the partition function Q of the whole system and the approxi. 
mation of dividing by Nl, as adopted in § 12·1, is justified. 

Now e-«ukf' will be significant if e1 is of the order of magnitude kT or 
less. Putting e=kT in (12·88), the number of translational quantum 
·states per molecule for which the energy is kT or less is 

.L.y(2mkT)f 
lf" hi • 

Consider a concentration of N particles per ems. Hence 

number of quantum states per molecule= f7T (2mkT)f. 
number of molecules in vessel Nh1 

Evaluate this expression numerically using (a). N = 1018, T= 10 K and 
m=m&BB of a hydrogen molecule; (b) N= Ion, T= 10 K, and m=m&BB 
of an electron. 
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2. See, for example, Herzfeld's article in Taylor and Gl888tone's 
Treatise on Physical Chemistry, New York, Van Nostrand, 1951, vol. n, 
p. 49. 

3. Note that relatively more fast-moving molecules p888 through the 
plane in unit time than slow-moving ones, and also that it is the fast
moving molecules which carry the most kinetic energy through the plane. 

CHAPTER 13 

1. The first excited mode is that for which the vibrational quantum 
number is unity and its energy is 

e1 = (1 + i)hv6 

by equation (13·22). Hence from equation (13·43) the fraction of the 
modes which are in the first or higher excited levels is 

ifJ = e-Av8Jkf" = e-Bsl". 

This fraction increases with temperature and it increases most rapidly 
when d2ifJ/dT8 =0. 

With regard to Cy note the similarity of the situation to that in 
Problem 3 of Chapter 12. 

2. See the remarks at the end of§ 13·10. 

4. Consider 1 mol of substance and let f be the fraction which is 
present aa vapour and I - f the fraction present as crystal. Then the 
internal energy of the system is 

u=fu,+(1-f)u., 

where u, and "'• are the internal energies per mole of the vapour and 
crystal respectively. Similarly the entropy is 

s=fs, + (1-f)s •. 

From (12·56) and (13·45) 

Hence 

u,=JRT, 

u0=E0 +3RT. 

u = E 0 +3RT-f(E0 + JRT) 

(and in this expression E 0 is a negative quantity). The internal energy of 
the system relative to the value when f is zero (as shown in F!g. 14) is 
therefore 

u-E0 -3RT= -f(E0 +JRT), 

and is proportional to f. The expression can be worked out numerically 
putting, say, E 0=- 4 x 10' J, T= 108 K. 
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Proceed similarly with regard to the entropy, using equation (12·64) 
and (13·47). The entropy of the system is 

s=fs11 +(l-f)s. 

=/R(InMirl-ln p- 1-16)+ (1-/) 3R(1 +In kTfhii), 

where pis the pressure in atmospheres and 0 0 has been taken as unity. 
In this equation p can be expressed in terms of the fraction f together 
with the vapour phase volume V (em•) 

p=JRTfV 

where R in this expression is in ems atm K-1. Choosing T= 10• and 
V = 150 cm8, then p = 550fatm. Let the molecular weight M be chosen 
as 20 and the frequency ii as IOlB. The above expression for the entropy 
can now be evaluated numerically. 

What is the fraction present as vapour when there is equilibrium! 

5. The value of s-.. as calculated by use of the Sa.ckur-Tetrode 
equation, is 61.5 cal K-1 moi-1 and the value of Scalor.• as obtained 
by graphical integration, is about 61.2 cal K-1 moi- 1• 
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'absolute' temperature, 31 
abllolute zero, unattainability of, 418, 

423 
acoessibility, 337 
acetic acid, 235, 312 
acetone, 224, 225 
acoustic waves, 406 
activated complex, 451, 459 
activity, 286 
activity coefficient, 270, 276, 278, 286 

dependence on T and P, 278, 287 
of' electrolyte, 305,306,316; numeri

cal values, 311 
of gas, 125 

Adam, 87, 203 
adiabatic compressibility, 97 
adiabatic hypothesis, 451 
adiabatic prooess, 10 
adiabatic wall, 9 
adiabatios, properties of, 27 
adsorption, 436 
affinity, 140 
Allis, 41 
alloys, 208 
Amagat volume unit, 465 
ammonia, 4, 127, 142, 148, 151, 176, 

177, 214 
ammonia solution, 296, 314, 3Ul 
ammonium salts, 208, 212 
Amundson, 346 
a priori probability, 338 
Aria, 172 . 
argon, 127, 130 
Arrhenius, 227 
Arrhenius activation energy, 449, 458 
Aston, 411, 412, 414, 420 426 
availability, 70 
ave~, 336, 339 
Avogardro's number, 336, 378 
azeotropes, 221, 236, 289, 291 

Balson, 203 
barium oxide, 180 
barometric formula, 130 
Ba.rrer,ll7 
Bazarov, 10, 31 
Bell, 447 
Belton, 447 
benzene, 223, 230, 21\7, 289 

benzene-alcohol, 221 
benzoic acid, 268 
Berthelot, 421 
beryllium, 407 
Bidwell, 206 
Blackman, 414 
blue colour of sky, 336 
Bodenstein, 151, 443 
body, 6 
Bohm, 58 
Bohr's correspondence principle, 392 
boiling-point, 213 

elevation of, 261 
Boltzmann, 53 
Boner, 150 
Booth, 206 
Born,- 9, 25, 37, 58, 336 
Bose-Einstein statistics, 364, 381. 391 
Bragg, 212, 431 
brass, {J, 211 
Bridgman, 16, 21, 55 
Briner, 150 
Brinkley, 172, 174 
bromobenzene, 221 
Bronsted, 44 7 
Brownian motion, 331\ 
Buchdahl, 25, 423 
bulk modulus, 96 
Bunsen absorption coefficient, 288 
Bury, 235 
Butler, 221, 478 

calcium carbonate, 156, 160, 329 
calcium chloride solution, 328 
Callen, 5 
calomel electrode, 320 
calorimetric entropy, 419 
Campbell, 183 
canonical ensemble, '345, 347, 356 
Carath~ory, 25, 37 
carbon dioxide, 264, 268 
carbon disulphide, 224 
carbon monoxide, 420, 423 
Carlson, 240, 241 
Camot, 27, 72, 74 
Carnot cycle, 27 
Celsius, 32 
Chandrasskhar, 25 
chemical constant, 427 
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chemical potential, 76, 86, 94 
of electrolyte, 304, 307 
standard, 112, 115, 122, 125, 251, 

274, 276 
chlorine solution, 327, 328 
chloroform, 225 
cl888ical degrees of freedom, 375 
Clausius,.25, 27, 33, 61 
Clausius-Clapeyron equation, 197, 

202, 216, 218 
Clayton, 150 
closed system, 5 
cobalt chloride, 206 
Colburn, 240, 241 
collisions with surface, 396 
combustion, 72, 74 
complexions, 51, 338 
components, number of, 171, 184, 

187 
composition, 7 
compreBBibility, 96 
compressibility factor, 124 
concentration, 275 
conductanlle, 312 
conductivity, electric, 61 
configurational energy, 429 
configurational entropy, 54, 429 
configurational randomnet~~~, 354 
t'onjugate phases, 230 
consolute temperature, 231 
constant boiling mixtures, 221, 236. 

289, 291 
convention, for hydrates, 296 

for electrode potentials, 320 
for e.m f., 164 
for entropy, 417 
for ionic free energies, 314 

co-operative effects, 212, 397 
corresponding states, 125, 411 
Coull, 241 
Coulson, 235 
created entropy, 39, 43, 44 
critical mixing temperature, 231 
critical volume, etc., 131 
croBB-differentiation "identity, 91 
crystallization, 55 
crystals, 397 

interdiffusion of, 49, 246, -432 
Cundall, 298 
cyclohexane, 289 

Dalton's law, 116 
Davies, 60 
Debye, limiting law, 312, 325 

theory of heat capacity, 409, 411, 
414 

de Donder, 140 
Defay, 172 
degeneracy, 353, 361, 367, 403 
Denbigh, 4, 5, 23, 60, 176, 203, 316, 

442, 445, 446, 44.8 
density, 7 
density fluctuations, 59, 336 
detailed balancing, 448 
diamond, 407, 413, 428 
diathermal wall, 9 
Diepen, 206 
differential, complete, 21 

exact, 21 
differential heat of vaporization, 220 
diffusion, 86 
Dirichlet integral, 388 
diBBipation of energy, 43, 67, 71 
diBBOCiation, 306 
dissociation constant, 309, 312 
distillation, 231, 280 

efficiency of, 481 
distinguishability, 362 
distribution law, Nernst, 257 
Dodge, 151,174,219 
dryneBB, 213 
DuheiL-Margules equation, 233, 235 
Dulong and Petit rule, 407, 413 

effusion analogy, 453 
Ehlers, 313, 319 
Ehrenfest, 209, 210 
eigenso1utions, 367, 374 
eigenvalues, 366, 374 
Eisenschitz, 25 
Einstein, theory of heat capacity, 408, 

411 
electrical work, 14 
electrode potential, 319 
electrode, reversible, 317 
electrolytes, notation, 302 

partial preBBUre, 324 
Ra.oult's law, 226, 238, 325 

electromotive force, 75, 164 
convention for, 164 
standard, 318 

electroneutrality, 188 
electronic states, 394, 370, 379, 386 
electronic states, 370, 379, 386, 394 
electrostatic field, 88 
energy, 17. 

conservation o(, 18 
fluctuation of, 336, 357, 359 
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energy (com.) 
levels and states, 56, 334, 353, 357, 

383 
ensemble, 342 
enthalpy, 63 
enthalpy-composition diagram, 108 
entropy, 32 

conventional, 418 
of fusion, 20 I 
of vaporization, 20 I 

Epstein, 59 
equation of state, 12, 02 
equilibration, 372 
equilibrium, criteria of, 40, 67, 69, 82, 

85 
mechanical, 42 
thermal, 10, 42 

equilibrium box, 72, 81 
equilibrium constant, 141, 146. I.'J7, 

159, 293, 298, 301, 309 
from spectroscopic data, 381 

equipartition, 392 
ethane, 268 
P.thyl acetate, 289, 327 
ethyl alcohol, 289, 327 
rthylene, 127, 130, 206 
t'thylene bromide, 223 
ethylene chloride, 223. 26i 
eutectica, 216, 221 
Evans, 71 
evaporation rate, 406, 416, 427 
Everett, 286, 436 
exergy, 71 
expanaivity coefficient, 96, 424 
expansion of perfect gas, li5 
extensive variables, 7 
extent of reaction, 135 
Eyring, 455, 456, 458, 459 

Faraday equivalent, 75, 89 
Fermi-Dirac statistics, 304. 381, 301 
ferric chloride, 221 
first law, 16, 17, 19 
Fitt, 5 
flames, 372, 449 
Flannagan, 162 
flow procesa, 64, 69, 123 
fluctuations, 355, 357, 359 
force constants, 398, 400, 413 
formaldehyde manufacture, 180 
formic acid, 235 
Fowler, 337, 376, 409. 414, 416, 423, 

432, 455, 459 

freedom, degrees of, 18G 
free energy, Gibbs, 67, 83 

Helmholtz, 66, 82, 83 
freezing-point depreaaion, 268, 260, 

269 
fuel, 70, 72 
fugacity, 122, 131 

in mixtures, 125, 152 
fugacity coefficient, 125, 152 
fundamental equations. 46, 76 

galena, 161 
galvanic cell, 64, 68, 69, 74, 81, 106, 

163, 167, 180, 316 
gamma function, 388 
gas mixture, perfect, 114 
gas, perfect, Ill 
germanium, 413 
Giauque, 150 
Gibbs, 55, 78, 80, 82, 116, 182, 185, 

186, 231 
Gibbs-Duhem equation, 93, 127, 186. 

215, 231, 232, 235, 236, 239, 284, 
322 

Gibbs-Helmholtz equations, 90, 106 
Gibson, 130 
Glaaatone, 285, 324, 411, 456, 459 
Grassman. 71 
gr&'\•itational field, 87, 130 
Griinbaum, 60 
Guggenheim, 56, 88, 121, 125, 184, 

262, 280, 285, 286, 287, 288, 
303, 310, 316, 321, 337, 376, 381, 
409, 414, 416, 423, 432, 455, 
459 

hafnium, 413 
Hannay, 206 
harmonic oscillator, 393, 399, 401 

partition function of, 404 
Hamed, 311, 319 
Hataopouloa, 10, 32 
heat, 17 

mechanical equivalent of, 15, 18 
quantum interpretation or, 351 

heat bath (reservoir), 18, 26, 40 
heat capacity, 94, 96 

of crystals, 411 
data for gases, 145, 394 
of fonnation, 148 
or aat111'8ted phases, 213 

heat exchanger, 61 
Heisenberg's principle, 57, 336, 338, 

365, 402 
helium, 208, 210, 424 
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Henry's law, 225, 229, 236, 240, 249, 
256, 271, 282 

molecular interpretation of, 245 
Herbo, 446 
Herington, 235 
Berlin, 41 
HeBB's law, 149 
higher order phase change, 209 
Hildebrand, 185, 201, 248, 265, 267, 

433,435 
Hildebrand's rule, 201 
Hills, 319 
Hirschfelder, 455 
Hobson, 58 
Hofer, 444, 446 
Hogarth, 206 
Hollingsworth, 444 
Horsley, 242 
hotness, 7, 9 
Hougen, 125 
Huckel, 3ll 
Hume, 338 
Hutchison, 174 
hydrate convention, 296 
hydrochloric acid, 107, 226, 238, 3ll, 

315, 317, 324, 327, 328 
hydrogen, 122,127,130,420 
hydrogen halides, 208 
hydrogen iodide, 442 
hydrogen-ion convention, 314 

Ibl, 219 
ice-point, 32, 121 
ideal gaseous solution, 128 · 
ideal solubility, 264, 266 
ideal solutions, 244, 249 
immiscible liquids, 229 
impacts on surface, 396 
imperfect gases, 119 
impoBBible proceBBeB, 21 
independent reactions, 169 
intensive variables, 7 
interface, 6, 85 
internal energy, 17, 19 
internal partition function, 371, 376 
inversion temperatures, 122 
iodobenzene, 221 
ionic crystals, heat capacity, 413 
ionic strength, 312 
ions, forces between, 310 

free energies and enthalpies, 314 
iron, 288, 407 
iron oxides, 195 
irreversibility, 71 

irreversible processes, 23, 38 
isolated system, 5 
isothermal, 11 

properties of, 27 
isotope mixing, 417 
lves, 319 

,J ayneR, 58, 346 
Jouguet, 172 
Joule, 15 
Joule-Thomson effect, 120, 131 
Justice, 162 

Kandiner, 174 
Kasa.rnovsky, 229, 235 
Katayama, 151 
Keenan, 10, 25, 32, 71 
Kelvin, 27 
kinetic species, 440 
Kirchhoff's equation, 144 
Kister, 219, 235 
Kistiakowsky, 442 
Kobe, 145 
Kopp's rule, 162, 413 
Kortfun, 313 
Kra.mers, 455 
Krichevski, 229, 235 

Laidler, 456, 458, 459 
Lambda transitions, 207 
Landsberg, 31, 423 
Langmuir, 153 
Langmuir isotherm, 436 
Larson, 151 
latent heat, 97, 201 
lead sulphide, 162 
Le Chatelier's principle, 139 
Lewis, 129, 151, 153, 285, 296, 298 
Lewis and Randall rule, 128, 152 
limestone burning, 158 
·liquid junction potential, 316 
London, 310 

macro-state, 53 
Mahieu, 455 
Manes, 444, 446 
Margenau, 367, 401 
Margules's equation, 239, 284 
Maxwell, 391 
Maxwell-Boltzma.nndistribution,383, 

405 
Maxwell-Boltzmann statistics, 364, 

381, 395 
Maxwell's relations, 90 
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Maxwell velocity distribution, 385, 
389 

Mayer, 59, 337, 339, 340, 376, 389 
Mazur, 5 
McGlashan, 106, 235, 287, 288 
mean ion activity coefficient, 30fi 
mean ionic molality, 306 
mechanical equilibrium, 42, 85 
mechanical equivalent of heat, 15 
melting-point, preBBure effect, 213 
membrane equilibrium, 116 
mercury, 96, 288, 427 
Merz, 130 
methane, 179, 208, 212, 265 
methanol synthesis, 173, 177, 179 
Meyerson, 17 
micro-canonical ensemble, 342, 346 
microscopic reversibility, 448 
micro-state, 53 
Miller, 32 
'mixed-up-neBS', 55 
mixing processes, 48 
mixture, perfect gas, 114 
models, J 11 
molality, 274 
molar heat capacity, 96 
molar quantities, 99 
molecular interpretations, 48, 56, 74, 

83, 139, 196, 211, 229, 244 
molecular partition function, 364, 385 
molecules striking surface, 396 
Morey, 216 
Munster, iv, 25, 77, 82, 96, 135, 212, 

231,423 
Murphy, 367, 401 

naphthalene, 206, 267 
natural proceBBes, 23, 39 
Nernst, 150, 153 
Nernst heat theorem, 422, 426 
Nernst's law, 256, 282 
Neumann, 162 
Newton, 152 
nitric acid, 222, 242 
nitric oxide, 150, 394 
nitrite decomposition, 194 
nitrogen, 122, 127, 130, 131 
nitrogen peroxide, 151, 177, 179, 

298 
nitrous gas, 178, 180, 195 
nitrous oxide, 420 
non-adiabatic wall, 9 
normal co-ordinates, 397 
normal modes, 399, 401 

nuclear entropy, 417 
nuclear spins, 417 

Onsager, 210, 212, 448 
open systems, 5, 78, 81, 100 
order of reaction, 441 
organisms, 40 
osmotic coefficient, 287, 322 
osmotic equilibrium, 86, 184, 186, 

194, 262, 283, 289 
Osterberg, 122 
Ostwald, 312 
Outer, 446 
oxygen, 131, 162, 229 
oxygen plant, 131 
Owen, 311 

partial molar quantities, 99 
partial preBSure, 115, 116 
Partington, 145 
partition coefficient (Nernst), 257 
partition function, 345, 353 
Pauli exclusion principle, 364 
Pauling, 212 
Peneloux, 172 
perfect gas, 111 

in statistical mechanics, 361, 369, 
377 

perfect gas mixture, 114 
perfect gas temperature, Ill 
perfect solutions, 249 
phase, 6 
phase equilibrium, 8C, 196, 216, 218, 

222 
phase rule, 182 
physical constants, xxi 
Pings, 176, 
Pippard, 10, 14 
Plait point, 256 
Planck, 25 117, 418, 422 
Planck's constant, 392, 408 
Planck's equation, 201 
Poincare, 25 
Polanyi, 455 
polyatomic gas, 380 
polymers, 208, 212 
potassium chloride, 412 
potential energy, 17, 87 

molecular, 364 
of oscillator, 404 
surface, 450 

power raising, 73. 
practical activity coefficient, 278 
practical entropies, 418 
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Prausnitz, 125, 127, 129, 176, 207, 
215, 235, 241, 435 

p~,7, 14,42,85 
molecular meaning, 335 
p~ coefficient, 96 
Prigogine, 5, 172, 446, 455 
Prince, 445 
probability, '55, 340 
Proctor, 31 
producer gas, 177 
Prue, 320 

quantum number, 367, 374 
quantum states, 334, 367, 383 
quantum theory, 365, 408 

radiation, 106 
Ragatz, 125 
Ramsey, 31 
Randall, 129, 151, 153, 285, 296, 298 
Rant, 71 
Raoult's law, 223, 226, 230, 236, 

240, 249, 271 
molecular interpretation, 245 

Rastogi, 4, 176, 219 
rational activity coefficient, 278 
Raymond, 235 
reaction co-ordinate, 451 
reaction equilibrium, 89, 135 

effect of pressure, 299 
effect of temperature, 143, 299 
gas-solid reactions, 156, 159 
several reactions, 172 
in solution, 292 

reaction kinetics, 134, 169, 388, 439 
reaction order, 441 
reaction rate, temperature coefficient, 

449 
reactions, independent, 169 

in solution, 445 
reaction, work of, 72 
reciprocity relation, 91 
Redlich, 219, 235 
redox electrode, 322 
reduced pressure end temperature, 

125, 131 
regular solutions, 433 
Reichenbach, 60 
reservoir, heat, 19, 26, 40 
resistance, electric, 61 
restrictions, 188 
reversible electrode, 317 
reversible prooeasea, 23, 37, 40 
Richards, 421 
Richardson, 207 

Roberts, 32 
Robinson, 311 
Roebuck, 122 
rotation, 370, 371, 377, 386, 392, 393 
Rothen, 150 
Rowlinson 125, 207, 215, 235, 248, 

287,435 
rubber, 107, 268 
Rushbrooke, 340,477 

Sackur-Tetrode equation, 380, 427 
saturated phases, 213 
Scatohard, 235 
Scheffer, 206 
Schrodinger, 334 
Schr&:linger equation, 334, 3615, 400 
Schroeder, 267 
Scott, 185, 201, 265, 267, 435 
Bears, 25 
second law, 21i, 39 

interpretation of, 56 
Beitz, 406 
semi-ideal solutions, 280 
semi-permeable membrane, 73, 74, 

86, 94, 116, 262 
separability, 367 
shaft work, 65 
Shoenberg, 60, 96 
silica, solubility in steam, 206 
silicon, 407 
silver, 180, 412 
silver-silver chloride electrode, 320 
Simon,424 
simultaneous reactions, 172, 173 
solids, reaction of, 406, 416 
solid-solution equilibrium, 257 
solubility, 244, 283 

effect of temperature, 2158, 259 
ideal, 264, 266 
solid in gas, 206 

solubility product, 307 
solute, 237 
solvent, 237 
Sortland, 176 
Sosnick, 130 
sound, 95, 372, 406 
spectroscopic methods, 382 
Spencer, 145, 162 
spontaneous processes, 25 
sprsad, 56 
square term, 393 
Srivastava, 219 
standard ch~ioal potential, 112, 115, 

122, 125, 251, 274, 276 
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standard free-energy change, 142, 

163, 165 
standard free energy of formation, 

148, 153, 155, 293 
standard heat of formation, 148 
Stanley, 212 
Statement A, 26 
statistical analogues, 345, 350, 359 
statistical methods, 339 
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